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Abstract

Most empirical estimates of the trade elasticity exploit tariff variation generated by 
Preferential Trade Agreements (PTAs). Because firms only partly utilise preferential tariffs, 
standard regressions identify an eligible-tariff elasticity rather than the structural elasticity 
with respect to tariffs actually paid that is required for quantitative trade models. I model 
PTA tariff cuts as a treatment with partial compliance and estimate the effective-tariff 
elasticity using an instrumental variable approach that explicitly accounts for preference 
utilisation. The effective-tariff elasticity lies between 10 and 12, roughly three times larger 
than eligible-tariff estimates around 3.5. I show that the eligible-tariff elasticity varies with 
the tariff preference utilisation of the estimation sample and is therefore not portable 
across policy environments, while the effective-tariff elasticity identifies a policy-invariant
elasticity that can be used for quantitative modelling.



Non-Technical Summary

A large share of empirical research on international trade relies on variation in import tariffs to 
estimate how strongly trade responds to changes in trade costs. Crucially, most of this tariff 
variation is generated by Preferential Trade Agreements, which allow importers to charge lower 
tariffs to certain partners. Because these agreements specify different tariff rates for different 
exporters, they create rich variation that economists routinely exploit to estimate the “trade 
elasticity” – a key parameter used in nearly all quantitative trade models.

However, a central but often overlooked fact is that firms do not automatically receive these 
preferential tariffs. To claim them, they must comply with rules of origin and other administrative 
requirements that can be costly or difficult. As a result, many eligible exporters continue paying 
the higher Most Favoured Nation (MFN) tariff instead of using the preferential rate. The share of 
imports that actually enters under the preferential tariff – the preference utilisation rate – is often 
far below 100%.

This paper demonstrates that ignoring these low utilisation rates leads to a fundamental 
mismeasurement of the trade elasticity. Standard regressions of imports on statutory preferential 
tariffs identify the responsiveness of trade to eligible tariffs rather than to the effective tariffs 
actually paid. In statistical terms, this is a classic partial compliance problem: tariff preferences 
are the treatment, but only some eligible firms comply by using them. The estimated coefficient 
therefore corresponds to an intent to treat effect, not the true treatment effect.

This paper shows that the commonly reported “tariff elasticity” from the literature is an eligible 
tariff elasticity, equal to the true structural elasticity multiplied by the average preference 
utilisation rate in the estimation sample. Because preference utilisation rates typically lie well 
below one, traditional estimates are attenuated. Moreover, these eligible tariff elasticities are 
not policy invariant: they depend on the specific utilisation patterns in the data – which vary 
widely across partners and agreements – and therefore cannot be validly applied to other policy 
environments, such as MFN tariff reforms or customs unions, where compliance is effectively 
complete.

To recover the correct effective tariff elasticity, the paper applies an instrumental variables 
approach inspired by the Local Average Treatment Effect (LATE) literature. Tariff reductions 
implied by EU Preferential Trade Agreements serve as the treatment assignment, while the tariff 
reductions actually realised – statutory cuts multiplied by the observed preference utilisation rate 
– represent the treatment received. Using this strategy on four major EU agreements (with Korea, 
Canada, Japan, and Singapore), the paper finds that the effective-tariff elasticity lies between 10 
and 12 – around three times larger than eligible-tariff elasticity estimates of 3-4.

These findings have major implications for quantitative trade modelling. Because most models 
currently use eligible tariff elasticities, they effectively treat partial utilisation as if it reduced 
the responsiveness of trade rather than the size of the tariff change. This leads to systematic 
overprediction of the trade effects of FTAs. A general equilibrium illustration using the EU-Japan 
agreement shows that standard modelling approaches can overstate predicted trade increases by 
up to a factor of two.

The paper concludes that researchers and policymakers should treat partial utilisation as a 
feature of the tariff change – not as a modification of the elasticity – and that future empirical 
work should incorporate preference utilisation rates directly. Building comprehensive datasets 
on utilisation rates will be essential to ensure that trade policy is evaluated using structurally 
meaningful parameters.
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❈♦♥❝❡♣t✉❛❧❧②✱ t❤❡ s❡tt✐♥❣ ❝❛♥ ❜❡ ✈✐❡✇❡❞ ❛s ❛ ♣r♦❜❧❡♠ ♦❢ tr❡❛t♠❡♥t ✇✐t❤ ♦♥❡✲s✐❞❡❞ ♣❛rt✐❛❧ ❝♦♠♣❧✐❛♥❝❡✿

t❛r✐✛ ♣r❡❢❡r❡♥❝❡s ✭t❤❡ tr❡❛t♠❡♥t ❛ss✐❣♥♠❡♥t✮ ❛r❡ ♦♥❧② ♣❛rt✐❛❧❧② ✉t✐❧✐③❡❞ ❜② ❡❧✐❣✐❜❧❡ ✜r♠s✳ ❚❤✐s ♣❛r❛❧❧❡❧s t❤❡

❧♦❣✐❝ ♦❢ t❤❡ ▲♦❝❛❧ ❆✈❡r❛❣❡ ❚r❡❛t♠❡♥t ❊✛❡❝t✴■♥t❡♥t✲❚♦✲❚r❡❛t ✭▲❆❚❊✴■❚❚✮ ❢r❛♠❡✇♦r❦ ✐♥ ❛♣♣❧✐❡❞ ♠✐❝r♦✲

❡❝♦♥♦♠❡tr✐❝s✳ ❚♦ ❛❞❞r❡ss t❤❡ ♣❛rt✐❛❧ ❝♦♠♣❧✐❛♥❝❡ ✐ss✉❡✱ ■ ✉s❡ ❛♥ ■❱ str❛t❡❣② t❤❛t r❡❝♦✈❡rs t❤❡ ❡❧❛st✐❝✐t② ♦❢

✐♠♣♦rts ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ❡✛❡❝t✐✈❡ t❛r✐✛ ✕ t❤❡ ❛♥❛❧♦❣✉❡ ♦❢ ❛ ❝♦♠♣❧✐❛♥❝❡✲❝♦rr❡❝t❡❞ ▲❆❚❊✳ ❆♣♣❧②✐♥❣ t❤✐s

❢r❛♠❡✇♦r❦ t♦ ❊✉r♦♣❡❛♥ ❯♥✐♦♥ tr❛❞❡ ❛❣r❡❡♠❡♥ts✱ ■ ✜♥❞ t❤❛t t❤❡ ❡✛❡❝t✐✈❡✲t❛r✐✛ ❡❧❛st✐❝✐t② ❧✐❡s ✐♥ t❤❡ r❛♥❣❡

♦❢ ✶✵✲✶✷✱ ❝♦♠♣❛r❡❞ t♦ ✈❛❧✉❡s ❛r♦✉♥❞ ✸✲✹ ❢♦r t❤❡ ❡❧✐❣✐❜❧❡✲t❛r✐✛ ❡❧❛st✐❝✐t②✳

❯♥❞❡r t❤❡ r✉❧❡s ♦❢ t❤❡ ❲♦r❧❞ ❚r❛❞❡ ❖r❣❛♥✐③❛t✐♦♥✱ ❝♦✉♥tr✐❡s ❛♣♣❧② ❛ ❝♦♠♠♦♥ ❡①t❡r♥❛❧ t❛r✐✛ ❛❝r♦ss ❛❧❧

❡①♣♦rt❡rs✱ ❦♥♦✇♥ ❛s t❤❡ ▼♦st ❋❛✈♦✉r❡❞ ◆❛t✐♦♥ ✭▼❋◆✮ t❛r✐✛✳ ■♠♣♦rt❡rs ♠❛② t❤❡♥ ❣r❛♥t ❧♦✇❡r t❛r✐✛s t♦

s♣❡❝✐✜❝ ❡①♣♦rt❡rs t❤r♦✉❣❤ Pr❡❢❡r❡♥t✐❛❧ ❚r❛❞❡ ❆❣r❡❡♠❡♥ts✱ ❡✐t❤❡r ❜✐❧❛t❡r❛❧❧②✱ ♦r ✉♥✐❧❛t❡r❛❧❧②✱ ❛s ✐♥ ♣r❡❢❡r❡♥❝❡

s❝❤❡♠❡s ❡①t❡♥❞❡❞ ❜② ❞❡✈❡❧♦♣❡❞ ❝♦✉♥tr✐❡s t♦ ❞❡✈❡❧♦♣✐♥❣ ♦♥❡s✳ ❆❝❝❡ss t♦ t❤❡s❡ ♣r❡❢❡r❡♥t✐❛❧ t❛r✐✛s ✐s ♥♦t

❛✉t♦♠❛t✐❝✿ ❡①♣♦rt❡rs ✭♦r ✐♠♣♦rt❡rs✮ ♠✉st ❞❡♠♦♥str❛t❡ t❤❛t ❣♦♦❞s s❛t✐s❢② ❝❡rt❛✐♥ ❝r✐t❡r✐❛✱ ✇✐t❤ t❤❡ ♠♦st

✐♠♣♦rt❛♥t ♣r♦❜❛❜❧② ❜❡✐♥❣ r✉❧❡s ♦❢ ♦r✐❣✐♥✳ ❈♦♠♣❧②✐♥❣ ✇✐t❤ t❤❡s❡ r❡q✉✐r❡♠❡♥ts ❝❛♥ ❜❡ ❝♦st❧② ♦r ✐♥❢❡❛s✐❜❧❡✱

❧❡❛❞✐♥❣ ♠❛♥② ❡❧✐❣✐❜❧❡ ❡①♣♦rt❡rs t♦ ♥♦t ✉s❡ t❤❡ ❧♦✇ ♣r❡❢❡r❡♥t✐❛❧ t❛r✐✛s✳

❚❤❡ ❡①t❡♥t t♦ ✇❤✐❝❤ t❛r✐✛ ♣r❡❢❡r❡♥❝❡s ❛r❡ ✉s❡❞ ✐s ♠❡❛s✉r❡❞ ❜② t❤❡ Pr❡❢❡r❡♥❝❡ ❯t✐❧✐③❛t✐♦♥ ❘❛t❡ ✭P❯❘✮✱

❞❡✜♥❡❞ ❛s t❤❡ s❤❛r❡ ♦❢ ❡❧✐❣✐❜❧❡ ✐♠♣♦rts t❤❛t ❛❝t✉❛❧❧② ✉s❡ ♣r❡❢❡r❡♥t✐❛❧ t❛r✐✛s✳ ❋✐❣✉r❡ ✶ r❡♣♦rts t❤❡ ❛✈❡r❛❣❡

P❯❘ ❛❝r♦ss ♣r♦❞✉❝ts ♦❢ ❊✉r♦♣❡❛♥ ❯♥✐♦♥ ✭❊❯✮ ✐♠♣♦rts ❢r♦♠ ❙♦✉t❤ ❑♦r❡❛✱ ❈❛♥❛❞❛✱ ❏❛♣❛♥ ❛♥❞ ❙✐♥❣❛♣♦r❡✳

❊✈❡♥ ❑♦r❡❛✱ t❤❡ ❝♦✉♥tr② ✇✐t❤ t❤❡ ❤✐❣❤❡st ❛✈❡r❛❣❡ P❯❘✱ ❥✉st r❡❛❝❤❡s ✹✵✪ ❛t t❤❡ ♣r♦❞✉❝t ❧❡✈❡❧✳ ❆❧t❤♦✉❣❤

❛ s❡♣❛r❛t❡ ❧✐t❡r❛t✉r❡ ❤❛s ❞♦❝✉♠❡♥t❡❞ t❤❡ ❞❡t❡r♠✐♥❛♥ts ♦❢ ♣r❡❢❡r❡♥❝❡ ✉t✐❧✐③❛t✐♦♥✱ ✐ts ✐♠♣❧✐❝❛t✐♦♥s ❢♦r t❤❡

✷



❡st✐♠❛t✐♦♥ ♦❢ tr❛❞❡ ❡❧❛st✐❝✐t✐❡s ❛♥❞ ❢♦r q✉❛♥t✐t❛t✐✈❡ tr❛❞❡ ♠♦❞❡❧s ❤❛✈❡ ❧❛r❣❡❧② ❜❡❡♥ ♦✈❡r❧♦♦❦❡❞✳

❋✐❣✉r❡ ✶✿ Pr❡❢❡r❡♥❝❡ ❯t✐❧✐③❛t✐♦♥ ❘❛t❡s ♦❢ t❤❡ ❊❯ ♦✈❡r t✐♠❡
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❙♦✉r❝❡✿ ❛✉t❤♦r✬s ❡❧❛❜♦r❛t✐♦♥ ♦❢ ❊✉r♦st❛t ❞❛t❛✳ ❚❤❡ ✜❣✉r❡ s❤♦✇ t❤❡ ❛✈❡r❛❣❡ ♣r❡❢❡r❡♥❝❡ ✉t✐❧✐③❛t✐♦♥ r❛t❡ ♦❢ ❊❯ ✐♠♣♦rts ❢r♦♠

❑♦r❡❛✱ ❈❛♥❛❞❛✱ ❏❛♣❛♥ ❛♥❞ ❙✐♥❣❛♣♦r❡✳ ❚❤❡ P❯❘ ✐s ❝❛❧❝✉❧❛t❡❞ ♦♥ ♣r♦❞✉❝ts ✇✐t❤ ❛ ♣r❡❢❡r❡♥t✐❛❧ t❛r✐✛ ❜❡❧♦✇ t❤❡ ▼❋◆ r❛t❡✱

❛✈❡r❛❣❡❞ ❛❝r♦ss ❈◆ ✽✲❞✐❣✐t ♣r♦❞✉❝ts✳

❇❡❝❛✉s❡ t❛r✐✛ ♣r❡❢❡r❡♥❝❡s ❛r❡ ♦♥❧② ♣❛rt✐❛❧❧② ✉t✐❧✐③❡❞✱ ✇❡ ❛r❡ ✐♥ ❛ ♦♥❡✲s✐❞❡❞ ♥♦♥✲❝♦♠♣❧✐❛♥❝❡ s❡tt✐♥❣✳

❙t❛♥❞❛r❞ r❡❣r❡ss✐♦♥s ♦❢ ✐♠♣♦rts ♦♥ t❛r✐✛s ❝❛♣t✉r❡ t❤❡ ❡❧❛st✐❝✐t② ♦❢ t❛r✐✛ ❡❧✐❣✐❜✐❧✐t② ✕ ❡✛❡❝t✐✈❡❧② t❤❡ str✉❝✲

t✉r❛❧ tr❛❞❡ ❡❧❛st✐❝✐t② ♠✉❧t✐♣❧✐❡❞ ❜② t❤❡ ❛✈❡r❛❣❡ P❯❘✳ ■♥t❡r♣r❡t✐♥❣ t❤✐s ♦❜❥❡❝t ❛s t❤❡ tr❛❞❡ ❡❧❛st✐❝✐t② ✐♥

q✉❛♥t✐t❛t✐✈❡ tr❛❞❡ ♠♦❞❡❧s ❧❡❛❞s t♦ ❛ s②st❡♠❛t✐❝ ❛tt❡♥✉❛t✐♦♥✱ ❛s ❡st✐♠❛t❡s ❞❡♣❡♥❞ ♦♥ t❤❡ ✐♥✲s❛♠♣❧❡ ❛✈❡r❛❣❡

P❯❘✱ ✇❤✐❝❤ ✈❛r✐❡s ❜❡t✇❡❡♥ ③❡r♦ ❛♥❞ ♦♥❡✳ ❚❤✐s ♣r♦❜❧❡♠ ❛r✐s❡s ❜♦t❤ ✇✐t❤ ✜r♠✲ ❛♥❞ ♣r♦❞✉❝t✲❧❡✈❡❧ ❞❛t❛✳

❚♦ ❛❞❞r❡ss t❤✐s ♣r♦❜❧❡♠✱ ■ ♠♦❞❡❧ P❚❆ t❛r✐✛ ♣r❡❢❡r❡♥❝❡s ❛s ❛ ❝♦♥t✐♥✉♦✉s tr❡❛t♠❡♥t s✉❜❥❡❝t t♦ ♣❛r✲

t✐❛❧ ❝♦♠♣❧✐❛♥❝❡ ❛♥❞ ❡st✐♠❛t❡ t❤❡ tr❛❞❡ ❡❧❛st✐❝✐t② ✉s✐♥❣ ❛♥ ✐♥str✉♠❡♥t❛❧ ✈❛r✐❛❜❧❡ ❛♣♣r♦❛❝❤✳ ❚r❡❛t♠❡♥t

❛ss✐❣♥♠❡♥t✱ ❣✐✈❡♥ ❜② t❤❡ t❛r✐✛ r❡❞✉❝t✐♦♥ ❢r♦♠ ▼❋◆ t♦ P❚❆ ❧❡✈❡❧s✱ ✐s ✉s❡❞ ❛s ❛♥ ✐♥str✉♠❡♥t ❢♦r r❡❝❡✐✈❡❞

tr❡❛t♠❡♥t✱ ♠❡❛s✉r❡❞ ❛s t❤❡ ❡✛❡❝t✐✈❡ t❛r✐✛ r❡❞✉❝t✐♦♥ ✕ t❤❡ st❛t✉t♦r② t❛r✐✛ r❡❞✉❝t✐♦♥ ✐♥t❡r❛❝t❡❞ ✇✐t❤ t❤❡

P❯❘✳ ❚❤❡ ❛♥❛❧②s✐s ✐s ✐♠♣❧❡♠❡♥t❡❞ ✉s✐♥❣ ❧♦❝❛❧ ♣r♦❥❡❝t✐♦♥s✱ ❛❧❧♦✇✐♥❣ ♠❡ t♦ ❡st✐♠❛t❡ ❝✉♠✉❧❛t✐✈❡ ❡✛❡❝ts ♦✈❡r

t✐♠❡✳ ❋✉rt❤❡r♠♦r❡✱ ■ ❛❞❞r❡ss t❤❡ ♣♦t❡♥t✐❛❧ ❡♥❞♦❣❡♥❡✐t② ♦❢ t❛r✐✛ ♣r❡❢❡r❡♥❝❡s ❣r❛♥t❡❞ t♦ ♦♥❡ ❝♦✉♥tr② ✇✐t❤

t❤❡ ❛✈❡r❛❣❡ t❛r✐✛ ♣r❡❢❡r❡♥❝❡ ❣r❛♥t❡❞ t♦ ♦t❤❡r ❝♦✉♥tr✐❡s✳

❚❤❡ ✉s❡ ♦❢ tr❡❛t♠❡♥t ❛ss✐❣♥♠❡♥t ❛s ❛♥ ✐♥str✉♠❡♥t ❢♦r tr❡❛t♠❡♥t r❡❝❡✐✈❡❞ ❢♦❧❧♦✇s t❤❡ st❛♥❞❛r❞ ▲❆❚❊✴■❚❚

❧♦❣✐❝ ✐♥ ♠✐❝r♦✲❡❝♦♥♦♠❡tr✐❝s✳ ❚❤❡ ❡✛❡❝t✐✈❡ ♣r❡❢❡r❡♥t✐❛❧ t❛r✐✛ ❢❛❝❡❞ ❜② ✜r♠s ❡q✉❛❧s t❤❡ st❛t✉t♦r② t❛r✐✛ r❡✲

❞✉❝t✐♦♥ ♠✉❧t✐♣❧✐❡❞ ❜② t❤❡ ♣r❡❢❡r❡♥❝❡ ✉t✐❧✐③❛t✐♦♥ r❛t❡ ✭P❯❘✮✳ ❇❡❝❛✉s❡ P❯❘ ✐s ❛♥ ❡♥❞♦❣❡♥♦✉s ❡q✉✐❧✐❜r✐✉♠
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♦❜❥❡❝t✱ ❥♦✐♥t❧② ❞❡t❡r♠✐♥❡❞ ✇✐t❤ ✐♠♣♦rt ✢♦✇s ❛♥❞ r❡❧❛t❡❞ t♦ s❡❧❢✲s❡❧❡❝t✐♦♥ ♦❢ ✜r♠s ✐♥t♦ ✉s✐♥❣ t❛r✐✛ ♣r❡❢❡r✲

❡♥❝❡s✱ ✐t ✐s ♠❡❝❤❛♥✐❝❛❧❧② ❝♦rr❡❧❛t❡❞ ✇✐t❤ t❤❡ ❡rr♦r t❡r♠✳ ❚❤✐s ♠❛❦❡s t❤❡ ❡✛❡❝t✐✈❡ t❛r✐✛ ❝❤❛♥❣❡ ❡♥❞♦❣❡♥♦✉s✳

■❢ st❛t✉t♦r② t❛r✐✛ ❝❤❛♥❣❡s ✇❡r❡ ❡①♦❣❡♥♦✉s✱ ♦♥❡ ❝♦✉❧❞ ❞✐r❡❝t❧② ✉s❡ t❤❡♠ ❛s ❛♥ ✐♥str✉♠❡♥t ❢♦r t❤❡ ❡✛❡❝t✐✈❡

t❛r✐✛ ❝❤❛♥❣❡✳ ❍♦✇❡✈❡r✱ P❚❆ t❛r✐✛ s❝❤❡❞✉❧❡s ♠❛② ❜❡ s✉❜❥❡❝t t♦ ♣♦❧✐t✐❝❛❧✲❡❝♦♥♦♠② ❡♥❞♦❣❡♥❡✐t②✿ s❡❝t♦rs

t❤❛t ❛r❡ ♠♦r❡ ❝♦♠♣❡t✐t✐✈❡ ♦r ♠♦r❡ s❡♥s✐t✐✈❡ ♠❛② r❡❝❡✐✈❡ s♠❛❧❧❡r ♦r s❧♦✇❡r t❛r✐✛ ❝✉ts✳ ❚❤✐s ❝r❡❛t❡s ♣♦t❡♥t✐❛❧

❝♦rr❡❧❛t✐♦♥ ❜❡t✇❡❡♥ ❛ ❝♦✉♥tr②✬s ♦✇♥ st❛t✉t♦r② t❛r✐✛ ❝❤❛♥❣❡s ❛♥❞ ✉♥♦❜s❡r✈❡❞ ❞❡t❡r♠✐♥❛♥ts ♦❢ ✐ts ✐♠♣♦rt

♣❛tt❡r♥s✳

❚♦ ❛❞❞r❡ss t❤✐s✱ ■ ✐♥str✉♠❡♥t t❤❡ ❡✛❡❝t✐✈❡ t❛r✐✛ ❝❤❛♥❣❡ ✉s✐♥❣ t❤❡ st❛t✉t♦r② t❛r✐✛ ❝❤❛♥❣❡s s❝❤❡❞✉❧❡❞

✉♥❞❡r ♦t❤❡r P❚❆s✳ ❚❤❡s❡ ❵❡①t❡r♥❛❧✬ st❛t✉t♦r② ❝❤❛♥❣❡s ♣r♦✈✐❞❡ ♣❧❛✉s✐❜❧② ❡①♦❣❡♥♦✉s ✈❛r✐❛t✐♦♥ ❜❡❝❛✉s❡ t❤❡②

❛r❡ ♥❡❣♦t✐❛t❡❞ ✐♥❞❡♣❡♥❞❡♥t❧② ♦❢ t❤❡ ❢♦❝❛❧ ❝♦✉♥tr②✬s s❡❝t♦r✲s♣❡❝✐✜❝ s❤♦❝❦s✳ ❆t t❤❡ s❛♠❡ t✐♠❡✱ t❤❡② r❡♠❛✐♥

❤✐❣❤❧② ❝♦rr❡❧❛t❡❞ ✇✐t❤ t❤❡ ❡✛❡❝t✐✈❡ t❛r✐✛ ❝❤❛♥❣❡ t❤r♦✉❣❤ t❤❡ ❝♦♠♠♦♥ str✉❝t✉r❡ ♦❢ t❛r✐✛ s❝❤❡❞✉❧❡s ❛❝r♦ss

P❚❆s✳ ❚❤✐s s❛t✐s✜❡s t❤❡ r❡❧❡✈❛♥❝❡ ❝♦♥❞✐t✐♦♥ ✇❤✐❧❡ ❛✈♦✐❞✐♥❣ t❤❡ ♣♦❧✐t✐❝❛❧✲❡❝♦♥♦♠② ❡♥❞♦❣❡♥❡✐t② t❤❛t ❛✛❡❝ts

t❤❡ ❝♦✉♥tr②✬s ♦✇♥ t❛r✐✛ ❝♦♠♠✐t♠❡♥ts✱ ❡♥s✉r✐♥❣ t❤❛t t❤❡ ✈❛❧✐❞✐t② ♦❢ t❤❡ ✐♥str✉♠❡♥t✳

❚❤❡ ❡♠♣✐r✐❝❛❧ r❡s✉❧ts ❛❧✐❣♥ ❝❧♦s❡❧② ✇✐t❤ t❤❡ t❤❡♦r❡t✐❝❛❧ ♣r❡❞✐❝t✐♦♥s✳ ■❣♥♦r✐♥❣ ♣r❡❢❡r❡♥❝❡ ✉t✐❧✐③❛t✐♦♥

②✐❡❧❞s t❛r✐✛ ❡❧❛st✐❝✐t✐❡s ❜❡t✇❡❡♥ ✸ ❛♥❞ ✹✱ ❝♦♥s✐st❡♥t ✇✐t❤ ♠✉❝❤ ♦❢ t❤❡ ❡①✐st✐♥❣ ❧✐t❡r❛t✉r❡✳ ❖♥❝❡ ♣❛rt✐❛❧

❝♦♠♣❧✐❛♥❝❡ ✐s ❛❝❝♦✉♥t❡❞ ❢♦r✱ t❤❡ ✐♠♣❧✐❡❞ ❡❧❛st✐❝✐t② r✐s❡s t♦ ✶✵✲✶✷✳ ❈♦♥s✐st❡♥t ✇✐t❤ t❤❡ ▲❆❚❊ ✐♥t❡r♣r❡t❛t✐♦♥✱

t❤❡ ❡❧✐❣✐❜❧❡✲t❛r✐✛ ❡st✐♠❛t❡ ✐s ❛♣♣r♦①✐♠❛t❡❧② ❡q✉❛❧ t♦ t❤❡ ❡✛❡❝t✐✈❡✲t❛r✐✛ ❡❧❛st✐❝✐t② ♠✉❧t✐♣❧✐❡❞ ❜② t❤❡ ❛✈❡r❛❣❡

♣r❡❢❡r❡♥❝❡ ✉t✐❧✐③❛t✐♦♥ r❛t❡✳

❚❤❡ ❣♦❛❧ ♦❢ t❤✐s ♣❛♣❡r ✐s ♥♦t t♦ r❡s❝❛❧❡ ❝♦❡✣❝✐❡♥ts ❜✉t t♦ ❝❧❛r✐❢② t❤❡ ♦❜❥❡❝t ♦❢ ✐♥t❡r❡st ❢♦r str✉❝t✉r❛❧

♠♦❞❡❧❧✐♥❣ ❛♥❞ ♣♦❧✐❝② ❡✈❛❧✉❛t✐♦♥✳ ❋♦r str✉❝t✉r❛❧ ♠♦❞❡❧❧✐♥❣✱ t❤❡ ♣❛r❛♠❡t❡r ♦❢ ✐♥t❡r❡st ✐s ♥♦t t❤❡ ❡❧✐❣✐❜❧❡✲

t❛r✐✛ ❡❧❛st✐❝✐t②✱ ✇❤✐❝❤ ❡q✉❛❧s t❤❡ str✉❝t✉r❛❧ ❡❧❛st✐❝✐t② s❝❛❧❡❞ ❜② t❤❡ ♣r❡❢❡r❡♥❝❡ ✉t✐❧✐③❛t✐♦♥ r❛t❡✱ ❜✉t t❤❡

❡✛❡❝t✐✈❡✲t❛r✐✛ ❡❧❛st✐❝✐t②✱ ✇❤✐❝❤ ✐❞❡♥t✐✜❡s t❤❡ ♣♦❧✐❝②✲✐♥✈❛r✐❛♥t str✉❝t✉r❛❧ ❡❧❛st✐❝✐t②✳ ■ ❛❞✈❛♥❝❡ t✇♦ ❝♦r❡

❛r❣✉♠❡♥ts✳

❋✐rst✱ t❤❡ ❡❧✐❣✐❜❧❡✲t❛r✐✛ ❡❧❛st✐❝✐t② ✐s ♥♦t ♣♦rt❛❜❧❡ ❛❝r♦ss ♣♦❧✐❝② ❡♥✈✐r♦♥♠❡♥ts✳ ❙✐♥❝❡ ✐t ❡♠❜❡❞s t❤❡ ✐♥✲

s❛♠♣❧❡ ♣r❡❢❡r❡♥❝❡ ✉t✐❧✐③❛t✐♦♥ r❛t❡✱ ✐t ✇✐❧❧ ❜❡ ✐♥❛♣♣r♦♣r✐❛t❡ ❢♦r s❡tt✐♥❣s ✇❤❡r❡ P❯❘ ❞✐✛❡rs ✕ ♠♦st ♥♦t❛❜❧②

♣♦❧✐❝✐❡s ✇✐t❤ ❢✉❧❧ ❝♦♠♣❧✐❛♥❝❡✱ s✉❝❤ ❛s ❝✉st♦♠s ✉♥✐♦♥s ♦r ▼❋◆ t❛r✐✛ ❝❤❛♥❣❡s✳ ■♥ ❝♦♥tr❛st✱ t❤❡ ❡✛❡❝t✐✈❡✲t❛r✐✛

❡❧❛st✐❝✐t② ❝♦rr❡s♣♦♥❞s ❞✐r❡❝t❧② t♦ t❤❡ str✉❝t✉r❛❧ ❡❧❛st✐❝✐t② ❛♥❞ ✐s ❝♦♥s✐st❡♥t ❛❝r♦ss s✉❝❤ ❡♥✈✐r♦♥♠❡♥ts✳

❙❡❝♦♥❞✱ t❤❡ ❝♦r❡ ✐♠♣❧✐❝❛t✐♦♥ ❢♦r str✉❝t✉r❛❧ ♠♦❞❡❧❧✐♥❣ ✐s t❤❛t ♣❛rt✐❛❧ ♣r❡❢❡r❡♥❝❡ ✉♣t❛❦❡ s❤♦✉❧❞ ❡♥t❡r

t❤r♦✉❣❤ t❤❡ t❛r✐✛✱ ♥♦t t❤r♦✉❣❤ t❤❡ ❡❧❛st✐❝✐t②✳ ❙t❛♥❞❛r❞ ♣r❛❝t✐❝❡ t❤❛t ✉s❡s t❤❡ ❡❧✐❣✐❜❧❡✲t❛r✐✛ ❡❧❛st✐❝✐t②

✐♠♣❧✐❝✐t❧② ♠♦❞❡❧s ♣❛rt✐❛❧ ❝♦♠♣❧✐❛♥❝❡ ❜② s❝❛❧✐♥❣ ❞♦✇♥ t❤❡ tr❛❞❡ ❡❧❛st✐❝✐t② r❛t❤❡r t❤❛♥ t❤❡ t❛r✐✛ ❝❤❛♥❣❡ ✐ts❡❧❢✳

❍♦✇❡✈❡r✱ t❤❡♦r②✲❝♦♥s✐st❡♥t ♠♦❞❡❧❧✐♥❣ r❡q✉✐r❡s s❝❛❧✐♥❣ t❤❡ t❛r✐✛ ❝❤❛♥❣❡✱ ♥♦t t❤❡ ❡❧❛st✐❝✐t②✳ ❇❡❝❛✉s❡ t❤❡

r❡❧❛t✐♦♥s❤✐♣ ❜❡t✇❡❡♥ t❛r✐✛ ❝❤❛♥❣❡s ❛♥❞ tr❛❞❡ ✢♦✇s ✐s ♥♦♥✲❧✐♥❡❛r ✐♥ st❛♥❞❛r❞ ❈❊❙ tr❛❞❡ ♠♦❞❡❧s✱ r❡s❝❛❧✐♥❣

t❤❡ ❡❧❛st✐❝✐t② r❛t❤❡r t❤❛♥ t❤❡ t❛r✐✛ ❝❤❛♥❣❡ ❧❡❛❞s t♦ s②st❡♠❛t✐❝ ♦✈❡r♣r❡❞✐❝t✐♦♥s ♦❢ t❤❡ tr❛❞❡ ❡✛❡❝ts ♦❢ t❛r✐✛

❧✐❜❡r❛❧✐③❛t✐♦♥s ✐♥ P❚❆s✳ ■ ✐❧❧✉str❛t❡ t❤✐s ♣♦✐♥t ♥✉♠❡r✐❝❛❧❧② ✉s✐♥❣ t❤❡ ❊❯✲❏❛♣❛♥ tr❛❞❡ ❛❣r❡❡♠❡♥t✱ s❤♦✇✐♥❣

✹



❤♦✇ ✐♥❝♦r♣♦r❛t✐♥❣ ❡✛❡❝t✐✈❡ t❛r✐✛ r❡❞✉❝t✐♦♥s ❛♥❞ ♣r❡❢❡r❡♥❝❡ ✉t✐❧✐③❛t✐♦♥ r❛t❡s ♠❛t❡r✐❛❧❧② ❝❤❛♥❣❡s ♣r❡❞✐❝t❡❞

tr❛❞❡ ❡✛❡❝ts✳

❋✐♥❛❧❧②✱ t❤❡ ✐ss✉❡s r❛✐s❡❞ ✐♥ t❤✐s ♣❛♣❡r ❡①t❡♥❞ ❜❡②♦♥❞ t❛r✐✛ ♣r❡❢❡r❡♥❝❡s t♦ ♦t❤❡r ♣♦❧✐❝② s❡tt✐♥❣s ✐♥✈♦❧✈✐♥❣

♣❛rt✐❛❧ ✉♣t❛❦❡ ♦r ❝♦♥❞✐t✐♦♥❛❧ tr❡❛t♠❡♥t✳ ❆ ♣r♦♠✐♥❡♥t ❡①❛♠♣❧❡ ✐s t❤❡ ❡st✐♠❛t✐♦♥ ♦❢ ❡①❝❤❛♥❣❡ r❛t❡ ❡❧❛st✐❝✐t✐❡s

❛♥❞ ♣❛ss✲t❤r♦✉❣❤✳ ■♥ t❤✐s ❝♦♥t❡①t✱ ✜r♠s ❵❝♦♠♣❧②✬ ✇✐t❤ ❛ s♣❡❝✐✜❝ ❡①❝❤❛♥❣❡ r❛t❡ r❡❣✐♠❡ ❜② ❝❤♦♦s✐♥❣ t❤❡✐r

✐♥✈♦✐❝✐♥❣ ❝✉rr❡♥❝② ✕ t②♣✐❝❛❧❧② t❤❡ ❡①♣♦rt❡r✬s ♦r ✐♠♣♦rt❡r✬s ❝✉rr❡♥❝②✳ ❆s s❤♦✇♥ ❜② ●♦♣✐♥❛t❤ ❡t ❛❧✳ ✭✷✵✶✵✮✱

t❤❡ ❞❡❣r❡❡ ♦❢ ♣❛ss✲t❤r♦✉❣❤ ✐s ♥♦t ❛♥ ✐♠♠✉t❛❜❧❡ ♣❛r❛♠❡t❡r ❜✉t ✐s ❝♦♥❞✐t✐♦♥❛❧ ♦♥ t❤✐s ❡♥❞♦❣❡♥♦✉s ✐♥✈♦✐❝✐♥❣

❝❤♦✐❝❡✳ ■❢ ❛ r❡s❡❛r❝❤❡r tr❡❛ts t❤❡ ❡①❝❤❛♥❣❡ r❛t❡ s❤♦❝❦ ❛s ❛ ✉♥✐❢♦r♠ tr❡❛t♠❡♥t ✇✐t❤♦✉t ❛❝❝♦✉♥t✐♥❣ ❢♦r t❤❡

♣❛rt✐❛❧ ❝♦♠♣❧✐❛♥❝❡ ♦❢ ❝✉rr❡♥❝② s❡❧❡❝t✐♦♥✱ t❤❡ r❡s✉❧t✐♥❣ ❡st✐♠❛t❡s ❛r❡ r❡❞✉❝❡❞✲❢♦r♠ ♦❜❥❡❝ts t❤❛t ❧❛❝❦ ♣♦❧✐❝②

✐♥✈❛r✐❛♥❝❡✳

❖✈❡r❛❧❧✱ t❤✐s ♣❛♣❡r ❝❛❧❧s ❢♦r ❛ r❡❛ss❡ss♠❡♥t ♦❢ t❛r✐✛✲❜❛s❡❞ ❡st✐♠❛t❡s ♦❢ t❤❡ tr❛❞❡ ❡❧❛st✐❝✐t② ❛♥❞ ❢♦r ❛

♠♦r❡ ❡①♣❧✐❝✐t tr❡❛t♠❡♥t ♦❢ ♣♦❧✐❝② ✉♣t❛❦❡ ✇❤❡♥ ❞❡✜♥✐♥❣ t❤❡ ♦❜❥❡❝t ♦❢ ✐♥t❡r❡st ✐♥ ❜♦t❤ ❡♠♣✐r✐❝❛❧ ❡st✐♠❛t✐♦♥

❛♥❞ str✉❝t✉r❛❧ ❡✈❛❧✉❛t✐♦♥ ♦❢ tr❛❞❡ ♣♦❧✐❝②✳

❚❤❡ r❡st ♦❢ t❤❡ ♣❛♣❡r ✐s ♦r❣❛♥✐s❡❞ ❛s ❢♦❧❧♦✇s✳ ❚❤❡ ♥❡①t ❙❡❝t✐♦♥ r❡✈✐s❡s t❤❡ ❧✐t❡r❛t✉r❡ ♦♥ t❤❡ tr❛❞❡

❡❧❛st✐❝✐t② ❛♥❞ ♣r❡❢❡r❡♥❝❡ ✉t✐❧✐③❛t✐♦♥ r❛t❡s✳ ❙❡❝t✐♦♥ ✸ ♣r❡s❡♥ts t❤❡ ❡❝♦♥♦♠❡tr✐❝ ♣r♦❜❧❡♠ ❛♥❞ ❙❡❝t✐♦♥ ✹

❞❡s❝r✐❜❡s t❤❡ ❞❛t❛✳ ❙❡❝t✐♦♥ ✺ s❤♦✇s t❤❡ ❡st✐♠❛t✐♦♥ r❡s✉❧ts✱ ✇❤✐❧❡ ❙❡❝t✐♦♥ ✻ ❞✐s❝✉ss❡s t❤❡ ✐♥t❡r♣r❡t❛t✐♦♥ ♦❢

t❤❡ ❡❧❛st✐❝✐t② ✐♥ t❡r♠s ♦❢ str✉❝t✉r❛❧ ♣❛r❛♠❡t❡rs✱ ❛♥❞ t❤❡ ✐♠♣❧✐❝❛t✐♦♥s ♦❢ ❛❝❝♦✉♥t✐♥❣ ❢♦r P❯❘s ✐♥ str✉❝t✉r❛❧

♠♦❞❡❧s ♦❢ tr❛❞❡✳ ❙❡❝t✐♦♥ ✼ ❝♦♥❝❧✉❞❡s✳

✷ ▲✐t❡r❛t✉r❡

❆ ❧❛r❣❡ s❤❛r❡ ♦❢ t❤❡ ❡♠♣✐r✐❝❛❧ ❧✐t❡r❛t✉r❡ ❡st✐♠❛t❡s t❤❡ tr❛❞❡ ❡❧❛st✐❝✐t② ✉s✐♥❣ ✈❛r✐❛t✐♦♥ ✐♥ ✐♠♣♦rt t❛r✐✛s✳

❚❛r✐✛s ✈❛r② s②st❡♠❛t✐❝❛❧❧② ❛❝r♦ss ♣r♦❞✉❝ts✱ ✐♠♣♦rt❡rs✱ ❛♥❞ ❡①♣♦rt❡rs✱ ❛♥❞ ❛r❡ ❝♦♥s✐st❡♥t❧② r❡♣♦rt❡❞ ❜②

♠♦st ❝♦✉♥tr✐❡s✳ ■♥ t❤❡✐r ♠❡t❛✲❛♥❛❧②s✐s✱ ❍❡❛❞ ❛♥❞ ▼❛②❡r ✭✷✵✶✹✮ ❞♦❝✉♠❡♥t t❤❛t ♦✉t ♦❢ ✻✷✷ str✉❝t✉r❛❧

❡st✐♠❛t❡s ♦❢ t❤❡ tr❛❞❡ ❡❧❛st✐❝✐t②✱ ✹✹✪ r❡❧② ❡①❝❧✉s✐✈❡❧② ♦♥ t❛r✐✛s✱ ✇❤✐❧❡ ❛♥ ❛❞❞✐t✐♦♥❛❧ ✷✻✪ ✉s❡ ❛ ❝♦♠❜✐♥❛t✐♦♥

♦❢ t❛r✐✛s ❛♥❞ ❢r❡✐❣❤t ❝♦sts✱ ♠❛❦✐♥❣ t❛r✐✛s t❤❡ ❞♦♠✐♥❛♥t s♦✉r❝❡ ♦❢ ✐❞❡♥t✐❢②✐♥❣ ✈❛r✐❛t✐♦♥ ✐♥ t❤❡ ❧✐t❡r❛t✉r❡✳✶

❚❛r✐✛✲❜❛s❡❞ ❡st✐♠❛t❡s ♦❢ t❤❡ tr❛❞❡ ❡❧❛st✐❝✐t② ❛r❡ t②♣✐❝❛❧❧② ♦❜t❛✐♥❡❞ ✉s✐♥❣ ❞❛t❛ ❛t t❤❡ ❝♦✉♥tr②✲♣r♦❞✉❝t

❧❡✈❡❧✳ ❙t❛♥❞❛r❞ ❛♣♣r♦❛❝❤❡s ❝♦♥tr♦❧ ❢♦r ❛❣❣r❡❣❛t❡ ❞❡♠❛♥❞✲ ❛♥❞ s✉♣♣❧②✲s✐❞❡ ❝♦♥❢♦✉♥❞❡rs ✉s✐♥❣ ❡①♣♦rt❡r ❛♥❞

✐♠♣♦rt❡r ✜①❡❞ ❡✛❡❝ts✱ s♦♠❡t✐♠❡s ✐♥t❡r❛❝t❡❞ ✇✐t❤ ♣r♦❞✉❝ts ✭❡✳❣✳ ❋♦♥t❛❣♥é✱ ●✉✐♠❜❛r❞ ❡t ❛❧✳ ✷✵✷✷✮✳ ❆❧✲

t❡r♥❛t✐✈❡ ✐❞❡♥t✐✜❝❛t✐♦♥ str❛t❡❣✐❡s r❡❧② ♦♥ r❛t✐♦✲t②♣❡ ❡st✐♠❛t♦rs t❤❛t ❞✐✛❡r❡♥❝❡ ♦✉t ❝♦✉♥tr②✲s♣❡❝✐✜❝ ❢❛❝t♦rs✱

s✉❝❤ ❛s t❤❡ ✏t❡tr❛❞s✑ ❛♣♣r♦❛❝❤ ✉s❡❞ ❜② ❘♦♠❛❧✐s ✭✷✵✵✼✮ ❛♥❞ ❍❡❛❞✱ ▼❛②❡r ❛♥❞ ❘✐❡s ✭✷✵✶✵✮✱ ♦r r❡❧❛t❡❞ ♠❡t❤✲

♦❞s ❡♠♣❧♦②❡❞ ❜② P❛rr♦ ✭✷✵✶✸✮ ❛♥❞ ❈❛❧✐❡♥❞♦ ❛♥❞ P❛rr♦ ✭✷✵✶✺✮✳ ❉❡s♣✐t❡ ♠❡t❤♦❞♦❧♦❣✐❝❛❧ ❞✐✛❡r❡♥❝❡s✱ t❤❡s❡

✶❙t❛t✐st✐❝s ❝♦♠♣✉t❡❞ ✉s✐♥❣ t❤❡ ♦♥❧✐♥❡ r❡♣❧✐❝❛t✐♦♥ ♣❛❝❦❛❣❡ ♦❢ ❍❡❛❞ ❛♥❞ ▼❛②❡r ✭✷✵✶✹✮✳

✺



❛♣♣r♦❛❝❤❡s s❤❛r❡ ❛ ❝♦♠♠♦♥ ❢❡❛t✉r❡✿ ✐❞❡♥t✐✜❝❛t✐♦♥ ❝♦♠❡s ❢r♦♠ ✐♠♣♦rt❡rs ❛♣♣❧②✐♥❣ ❞✐✛❡r❡♥t t❛r✐✛ r❛t❡s t♦

❞✐✛❡r❡♥t ❡①♣♦rt❡rs ❢♦r t❤❡ s❛♠❡ ♣r♦❞✉❝t✳

❚❤✐s s♦✉r❝❡ ♦❢ ✈❛r✐❛t✐♦♥ ❛r✐s❡s ♣r✐♠❛r✐❧② ❢r♦♠ Pr❡❢❡r❡♥t✐❛❧ ❚r❛❞❡ ❆❣r❡❡♠❡♥ts✱ ✇❤✐❝❤ ❛❧❧♦✇ ❝♦✉♥tr✐❡s t♦

❛♣♣❧② t❛r✐✛s ❜❡❧♦✇ t❤❡ ▼❋◆ r❛t❡ ♠❛♥❞❛t❡❞ ❜② t❤❡ ❲♦r❧❞ ❚r❛❞❡ ❖r❣❛♥✐③❛t✐♦♥✳ ❆s ❛ r❡s✉❧t✱ t❛r✐✛✲❜❛s❡❞

❡st✐♠❛t❡s ♦❢ t❤❡ tr❛❞❡ ❡❧❛st✐❝✐t② ✐♠♣❧✐❝✐t❧② r❡❧② ♦♥ ♣r❡❢❡r❡♥t✐❛❧ t❛r✐✛s ❛s t❤❡ ❦❡② ✐❞❡♥t✐❢②✐♥❣ ✈❛r✐❛t✐♦♥✳

❉❡s♣✐t❡ t❤❡ s✐♠✐❧❛r✐t② ♦❢ ♠❡t❤♦❞s✱ ❡st✐♠❛t❡❞ t❛r✐✛ ❡❧❛st✐❝✐t✐❡s ❞✐s♣❧❛② s✉❜st❛♥t✐❛❧ ❤❡t❡r♦❣❡♥❡✐t② ❛❝r♦ss

st✉❞✐❡s✳ ❍❡❛❞ ❛♥❞ ▼❛②❡r ✭✷✵✶✹✮ r❡♣♦rt ❛ ♠❡❞✐❛♥ ❡❧❛st✐❝✐t② ♦❢ ✺ ❢♦r ❡st✐♠❛t❡s ❜❛s❡❞ ♦♥ t❛r✐✛s ❛♥❞ ❢r❡✐❣❤t

❝♦sts✱ ✇✐t❤ ❛ st❛♥❞❛r❞ ❞❡✈✐❛t✐♦♥ ♦❢ ✾✳✸✳ ❲❤✐❧❡ ♣❛rt ♦❢ t❤✐s ❞✐s♣❡rs✐♦♥ r❡✢❡❝ts s❡❝t♦r❛❧ ❤❡t❡r♦❣❡♥❡✐t②✱

s✐❣♥✐✜❝❛♥t ✈❛r✐❛t✐♦♥ r❡♠❛✐♥s ❡✈❡♥ ✇❤❡♥ ❢♦❝✉s✐♥❣ ♦♥ ❛❣❣r❡❣❛t❡ ❡❧❛st✐❝✐t✐❡s✳ ❆s ❞✐s❝✉ss❡❞ ✐♥ ❙❡❝t✐♦♥ ✸✱ ♣❛rt

♦❢ t❤✐s ❤❡t❡r♦❣❡♥❡✐t② ♠✐❣❤t ❜❡ ❞✉❡ t♦ ❞✐✛❡r❡♥❝❡s ✐♥ t❤❡ ❛✈❡r❛❣❡ ♣r❡❢❡r❡♥❝❡ ✉t✐❧✐③❛t✐♦♥ r❛t❡ ❛❝r♦ss s❛♠♣❧❡s✳

❇② ✐❣♥♦r✐♥❣ ♣❛rt✐❛❧ ✉♣t❛❦❡ ♦❢ t❛r✐✛ ♣r❡❢❡r❡♥❝❡s✱ ❡①✐st✐♥❣ st✉❞✐❡s r❡❝♦✈❡r ❛ ❡❧✐❣✐❜❧❡✲t❛r✐✛ ❡❧❛st✐❝✐t② r❛t❤❡r

t❤❛♥ t❤❡ ❡❧❛st✐❝✐t② ♦❢ tr❛❞❡ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ t❛r✐✛s ❡✛❡❝t✐✈❡❧② ♣❛✐❞✳

❲❤✐❧❡ ♠♦st ♦❢ t❤❡ ♣❛♣❡rs r❡✈✐❡✇❡❞ ❜② ❍❡❛❞ ❛♥❞ ▼❛②❡r ✭✷✵✶✹✮ ✉s❡ ❝r♦ss✲s❡❝t✐♦♥❛❧ ✈❛r✐❛t✐♦♥ ✐♥ t❛r✐✛s✱

♠♦r❡ r❡❝❡♥t ✇♦r❦ ❡st✐♠❛t❡s tr❛❞❡ ❡❧❛st✐❝✐t✐❡s ✉s✐♥❣ ❝❤❛♥❣❡s ✐♥ t❛r✐✛s ♦✈❡r t✐♠❡✱ ♦❢t❡♥ ✇✐t❤✐♥ ❛ ❞✐✛❡r❡♥❝❡✲

✐♥✲❞✐✛❡r❡♥❝❡s ❢r❛♠❡✇♦r❦✳ ❚❤✐s ❧✐t❡r❛t✉r❡ t②♣✐❝❛❧❧② ✜♥❞s s♠❛❧❧❡r ❡❧❛st✐❝✐t✐❡s✱ ✐♥ t❤❡ r❛♥❣❡ ♦❢ ✶✳✺ t♦ ✷ ✭❡✳❣✳

❆♠✐t✐✱ ❘❡❞❞✐♥❣ ❡t ❛❧✳ ✭✷✵✶✾✮✱ ❋❛❥❣❡❧❜❛✉♠ ❡t ❛❧✳ ✭✷✵✷✵✮ ❛♥❞ ❇♦❡❤♠ ❡t ❛❧✳ ✭✷✵✷✸✮✮✳ ❚❤❡s❡ s♠❛❧❧ ❞✐✛✲✐♥✲❞✐✛

❡❧❛st✐❝✐t✐❡s ♠✐❣❤t ❜❡ ♣❛rt❧② ❞✉❡ t♦ st❛❣❣❡r❡❞ t❛r✐✛ ❝❤❛♥❣❡s ❛❝r♦ss ❝♦✉♥tr✐❡s ❛♥❞ ♣r♦❞✉❝ts✳ ■♠♣♦rt❛♥t❧②✱

t❤❡s❡ ❛♣♣r♦❛❝❤❡s ❛❧s♦ ❛❜str❛❝t ❢r♦♠ ♣❛rt✐❛❧ ✉t✐❧✐③❛t✐♦♥ ♦❢ t❛r✐✛ ♣r❡❢❡r❡♥❝❡s✳

◆♦t❡ t❤❛t t❤❡ ✐ss✉❡ ♦❢ ♥♦♥✲❝♦♠♣❧✐❛♥❝❡ ❛❧s♦ ❛♣♣❧✐❡s ✇❤❡♥ ❧♦♦❦✐♥❣ ❛t ✈❛r✐❛t✐♦♥ ✐♥ ▼❋◆ t❛r✐✛s ✇❤✐❧❡

✉s✐♥❣ P❚❆ ❝♦✉♥tr✐❡s ❛s t❤❡ ❝♦♥tr♦❧ ❣r♦✉♣✱ ❛s ❞♦♥❡ ✐♥ ❇♦❡❤♠ ❡t ❛❧✳ ✭✷✵✷✸✮✳ ■♥ t❤✐s ❝❛s❡✱ ✇❡ ❤❛✈❡ ❢✉❧❧

❝♦♠♣❧✐❛♥❝❡ ✐♥ t❤❡ tr❡❛t♠❡♥t ❣r♦✉♣ ✭▼❋◆ ❝♦✉♥tr✐❡s✮✱ ❜✉t s♦♠❡ ✐♥ t❤❡ ❝♦♥tr♦❧ ❣r♦✉♣ ❛r❡ ❛✛❡❝t❡❞ ❛s ✇❡❧❧

✭P❚❆ ❝♦✉♥tr✐❡s tr❛❞✐♥❣ ✉♥❞❡r ▼❋◆✮✳ ❆s ❢♦r P❚❆ t❛r✐✛ ❝❤❛♥❣❡s✱ ♣❛rt✐❛❧ ❝♦♠♣❧✐❛♥❝❡ ❧❡❛❞s t♦ ❞♦✇♥✇❛r❞

❜✐❛s❡s ✐♥ t❤❡ ❡st✐♠❛t✐♦♥✳

❊st✐♠❛t❡❞ tr❛❞❡ ❡❧❛st✐❝✐t✐❡s ❛r❡ ✇✐❞❡❧② ✉s❡❞ ❛s ❦❡② ✐♥♣✉ts ✐♥ q✉❛♥t✐t❛t✐✈❡ tr❛❞❡ ♠♦❞❡❧s✳ ❋♦r ❡①❛♠♣❧❡✱

❈❛❧✐❡♥❞♦ ❛♥❞ P❛rr♦ ✭✷✵✶✺✮ ✉s❡ t❛r✐✛✲❜❛s❡❞ ❡❧❛st✐❝✐t✐❡s t♦ ❡✈❛❧✉❛t❡ t❤❡ ❣❡♥❡r❛❧ ❡q✉✐❧✐❜r✐✉♠ ❡✛❡❝ts ♦❢ t❤❡

◆♦rt❤ ❆♠❡r✐❝❛ ❋r❡❡ ❚r❛❞❡ ❆❣r❡❡♠❡♥t✳ ❚❤❡ ❡❧❛st✐❝✐t✐❡s ♦❢ ❈❛❧✐❡♥❞♦ ❛♥❞ P❛rr♦ ✭✷✵✶✺✮ ❤❛✈❡ ❛❧s♦ ❜❡❡♥ ✉s❡❞

❜② ♦t❤❡r ❛✉t❤♦rs s✉❝❤ ❛s ❈♦st✐♥♦t ❛♥❞ ❘♦❞rí❣✉❡③✲❈❧❛r❡ ✭✷✵✶✹✮ ♦r ❉❤✐♥❣r❛ ❡t ❛❧✳ ✭✷✵✶✼✮✳ ❆s ❛ r❡s✉❧t✱ ✐ss✉❡

✐♥ ❡❧❛st✐❝✐t② ❡st✐♠❛t❡s ❤❛s ❞✐r❡❝t ✐♠♣❧✐❝❛t✐♦♥s ❢♦r ❝♦✉♥t❡r❢❛❝t✉❛❧ ❛♥❛❧②s❡s✳

P❛rt✐❛❧ ❝♦♠♣❧✐❛♥❝❡ ❡①t❡♥❞s ❜❡②♦♥❞ t❛r✐✛✲❜❛s❡❞ ❛♣♣r♦❛❝❤❡s✳ ❯s✐♥❣ t❤❡ ❡①❝❤❛♥❣❡ r❛t❡ t♦ ❡st✐♠❛t❡ t❤❡

tr❛❞❡ ❡❧❛st✐❝✐t②✱ t❤❡ r❡s♣♦♥s❡ ♦❢ tr❛❞❡ ♦r ♣r✐❝❡s ✇✐❧❧ ❞❡♣❡♥❞ ♦♥ t❤❡ ✐♥✈♦✐❝✐♥❣ ❝✉rr❡♥❝② ♦❢ t❤❡ tr❛♥s❛❝t✐♦♥✳

■❢ ❛♥ ❡①❝❤❛♥❣❡ r❛t❡ s❤♦❝❦ ✐s tr❡❛t♠❡♥t✱ ❝♦♠♣❧✐❛♥❝❡ ✐s t❤❡ s❤❛r❡ ♦❢ tr❛❞❡ ✉s✐♥❣ t❤❡ s✉❜❥❡❝t ❝✉rr❡♥❝②✳ ❆❢t❡r

✜♥❞✐♥❣ ♠❛r❦❡❞ ❞✐✛❡r❡♥❝❡s ❜❡t✇❡❡♥ ❡①❝❤❛♥❣❡ r❛t❡✲ ❛♥❞ t❛r✐✛✲❜❛s❡❞ tr❛❞❡ ❡❧❛st✐❝✐t②✱ ❋♦♥t❛❣♥é✱ ▼❛rt✐♥ ❡t ❛❧✳

✭✷✵✶✽✮ s❛②s t❤❛t ❵t❤❡ ✐♥t❡r♥❛t✐♦♥❛❧ ❡❧❛st✐❝✐t② ♣✉③③❧❡ ✐s ✇♦rs❡ t❤❛♥ ♣r❡✈✐♦✉s❧② t❤♦✉❣❤t✬✳ ❍♦✇❡✈❡r✱ ❝♦♠♣❛r✐♥❣

✐♥t❡♥t✲t♦✲tr❡❛t ❡✛❡❝ts ♠✐❣❤t ❜❡ ♠✐s❧❡❛❞✐♥❣✱ ❛s ❞✐✛❡r❡♥❝❡s ✐♥ ❝♦♠♣❧✐❛♥❝❡ r❛t❡s ❜❡t✇❡❡♥ t❛r✐✛s ❛♥❞ ❡①❝❤❛♥❣❡

✻



r❛t❡s ✇✐❧❧ ❞r✐✈❡ ❞✐✛❡r❡♥❝❡s ✐♥ t❤❡ ❡st✐♠❛t❡❞ ❡❧❛st✐❝✐t✐❡s✳

●♦♣✐♥❛t❤ ❡t ❛❧✳ ✭✷✵✶✵✮ ♣r♦✈✐❞❡ ❡✈✐❞❡♥❝❡ ♦♥ t❤✐s✳ ❚❤❡ ❛✉t❤♦rs st✉❞② ❤♦✇ t❤❡ ❡①❝❤❛♥❣❡ r❛t❡ ♣❛ss✲t❤r♦✉❣❤

✐♥t♦ ❯❙ ♣r✐❝❡s ❞❡♣❡♥❞s ♦♥ t❤❡ ❝✉rr❡♥❝② ♦❢ ✐♥✈♦✐❝❡✳ ❚❤❡② ✜♥❞ t❤❛t ❞✐✛❡r❡♥❝❡s ❛❝r♦ss ❝♦✉♥tr✐❡s ✐♥ ❛❣❣r❡❣❛t❡

♣❛ss✲t❤r♦✉❣❤ ✭✇❤✐❝❤ ❞♦ ♥♦t ❝♦♥❞✐t✐♦♥ ♦♥ t❤❡ ✐♥✈♦✐❝✐♥❣ ❝✉rr❡♥❝②✮ t❡♥❞ t♦ ❞✐s❛♣♣❡❛r ♦♥❝❡ t❤❡② ❛❝❝♦✉♥t ❢♦r

t❤❡ ✐♥✈♦✐❝✐♥❣ ❝✉rr❡♥❝②✱ ❛s ❞✐✛❡r❡♥t ❝♦✉♥tr✐❡s ❤❛✈❡ ❞✐✛❡r❡♥t s❤❛r❡s ♦❢ tr❛❞❡ ✐♥✈♦✐❝❡❞ ✐♥ ❯❙ ❞♦❧❧❛rs✳ ❇♦③

❡t ❛❧✳ ✭✷✵✶✾✮ ❛❧s♦ ♣r♦✈✐❞❡s s✐♠✐❧❛r ❡✈✐❞❡♥❝❡✱ s❤♦✇✐♥❣ ❤♦✇ ❞✐✛❡r❡♥❝❡s ✐♥ ❡①❝❤❛♥❣❡ r❛t❡ ♣❛ss t❤r♦✉❣❤ ❛❝r♦ss

❝♦✉♥tr②✲♣❛✐rs ❝❛♥ ❜❡ ❡①♣❧❛✐♥❡❞ ❜② t❤❡ ✐♥✈♦✐❝✐♥❣ ❝✉rr❡♥❝② s❤❛r❡s✱ ❛♥❞ ❆♠✐t✐✱ ■ts❦❤♦❦✐ ❡t ❛❧✳ ✭✷✵✷✷✮ s❤♦✇

t❤❛t t❤❡ ❡①❝❤❛♥❣❡ r❛t❡ ♣❛ss✲t❤r♦✉❣❤ ❡st✐♠❛t❡❞ ✇✐t❤ ✜r♠✲❧❡✈❡❧ ❞❛t❛ ❞❡♣❡♥❞s ♦♥ t❤❡ ❝✉rr❡♥❝② ♦❢ ✐♥✈♦✐❝❡✳

❚♦ t❤❡ ❜❡st ♦❢ ♠② ❦♥♦✇❧❡❞❣❡✱ ♥♦ ♣❛♣❡r ❡st✐♠❛t✐♥❣ t❤❡ tr❛❞❡ ❡❧❛st✐❝✐t② ❢r♦♠ t❛r✐✛ ❞❛t❛ t❛❦❡s ✐♥t♦

❛❝❝♦✉♥t ♣r❡❢❡r❡♥❝❡ ✉t✐❧✐③❛t✐♦♥ r❛t❡s✳ ❆ ❧✐❦❡❧② r❡❛s♦♥ ✐s ❞❛t❛ ❛✈❛✐❧❛❜✐❧✐t②✿ ❝♦♠♣r❡❤❡♥s✐✈❡ ✐♥❢♦r♠❛t✐♦♥ ♦♥

✐♠♣♦rts ❜② t❛r✐✛ r❡❣✐♠❡ ✐s ♣✉❜❧✐❝❧② ❛✈❛✐❧❛❜❧❡ ♦♥❧② ❢♦r ❛ ❧✐♠✐t❡❞ s❡t ♦❢ ❝♦✉♥tr✐❡s✱ ♥♦t❛❜❧② t❤❡ ❊❯ ❛♥❞ t❤❡

❯♥✐t❡❞ ❙t❛t❡s✳ ◆♦♥❡t❤❡❧❡ss✱ ❣✐✈❡♥ t❤❡ ❛✈❛✐❧❛❜✐❧✐t② ♦❢ s✉❝❤ ❞❛t❛✱ ✐t ✐s s✉r♣r✐s✐♥❣ t❤❛t ❡①✐st✐♥❣ st✉❞✐❡s ❤❛✈❡

♥♦t ✐♥❝♦r♣♦r❛t❡❞ ♣r❡❢❡r❡♥❝❡ ✉t✐❧✐③❛t✐♦♥ ✐♥t♦ t❤❡ ❡st✐♠❛t✐♦♥ ♦❢ t❛r✐✛ ❡❧❛st✐❝✐t✐❡s✳

❆t t❤❡ s❛♠❡ t✐♠❡✱ ❛ s❡♣❛r❛t❡ ❧✐t❡r❛t✉r❡ ❤❛s st✉❞✐❡❞ t❤❡ ❞❡t❡r♠✐♥❛♥ts ♦❢ ♣r❡❢❡r❡♥❝❡ ✉t✐❧✐③❛t✐♦♥ ✐♥ ❞❡♣t❤✳

❚❤✐s ✇♦r❦ ❞♦❝✉♠❡♥ts t❤❛t ✉t✐❧✐③❛t✐♦♥ r❛t❡s ✐♥❝r❡❛s❡ ✇✐t❤ t❤❡ t❛r✐✛ ♠❛r❣✐♥ ❜❡t✇❡❡♥ ▼❋◆ ❛♥❞ ♣r❡❢❡r❡♥t✐❛❧

r❛t❡s ✭❡✳❣✳ ❍❛❦♦❜②❛♥ ✷✵✶✺❀ ▲❡❣❣❡ ❛♥❞ ▲✉❦❛s③✉❦ ✷✵✷✹✮✱ r❡✢❡❝t✐♥❣ t❤❡ ✐♥❝❡♥t✐✈❡s t♦ ✐♥❝✉r t❤❡ ❝♦sts ♦❢

❝❧❛✐♠✐♥❣ ♣r❡❢❡r❡♥❝❡s✳ ❊✈✐❞❡♥❝❡ s✉❣❣❡sts t❤❛t ✉t✐❧✐③❛t✐♦♥ ✐♥✈♦❧✈❡s ♣r✐♠❛r✐❧② ✜①❡❞ ❝♦sts r❛t❤❡r t❤❛♥ ✈❛r✐❛❜❧❡

❝♦sts✱ ❛s ✉t✐❧✐③❛t✐♦♥ r❛t❡s t❡♥❞ t♦ ❜❡ ❤✐❣❤❡r ❢♦r ❧❛r❣❡r tr❛❞❡ ✢♦✇s ✭❑❡❝❦ ❛♥❞ ▲❡♥❞❧❡ ✷✵✶✷❀ ◆✐❧ss♦♥ ❛♥❞

❉♦tt❡r ✷✵✶✶❀ ❍❛②❛❦❛✇❛ ❡t ❛❧✳ ✷✵✶✹✮✱ ❛♥❞ ❞❡❝❧✐♥❡ ✇✐t❤ ♠♦r❡ r❡str✐❝t✐✈❡ r✉❧❡s ♦❢ ♦r✐❣✐♥ ✭❈❛❞♦t ❡t ❛❧✳ ✷✵✵✻❀

❍❛❦♦❜②❛♥ ✷✵✶✺✮✳ ▲❡❛r♥✐♥❣ ❡✛❡❝ts ❢✉rt❤❡r r❡❞✉❝❡ t❤❡s❡ ❝♦sts ♦✈❡r t✐♠❡ ✭❑r✐s❤♥❛ ❡t ❛❧✳ ✷✵✷✺✮✳

❚❤✐s ♣❛♣❡r ❝♦♥♥❡❝ts t❤❡s❡ t✇♦ ♣r❡✈✐♦✉s❧② s❡♣❛r❛t❡ str❛♥❞s ♦❢ t❤❡ ❧✐t❡r❛t✉r❡✳ ❲❤✐❧❡ t❤❡ tr❛❞❡ ❡❧❛st✐❝✐t②

❧✐t❡r❛t✉r❡ r❡❧✐❡s ❤❡❛✈✐❧② ♦♥ t❛r✐✛ ✈❛r✐❛t✐♦♥ ❣❡♥❡r❛t❡❞ ❜② P❚❆s✱ ✐t ❛❜str❛❝ts ❢r♦♠ t❤❡ ❢❛❝t t❤❛t t❤❡s❡ t❛r✐✛s ❛r❡

♦♥❧② ♣❛rt✐❛❧❧② ❛♣♣❧✐❡❞ ✐♥ ♣r❛❝t✐❝❡✳ ❇② ❡①♣❧✐❝✐t❧② ❛❝❝♦✉♥t✐♥❣ ❢♦r ♣r❡❢❡r❡♥❝❡ ✉t✐❧✐③❛t✐♦♥✱ t❤✐s ♣❛♣❡r r❡❝♦♥❝✐❧❡s

t❛r✐✛✲❜❛s❡❞ ❡❧❛st✐❝✐t② ❡st✐♠❛t❡s ✇✐t❤ t❤❡ ✐♥st✐t✉t✐♦♥❛❧ r❡❛❧✐t② ♦❢ tr❛❞❡ ❛❣r❡❡♠❡♥ts ❛♥❞ ♣r♦✈✐❞❡s ❛ ✉♥✐✜❡❞

❢r❛♠❡✇♦r❦ ❢♦r ❡st✐♠❛t✐♦♥ ❛♥❞ ♣♦❧✐❝② ❡✈❛❧✉❛t✐♦♥✳

✸ ❊st✐♠❛t✐♥❣ t❤❡ tr❛❞❡ ❡❧❛st✐❝✐t② ✇✐t❤ P❚❆ t❛r✐✛s

❚❤✐s s❡❝t✐♦♥ ❞❡s❝r✐❜❡s ❤♦✇ t❤❡ tr❛❞❡ ❡❧❛st✐❝✐t② ❝❛♥ ❜❡ ✐❞❡♥t✐✜❡❞ ✇❤❡♥ t❛r✐✛ ♣r❡❢❡r❡♥❝❡s ❛r❡ ♦♥❧② ♣❛rt✐❛❧❧②

✉t✐❧✐③❡❞✳ ■ ✐♥t❡r♣r❡t ♣r❡❢❡r❡♥t✐❛❧ t❛r✐✛ r❡❞✉❝t✐♦♥s ❛s ❛ ❝♦♥t✐♥✉♦✉s tr❡❛t♠❡♥t s✉❜❥❡❝t t♦ ♦♥❡✲s✐❞❡❞ ♥♦♥✲

❝♦♠♣❧✐❛♥❝❡✳ ❋✐r♠s ❧♦❝❛t❡❞ ✐♥ P❚❆ ♣❛rt♥❡r ❝♦✉♥tr✐❡s ❛r❡ ❡❧✐❣✐❜❧❡ ❢♦r ♣r❡❢❡r❡♥t✐❛❧ t❛r✐✛s ❛♥❞ t❤❡r❡❢♦r❡

❜❡❧♦♥❣ t♦ t❤❡ tr❡❛t♠❡♥t ❣r♦✉♣✱ ❜✉t ♦♥❧② ❛ s✉❜s❡t ♦❢ t❤❡s❡ ✜r♠s ❛❝t✉❛❧❧② ❝❧❛✐♠ t❤❡ t❛r✐✛ ♣r❡❢❡r❡♥❝❡✳ ❋✐r♠s

❡①♣♦rt✐♥❣ ❢r♦♠ ▼❋◆ ♣❛rt♥❡r ❝♦✉♥tr✐❡s ❢♦r♠ t❤❡ ❝♦♥tr♦❧ ❣r♦✉♣ ❛♥❞ ❢❛❝❡ ❢✉❧❧ ❝♦♠♣❧✐❛♥❝❡✱ ❛s t❤❡② ❝❛♥♥♦t

❛❝❝❡ss t❛r✐✛ ♣r❡❢❡r❡♥❝❡s✳

✼



❚❤❡ st❛♥❞❛r❞ t❛r✐✛✲❜❛s❡❞ ❛♣♣r♦❛❝❤ ✉s❡❞ ✐♥ t❤❡ ❧✐t❡r❛t✉r❡ t♦ ❡st✐♠❛t❡ t❤❡ tr❛❞❡ ❡❧❛st✐❝✐t② r❡❧❛t❡s ❜✐❧❛t❡r❛❧

✐♠♣♦rts t♦ t❛r✐✛ r❛t❡s✳ ■♥ ✐ts s✐♠♣❧❡st ❢♦r♠✱ t❤❡ ❡st✐♠❛t✐♥❣ ❡q✉❛t✐♦♥ ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s✿

lnMij = αi + αj + β ln(1 + t❛r✐✛ij) + γXij + ϵij ✭✶✮

✇❤❡r❡ Mij ❛r❡ ✐♠♣♦rts ♦❢ ❝♦✉♥tr② j ❢r♦♠ i✱ αi ❛♥❞ αj ❛r❡ ❡①♣♦rt❡r ❛♥❞ ✐♠♣♦rt❡r ✜①❡❞ ❡✛❡❝ts✱ ❛♥❞ Xij

❝♦♥t❛✐♥s ❜✐❧❛t❡r❛❧ ❝♦♥tr♦❧s✳ ❚❛r✐✛s ❛r❡ ♠♦❞❡❧❧❡❞ ❛s ♦♥❡ ♣❧✉s t❤❡ t❛r✐✛ r❛t❡ ✭❡✳❣✳✱ ❛ t❛r✐✛ ♦❢ ✶✵✪ ✐s ♠♦❞❡❧❧❡❞

❛s ✶✳✶✮✳ ❯♥❞❡r st❛♥❞❛r❞ tr❛❞❡ ♠♦❞❡❧s ✇✐t❤ ❝♦♥st❛♥t ❡❧❛st✐❝✐t②✱ t❤❡ ❝♦❡✣❝✐❡♥t β ✐s ✐♥t❡r♣r❡t❡❞ ❛s t❤❡

tr❛❞❡ ❡❧❛st✐❝✐t② ❛♥❞ ✐s ❝♦♠♠♦♥❧② ✉s❡❞ ❛s ❛ str✉❝t✉r❛❧ ♣❛r❛♠❡t❡r ✐♥ ❝♦✉♥t❡r❢❛❝t✉❛❧ ❛♥❞ ✇❡❧❢❛r❡ ❛♥❛❧②s✐s✳

■♠♣♦rt❛♥t❧②✱ ✐♥ ✭✶✮ t❤❡ t❛r✐✛ ✐s ♠❡❛s✉r❡❞ ❛s t❤❡ ▼❋◆ t❛r✐✛ ✐❢ t❤❡ ❝♦✉♥tr✐❡s ❞♦ ♥♦t ❤❛✈❡ ❛ tr❛❞❡ ❛❣r❡❡♠❡♥t✱

❛♥❞ t❤❡ ♣r❡❢❡r❡♥t✐❛❧ r❛t❡ ✐❢ t❤❡② ❤❛✈❡✳

❇❡❝❛✉s❡ ▼❋◆ t❛r✐✛s ❛r❡ ❝♦♥st❛♥t ❛❝r♦ss ❡①♣♦rt❡rs ❢♦r ❛ ❣✐✈❡♥ ✐♠♣♦rt❡r✱ ✐❞❡♥t✐✜❝❛t✐♦♥ ♦❢ β r❡❧✐❡s ♦♥

t❛r✐✛ ✈❛r✐❛t✐♦♥ ❣❡♥❡r❛t❡❞ ❜② Pr❡❢❡r❡♥t✐❛❧ ❚r❛❞❡ ❆❣r❡❡♠❡♥ts✱ ✇❤✐❝❤ ❛❧❧♦✇ ✐♠♣♦rt❡rs t♦ ❛♣♣❧② ❞✐✛❡r❡♥t

t❛r✐✛s ❛❝r♦ss ❡①♣♦rt❡rs✳ ■♠♣❧✐❝✐t❧②✱ t❤✐s ❛♣♣r♦❛❝❤ tr❡❛ts ♣r❡❢❡r❡♥t✐❛❧ t❛r✐✛s ❛s ✐❢ t❤❡② ✇❡r❡ ❢✉❧❧② ❛♣♣❧✐❡❞ t♦

❛❧❧ ❡❧✐❣✐❜❧❡ tr❛❞❡ ✢♦✇s✳

❍♦✇❡✈❡r✱ ✇❤❡♥ tr❛❞❡ ❛❣r❡❡♠❡♥ts ❛r❡ ♦♥❧② ♣❛rt✐❛❧❧② ✉t✐❧✐③❡❞✱ t❤❡ ♣r❡❢❡r❡♥t✐❛❧ t❛r✐✛ ❛ss✐❣♥❡❞ ❜② t❤❡ ❛❣r❡❡✲

♠❡♥t ❞✐✛❡rs ❢r♦♠ t❤❡ t❛r✐✛ ❛❝t✉❛❧❧② ♣❛✐❞ ❜② ❡①♣♦rt❡rs✳ ■♥ t❤✐s ❝❛s❡✱ r❡❣r❡ss✐♦♥s ♦❢ ✐♠♣♦rts ♦♥ ♣r❡❢❡r❡♥t✐❛❧

t❛r✐✛s r❡❝♦✈❡r t❤❡ ❡✛❡❝t ♦❢ t❛r✐✛ ❡❧✐❣✐❜✐❧✐t② r❛t❤❡r t❤❛♥ t❤❡ ❡✛❡❝t ♦❢ t❤❡ ❡✛❡❝t✐✈❡ t❛r✐✛✳ ■♥ t❤❡ ❧❛♥❣✉❛❣❡ ♦❢

t❤❡ tr❡❛t♠❡♥t ❡✛❡❝ts ❧✐t❡r❛t✉r❡✱ t❤❡ st❛♥❞❛r❞ t❛r✐✛ r❡❣r❡ss✐♦♥ ✐❞❡♥t✐✜❡s ❛♥ ✐♥t❡♥t✲t♦✲tr❡❛t ❡✛❡❝t✳

❲✐t❤ ♣❛rt✐❛❧ ✉t✐❧✐③❛t✐♦♥✱ ♣r❡❢❡r❡♥t✐❛❧ t❛r✐✛ ❛ss✐❣♥♠❡♥t ❛✛❡❝ts tr❛❞❡ ♦✉t❝♦♠❡s ♦♥❧② t❤r♦✉❣❤ t❤❡ s✉❜s❡t

♦❢ ✜r♠s t❤❛t ❛❝t✉❛❧❧② ❝❧❛✐♠ t❤❡ ♣r❡❢❡r❡♥❝❡✳ ❚❤✐s ✐s ❛ ♦♥❡✲s✐❞❡❞ ♥♦♥✲❝♦♠♣❧✐❛♥❝❡ s❡tt✐♥❣✿ ✜r♠s ✐♥ ▼❋◆

❝♦✉♥tr✐❡s ♥❡✈❡r r❡❝❡✐✈❡ tr❡❛t♠❡♥t✱ ✇❤✐❧❡ ✜r♠s ✐♥ P❚❆ ❝♦✉♥tr✐❡s ♠❛② ♦r ♠❛② ♥♦t ✉s❡ t❤❡ ♣r❡❢❡r❡♥t✐❛❧ t❛r✐✛✳

■♥ ❛❣❣r❡❣❛t❡❞ ❞❛t❛ ❛t t❤❡ ❝♦✉♥tr② ♦r ❝♦✉♥tr②✲♣r♦❞✉❝t ❧❡✈❡❧✱ ❝♦♠♣❧✐❛♥❝❡ ✐s ♥❛t✉r❛❧❧② s✉♠♠❛r✐③❡❞ ❜②

t❤❡ ♣r❡❢❡r❡♥❝❡ ✉t✐❧✐③❛t✐♦♥ r❛t❡✱ ❞❡✜♥❡❞ ❛s t❤❡ s❤❛r❡ ♦❢ ✐♠♣♦rts ❡♥t❡r✐♥❣ ✉♥❞❡r t❤❡ ♣r❡❢❡r❡♥t✐❛❧ r❡❣✐♠❡✳ ❚❤❡

P❯❘ t❤❡r❡❢♦r❡ ♠❡❛s✉r❡s t❤❡ ❢r❛❝t✐♦♥ ♦❢ ✐♠♣♦rts t❤❛t ❛❝t✉❛❧❧② r❡❝❡✐✈❡s t❤❡ tr❡❛t♠❡♥t✳ ❚❤❡ ❡✛❡❝t✐✈❡ t❛r✐✛

❝❤❛♥❣❡ ❢❛❝❡❞ ❜② ❡①♣♦rt❡rs ❛t t❤❡ ♣r♦❞✉❝t✲❧❡✈❡❧ ✐s ❣✐✈❡♥ ❜② t❤❡ t❛r✐✛ r❡❞✉❝t✐♦♥ ♠✉❧t✐♣❧✐❡❞ ❜② t❤❡ P❯❘✳

❚♦ r❡❝♦✈❡r t❤❡ ❡❧❛st✐❝✐t② ♦❢ ✐♠♣♦rts ✇✐t❤ r❡s♣❡❝t t♦ ❛♣♣❧✐❡❞ tr❛❞❡ ❝♦sts✱ ■ ❛❞♦♣t ❛♥ ✐♥str✉♠❡♥t❛❧ ✈❛r✐❛❜❧❡s

❛♣♣r♦❛❝❤✳ ❚❤❡ ❝❤❛♥❣❡ ✐♥ ♣r❡❢❡r❡♥t✐❛❧ t❛r✐✛s ✐♥❞✉❝❡❞ ❜② ❛ P❚❆ ♣r♦✈✐❞❡s ✈❛r✐❛t✐♦♥ ✐♥ t❛r✐✛ ❛ss✐❣♥♠❡♥t✱ ✇❤✐❧❡

t❤❡ ✐♥t❡r❛❝t✐♦♥ ♦❢ t❤❡ t❛r✐✛ ❝❤❛♥❣❡ ✇✐t❤ t❤❡ P❯❘ ❝❛♣t✉r❡s t❤❡ tr❡❛t♠❡♥t ❡✛❡❝t✐✈❡❧② r❡❝❡✐✈❡❞✳

❋♦❝✉s✐♥❣ ♦♥ ❝❤❛♥❣❡s ❢r♦♠ t❤❡ ♣❡r✐♦❞ ❜❡❢♦r❡ t♦ t❤❡ ♣❡r✐♦❞ ❛❢t❡r t❤❡ ❡♥tr② ✐♥t♦ ❢♦r❝❡ ♦❢ ❛ P❚❆✱ t❤❡

r❡❞✉❝❡❞✲❢♦r♠ ❡❧✐❣✐❜❧❡✲t❛r✐✛ r❡❣r❡ss✐♦♥ ✐s ❣✐✈❡♥ ❜②✿

∆ lnMij = αi + αj + β❊❧✐❣✐❜❧❡∆ ln(1 + t❛r✐✛ij) ✭✷✮

❚❤✐s r❡❣r❡ss✐♦♥ ❝❛♣t✉r❡s t❤❡ ❡✛❡❝t ♦❢ t❛r✐✛ ❡❧✐❣✐❜✐❧✐t②✳ ❯♥❞❡r st❛♥❞❛r❞ ❛ss✉♠♣t✐♦♥s ❛♥❞ ❛ ❝♦♥st❛♥t✲❡❧❛st✐❝✐t②

✽



tr❛❞❡ str✉❝t✉r❡✱ t❤❡ ❡❧✐❣✐❜✐❧✐t② ❝♦❡✣❝✐❡♥t s❛t✐s✜❡s✿

β❊❧✐❣✐❜❧❡ = ε× PUR

✇❤❡r❡ ε ✐s t❤❡ str✉❝t✉r❛❧ ❡❧❛st✐❝✐t② ♦❢ ✐♠♣♦rts ✇✐t❤ r❡s♣❡❝t t♦ t❛r✐✛s ❛♥❞ PUR ✐s t❤❡ ❛✈❡r❛❣❡ ♣r❡❢❡r❡♥❝❡

✉t✐❧✐③❛t✐♦♥ r❛t❡ ✐♥ t❤❡ s❛♠♣❧❡✳ ❆s ❛ r❡s✉❧t✱ ✐❣♥♦r✐♥❣ ♣❛rt✐❛❧ ✉t✐❧✐③❛t✐♦♥ ❧❡❛❞s t♦ ❛♥ ❛tt❡♥✉❛t✐♦♥ ❜✐❛s ❛♥❞

♠❛❦❡s ❡st✐♠❛t❡s s❡♥s✐t✐✈❡ t♦ t❤❡ ✐♥✲s❛♠♣❧❡ ❛✈❡r❛❣❡ P❯❘✳

❚♦ r❡❝♦✈❡r ε✱ ■ ❡st✐♠❛t❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ■❱ s♣❡❝✐✜❝❛t✐♦♥✿

∆ lnMij = αi + αj + β❊✛❡❝t✐✈❡ [P❯❘ij ×∆ ln(1 + t❛r✐✛ij)] ✭✸✮

✐♥str✉♠❡♥t✐♥❣ t❤❡ ✐♥t❡r❛❝t✐♦♥ t❡r♠ ✇✐t❤ t❤❡ t❛r✐✛ ❝❤❛♥❣❡ ✐ts❡❧❢✿

P❯❘ij ×∆ ln(1 + t❛r✐✛ij) = αi + αj + π∆ ln(1 + t❛r✐✛ij) ✭✹✮

❚❤✐s ■❱ ❡st✐♠❛t♦r r❡❝♦✈❡rs t❤❡ ❧♦❝❛❧ ❛✈❡r❛❣❡ tr❡❛t♠❡♥t ❡✛❡❝t ♦❢ t❛r✐✛ r❡❞✉❝t✐♦♥s ♦♥ tr❛❞❡ ✢♦✇s ✕ t❤❛t

✐s✱ t❤❡ ❡❧❛st✐❝✐t② ♦❢ ✐♠♣♦rts ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ t❛r✐✛s ❡✛❡❝t✐✈❡❧② ❛♣♣❧✐❡❞✳

❚❤❡ ✐❞❡♥t✐❢②✐♥❣ r❡str✐❝t✐♦♥ ❤❡r❡ ✐s t❤❛t✱ ❝♦♥❞✐t✐♦♥❛❧ ♦♥ t❤❡ ✜①❡❞ ❡✛❡❝ts✱ t❛r✐✛ ♣r❡❢❡r❡♥❝❡s ❛✛❡❝t ✐♠♣♦rts

♦♥❧② t♦ t❤❡ ❡①t❡♥t t❤❛t t❤❡② ❛r❡ ✉t✐❧✐③❡❞✳ ❚❤✐s ❡①❝❧✉s✐♦♥ r❡str✐❝t✐♦♥ ❛♣♣❡❛rs q✉✐t❡ ♥❛t✉r❛❧✳ ❆s ❖r♥❡❧❛s

✭✷✵✶✻✮ ♣✉t ✐t✱ ❵✳✳✳ ♣r❡❢❡r❡♥❝❡s ❝❛♥ ♣r♦♠♦t❡ ❡①♣♦rts ♦♥❧② ✐❢ ✜r♠s ✉s❡ t❤❡♠✬✳

❚❤❡ ✈❛❧✐❞✐t② ♦❢ t❤✐s ■❱ str❛t❡❣② r❡sts ♦♥ t❤r❡❡ ❝♦♥❞✐t✐♦♥s✳ ❋✐rst✱ ✐♥str✉♠❡♥t r❡❧❡✈❛♥❝❡ r❡q✉✐r❡s t❤❛t

t❛r✐✛ ❝❤❛♥❣❡s ❣❡♥❡r❛t❡ s✉✣❝✐❡♥t ✈❛r✐❛t✐♦♥ ✐♥ t❤❡ ❡✛❡❝t✐✈❡ t❛r✐✛ r❡❞✉❝t✐♦♥ ✭P❯❘ × t❛r✐✛ ❝❤❛♥❣❡✮✳ ❚❤✐s

✐s ❡♥s✉r❡❞ ♠❡❝❤❛♥✐❝❛❧❧②✿ ✜r♠s ❝❛♥ ♦♥❧② ✉t✐❧✐③❡ ♣r❡❢❡r❡♥❝❡s t❤❛t ❛r❡ ♦✛❡r❡❞✱ ❛♥❞ ❧❛r❣❡r t❛r✐✛ r❡❞✉❝t✐♦♥s

❝r❡❛t❡ str♦♥❣❡r ✐♥❝❡♥t✐✈❡s ❢♦r ✉t✐❧✐③❛t✐♦♥✳

❙❡❝♦♥❞✱ t❤❡ ❡①❝❧✉s✐♦♥ r❡str✐❝t✐♦♥ r❡q✉✐r❡s t❤❛t t❛r✐✛ ❡❧✐❣✐❜✐❧✐t② ❛✛❡❝ts tr❛❞❡ ✢♦✇s ♦♥❧② t❤r♦✉❣❤ ❛❝t✉❛❧

✉t✐❧✐③❛t✐♦♥✳ ❲❤✐❧❡ ❵♥❡✇s ❡✛❡❝ts✬ ♦r r❡❞✉❝❡❞ ✉♥❝❡rt❛✐♥t② ❝♦✉❧❞ t❤❡♦r❡t✐❝❛❧❧② ♣r♦✈✐❞❡ ❛❧t❡r♥❛t✐✈❡ ❝❤❛♥♥❡❧s✱

t❤❡ ♣r✐♠❛r② ♠❡❝❤❛♥✐s♠ ✐♥ str✉❝t✉r❛❧ ❣r❛✈✐t② ♠♦❞❡❧s ♦♣❡r❛t❡s t❤r♦✉❣❤ ❝❤❛♥❣❡s ✐♥ t❤❡ ❡✛❡❝t✐✈❡ ♣r✐❝❡ ♦❢

tr❛❞❡❞ ❣♦♦❞s✱ ✇❤✐❝❤ ❞❡♣❡♥❞s ♦♥ ✉t✐❧✐③❛t✐♦♥✳

❚❤✐r❞✱ t❤❡ ✐♥str✉♠❡♥t ♠✉st ❜❡ ❡①♦❣❡♥♦✉s t♦ ✉♥♦❜s❡r✈❡❞ ❞❡t❡r♠✐♥❛♥ts ♦❢ ✐♠♣♦rt ❣r♦✇t❤✳ ❲❤✐❧❡ ❛

❝♦✉♥tr②✬s ♦✇♥ P❚❆ t❛r✐✛ s❝❤❡❞✉❧❡s ♠❛② r❡✢❡❝t ♣♦❧✐t✐❝❛❧✲❡❝♦♥♦♠② ❝♦♥s✐❞❡r❛t✐♦♥s ✕ ✇✐t❤ ♠♦r❡ ❝♦♠♣❡t✐t✐✈❡

♦r s❡♥s✐t✐✈❡ s❡❝t♦rs r❡❝❡✐✈✐♥❣ s❧♦✇❡r ❧✐❜❡r❛❧✐③❛t✐♦♥ ✕ ■ ❛❞❞r❡ss t❤✐s ❝♦♥❝❡r♥ ❜② ✐♥str✉♠❡♥t✐♥❣ t❤❡ ❡✛❡❝t✐✈❡

t❛r✐✛ ❝❤❛♥❣❡ ✉s✐♥❣ st❛t✉t♦r② t❛r✐✛ ❝❤❛♥❣❡s ❢r♦♠ ♦t❤❡r P❚❆s ♥❡❣♦t✐❛t❡❞ ❜② ❞✐✛❡r❡♥t ❝♦✉♥tr② ♣❛✐rs✳ ❚❤❡s❡

❵❡①t❡r♥❛❧✬ t❛r✐✛ s❝❤❡❞✉❧❡s ❛r❡ ♣❧❛✉s✐❜❧② ✉♥❝♦rr❡❧❛t❡❞ ✇✐t❤ t❤❡ ❢♦❝❛❧ ❝♦✉♥tr②✬s s❡❝t♦r✲s♣❡❝✐✜❝ ✐♠♣♦rt s❤♦❝❦s

✇❤✐❧❡ r❡♠❛✐♥✐♥❣ str♦♥❣❧② ❝♦rr❡❧❛t❡❞ ✇✐t❤ ✐ts ♦✇♥ t❛r✐✛ ❝❤❛♥❣❡s t❤r♦✉❣❤ t❤❡ ❝♦♠♠♦♥ str✉❝t✉r❡ ♦❢ P❚❆

❧✐❜❡r❛❧✐③❛t✐♦♥✳

✾



❋✐♥❛❧❧②✱ ♠♦♥♦t♦♥✐❝✐t② ✐s ❛ st❛♥❞❛r❞ ❛ss✉♠♣t✐♦♥ ✐♥ t❤❡ ▲❆❚❊ ❢r❛♠❡✇♦r❦ t❤❛t ❡♥s✉r❡s t❤❡ ■❱ ❡st✐♠❛t❡

❝❛♣t✉r❡s t❤❡ tr❡❛t♠❡♥t ❡✛❡❝t ❢♦r ❝♦♠♣❧✐❡rs r❛t❤❡r t❤❛♥ ❛♥ ❛✈❡r❛❣❡ ♦❢ ♦♣♣♦s✐♥❣ ❜❡❤❛✈✐♦✉rs✳ ■♥ t❤✐s ❝♦♥t❡①t✱

✐t r❡q✉✐r❡s t❤❛t ♣r❡❢❡r❡♥t✐❛❧ t❛r✐✛ ❡❧✐❣✐❜✐❧✐t② ❞♦❡s ♥♦t ✐♥❞✉❝❡ ✜r♠s t♦ ❛✈♦✐❞ ✉t✐❧✐③❛t✐♦♥ ✕ ❛ ❝♦♥❞✐t✐♦♥ ♥❛t✉r❛❧❧②

s❛t✐s✜❡❞ s✐♥❝❡ ❝❧❛✐♠✐♥❣ ♣r❡❢❡r❡♥❝❡s ✐s ❛ ❝♦st✲♠✐♥✐♠✐③✐♥❣ ❝❤♦✐❝❡ ✇❤❡♥ t❛r✐✛ s❛✈✐♥❣s ❡①❝❡❡❞ ❝♦♠♣❧✐❛♥❝❡ ❝♦sts✳

❚❤❡ ❧♦❣✐❝ ❛❜♦✈❡ ❝❛♥ ❛❧s♦ ❜❡ ❞❡r✐✈❡❞ ❢r♦♠ ❛ ❤❡t❡r♦❣❡♥❡♦✉s✲✜r♠ ♠♦❞❡❧ ♦❢ tr❛❞❡ ✇✐t❤ ✜①❡❞ ❝♦sts ♦❢

❛❝❝❡ss✐♥❣ ♣r❡❢❡r❡♥t✐❛❧ t❛r✐✛s✱ ❛s ✐♥ ❉❡♠✐❞♦✈❛ ❛♥❞ ❑r✐s❤♥❛ ✭✷✵✵✽✮✳ ■♥ s✉❝❤ ❛ s❡tt✐♥❣✱ ♦♥❧② ❛ s✉❜s❡t ♦❢ ✜r♠s

✉s❡ t❤❡ ♣r❡❢❡r❡♥t✐❛❧ r❡❣✐♠❡✱ ✇❤✐❧❡ ♦t❤❡rs ❝♦♥t✐♥✉❡ ❡①♣♦rt✐♥❣ ✉♥❞❡r ▼❋◆ t❛r✐✛s✳ ❚♦t❛❧ ✐♠♣♦rts ❛r❡ t❤❡r❡❢♦r❡

t❤❡ s✉♠ ♦❢ ▼❋◆ ❛♥❞ ♣r❡❢❡r❡♥t✐❛❧ ✐♠♣♦rts✳ ❚❤✐s ✐♠♣❧✐❡s t❤❛t t❤❡ r❡s♣♦♥s❡ ♦❢ ❛❣❣r❡❣❛t❡ ✐♠♣♦rts t♦ ❛ t❛r✐✛

r❡❞✉❝t✐♦♥ ❞❡♣❡♥❞s ❜♦t❤ ♦♥ t❤❡ ❡❧❛st✐❝✐t② ♦❢ ✜r♠✲❧❡✈❡❧ s❛❧❡s ❛♥❞ ♦♥ t❤❡ s❤❛r❡ ♦❢ tr❛❞❡ ✢♦✇s t❤❛t ❛❝t✉❛❧❧②

❜❡♥❡✜t ❢r♦♠ t❤❡ ♣r❡❢❡r❡♥t✐❛❧ t❛r✐✛✳ ❚❤❡ ❧❛tt❡r ♦❜❥❡❝t ✐s ❞✐r❡❝t❧② ♦❜s❡r✈❡❞ ✐♥ t❤❡ ❞❛t❛ ❛s t❤❡ ♣r❡❢❡r❡♥❝❡

✉t✐❧✐③❛t✐♦♥ r❛t❡ ✭P❯❘✮✳

❯♥❞❡r st❛♥❞❛r❞ ❛ss✉♠♣t✐♦♥s ✐♥ t❤❡ ✐♥t❡r♥❛t✐♦♥❛❧ tr❛❞❡ ❧✐t❡r❛t✉r❡ ✕ ❈❊❙ ♣r❡❢❡r❡♥❝❡s✱ ✉♥❜♦✉♥❞❡❞ ♣r♦✲

❞✉❝t✐✈✐t②✱ ❛♥❞ ♦r❞❡r❡❞ ❡①♣♦rt ❝✉t♦✛s ✕ t❤❡ ❧♦❣✲❞❡r✐✈❛t✐✈❡ ♦❢ ✐♠♣♦rts ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ t❛r✐✛ ♠❛r❣✐♥

❡q✉❛❧s t❤❡ str✉❝t✉r❛❧ tr❛❞❡ ❡❧❛st✐❝✐t② ε ♠✉❧t✐♣❧✐❡❞ ❜② t❤❡ P❯❘✳ ❆s ❛ r❡s✉❧t✱ r❡❣r❡ss✐♦♥s t❤❛t r❡❧❛t❡ ✐♠♣♦rts

t♦ ♣r❡❢❡r❡♥t✐❛❧ t❛r✐✛s ❜✉t ✐❣♥♦r❡ ✉t✐❧✐③❛t✐♦♥ r❡❝♦✈❡r ❛♥ ❡❧❛st✐❝✐t② ❛tt❡♥✉❛t❡❞ ❜② t❤❡ ❛✈❡r❛❣❡ P❯❘ ✐♥ t❤❡

s❛♠♣❧❡✳

❆♣♣❡♥❞✐① ❆✳✶ ❢♦r♠❛❧❧② ❞❡r✐✈❡s t❤✐s r❡s✉❧t ❛♥❞ s❤♦✇s ❤♦✇ t❤❡ ■❱ ❡st✐♠❛t♦r ✉s❡❞ ✐♥ t❤✐s ♣❛♣❡r r❡❝♦✈❡rs

t❤❡ str✉❝t✉r❛❧ ❡❧❛st✐❝✐t② ♦❢ ✐♠♣♦rts ✇✐t❤ r❡s♣❡❝t t♦ t❛r✐✛s✳

✸✳✶ ❚❤❡ ❡♠♣✐r✐❝❛❧ ♠♦❞❡❧

❚❤✐s s❡❝t✐♦♥ ♣r❡s❡♥ts t❤❡ ❡♠♣✐r✐❝❛❧ s♣❡❝✐✜❝❛t✐♦♥ ✉s❡❞ t♦ ❡st✐♠❛t❡ t❤❡ tr❛❞❡ ❡❧❛st✐❝✐t② ❛❝❝♦✉♥t✐♥❣ ❢♦r t❤❡

♣❛rt✐❛❧ ✉t✐❧✐③❛t✐♦♥ ♦❢ t❛r✐✛ ♣r❡❢❡r❡♥❝❡s✳ ❚❤❡ ❡st✐♠❛t✐♥❣ ❡q✉❛t✐♦♥ ❡①♣❧✐❝✐t❧② ✐♥❝♦r♣♦r❛t❡s ♣r❡❢❡r❡♥❝❡ ✉t✐❧✐③✲

❛t✐♦♥ r❛t❡s ✭P❯❘s✮ ❛s ❛ ♠❡❛s✉r❡ ♦❢ ❝♦♠♣❧✐❛♥❝❡✳ ■t ✐s ❛❧s♦ ❝♦♥s✐st❡♥t ✇✐t❤ ❛ t❤❡♦r❡t✐❝❛❧ ❢r❛♠❡✇♦r❦ ✇❤❡r❡

❤❡t❡r♦❣❡♥❡♦✉s ✜r♠s s❡❧❢✲s❡❧❡❝t ✐♥t♦ t❤❡ ♣r❡❢❡r❡♥t✐❛❧ t❛r✐✛ r❡❣✐♠❡ ❛s ♣r❡s❡♥t❡❞ ✐♥ t❤❡ ❆♣♣❡♥❞✐①✳

❚❤❡ ❡st✐♠❛t✐♦♥ ✐s ❞♦♥❡ ♦♥ ✐♠♣♦rts ♦❢ t❤❡ ❊✉r♦♣❡❛♥ ❯♥✐♦♥ ❜② ♣❛rt♥❡r ❛♥❞ ♣r♦❞✉❝t✱ ✐♥❝❧✉❞✐♥❣ ❜♦t❤ ✐♠✲

♣♦rts ❢r♦♠ ❋r❡❡ ❚r❛❞❡ ❆❣r❡❡♠❡♥t ✭❋❚❆✮ ♣❛rt♥❡rs ✭t❤❡ tr❡❛t♠❡♥t ❣r♦✉♣✮ ❛♥❞ ▼❋◆ ❝♦✉♥tr✐❡s✱ r❡♣r❡s❡♥t✐♥❣

t❤❡ ❝♦♥tr♦❧ ❣r♦✉♣ ✭s❡❡ ❙❡❝t✐♦♥ ✹ ❢♦r ♠♦r❡ ❞❡t❛✐❧s ♦♥ t❤❡ ❞❛t❛s❡t✮✳

■ ❡st✐♠❛t❡ t❤❡ ❞②♥❛♠✐❝ r❡s♣♦♥s❡ ♦❢ ✐♠♣♦rts t♦ t❛r✐✛ ❧✐❜❡r❛❧✐③❛t✐♦♥ ✉s✐♥❣ ❧♦❝❛❧ ♣r♦❥❡❝t✐♦♥s✳ ❚❤✐s ❛♣♣r♦❛❝❤

✐s ✇❡❧❧ s✉✐t❡❞ t♦ t❤❡ ❊❯ tr❛❞❡ ❛❣r❡❡♠❡♥ts ❝♦♥s✐❞❡r❡❞ ❤❡r❡✱ ❛s t❛r✐✛ r❡❞✉❝t✐♦♥s ❛r❡ ♣❤❛s❡❞ ✐♥ ♦✈❡r t✐♠❡ ❛♥❞

♣r❡❢❡r❡♥❝❡ ✉t✐❧✐③❛t✐♦♥ ✐♥❝r❡❛s❡s ❣r❛❞✉❛❧❧② ❢♦❧❧♦✇✐♥❣ ❡♥tr② ✐♥t♦ ❢♦r❝❡✳ ❚❤❡ ❧♦❝❛❧ ♣r♦❥❡❝t✐♦♥s ❛♣♣r♦❛❝❤ ❤❛s

t✇♦ ❦❡② ❛❞✈❛♥t❛❣❡s ✐♥ t❤✐s s❡tt✐♥❣✳ ❋✐rst✱ ✐t ❛❧❧♦✇s t❤❡ tr❛❞❡ ❡❧❛st✐❝✐t② t♦ ✈❛r② ✢❡①✐❜❧② ♦✈❡r t✐♠❡ ✇✐t❤♦✉t

✐♠♣♦s✐♥❣ ❛ ♣❛r❛♠❡tr✐❝ str✉❝t✉r❡ ♦♥ t❤❡ ❛❞❥✉st♠❡♥t ♣❛t❤✳ ❚❤✐s ✐s ✐♠♣♦rt❛♥t ❜❡❝❛✉s❡ ✐♠♣♦rt r❡s♣♦♥s❡s ♠❛②

❞✐✛❡r ✐♥ t❤❡ s❤♦rt ❛♥❞ ❧♦♥❣ r✉♥✳ ❙❡❝♦♥❞✱ ✐t ♥❛t✉r❛❧❧② ❛❝❝♦♠♠♦❞❛t❡s t❤❡ st❛❣❣❡r❡❞ ❛♥❞ ♣❤❛s❡❞✲✐♥ ♥❛t✉r❡
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♦❢ ❋❚❆ t❛r✐✛ r❡❞✉❝t✐♦♥s✱ ❛❧❧♦✇✐♥❣ ❡❛❝❤ ❤♦r✐③♦♥ ❤ t♦ ❝❛♣t✉r❡ t❤❡ ❝✉♠✉❧❛t✐✈❡ ❡✛❡❝t ♦❢ ❧✐❜❡r❛❧✐③❛t✐♦♥ ❢r♦♠

t❤❡ ❡♥tr② ✐♥t♦ ❢♦r❝❡✳ ❚❤❡ ❜❛s❡❧✐♥❡ r❡❣r❡ss✐♦♥ ✐s✿

∆h lnMvijt = αh
it + αh

jt + αh
vt + βh

(

PURvij,t+h ×∆h ln τvijt

)

+ uhvijt ✭✺✮

✇❤❡r❡ ∆hxt = xt+h − xt−1✳ ❚❤❡ ❞❡♣❡♥❞❡♥t ✈❛r✐❛❜❧❡ ✐♥ ❡q✉❛t✐♦♥ ✭✺✮ ✐s t❤❡ ❧♦❣✲❝❤❛♥❣❡ ✐♥ ✐♠♣♦rts ❜❡t✇❡❡♥

t− 1 ❛♥❞ t+ h ❢♦r ❛ ❣✐✈❡♥ ♣r♦❞✉❝t v✱ ❡①♣♦rt❡r i ❛♥❞ ✐♠♣♦rt❡r j✳ ❚❤❡ ✜①❡❞ ❡✛❡❝ts ❛❜s♦r❜ ❡①♣♦rt❡r✲t✐♠❡✱

✐♠♣♦rt❡r✲t✐♠❡✱ ❛♥❞ ♣r♦❞✉❝t✲t✐♠❡ s❤♦❝❦s✳

❚❤❡ ❦❡② r❡❣r❡ss♦r ✐s t❤❡ ✐♥t❡r❛❝t✐♦♥ ❜❡t✇❡❡♥ t❤❡ t❛r✐✛ ❝❤❛♥❣❡ ❛♥❞ t❤❡ ♣r❡❢❡r❡♥❝❡ ✉t✐❧✐③❛t✐♦♥ r❛t❡

❛t ❤♦r✐③♦♥ t✰❤✳ ❋♦r ▼❋◆ ❝♦✉♥tr✐❡s✱ t❛r✐✛ ❝❤❛♥❣❡s ❛r❡ ③❡r♦ ❜② ❝♦♥str✉❝t✐♦♥✳ ❋♦r ❋❚❆ ♣❛rt♥❡rs✱ t❛r✐✛

❝❤❛♥❣❡s ❛r❡ ♠❡❛s✉r❡❞ r❡❧❛t✐✈❡ t♦ ▼❋◆ t❛r✐✛s ✐♥ t❤❡ ♣❡r✐♦❞ ♣r✐♦r t♦ ❡♥tr② ✐♥t♦ ❢♦r❝❡✱ s♦ t❤❛t ∆h ln τvijt =

ln
(

τPRF
vijt+h/τ

MFN
vjt−1

)

r❡♣r❡s❡♥ts ♣r❡❢❡r❡♥t✐❛❧✲▼❋◆ t❛r✐✛ r❛t✐♦✳ ❚❤✐s t❡r♠ ❛❧s♦ r❡♣r❡s❡♥ts t❤❡ ❧♦❣ ♦❢ t❤❡ t❛r✐✛

♠❛r❣✐♥ ❛t t✐♠❡ t✰❤✳

◆♦t❡ t❤❛t t❤❡ P❯❘ ❢♦r t❤❡ ♣r❡✲tr❡❛t♠❡♥t ♣❡r✐♦❞ ✐s ♥♦t ❞❡✜♥❡❞✱ ❛s t❤❡ ❋❚❆ ✇❛s ♥♦t ✐♥ ♣❧❛❝❡✳ ❲❤❡♥

❡st✐♠❛t✐♥❣ ✭✺✮ ✐♥ t❤❡ ♣r❡✲tr❡❛t♠❡♥t ❤♦r✐③♦♥s✱ ■ ✉s❡ t❤❡ P❯❘ ♦❢ t❤❡ ✜rst ❋❚❆ ♣❡r✐♦❞✳

❊st✐♠❛t✐♥❣ ✭✺✮ ♣r❡s❡♥ts t❤r❡❡ ❡❝♦♥♦♠❡tr✐❝ ❝❤❛❧❧❡♥❣❡s✳ ❋✐rst✱ t❤❡ P❯❘ ✐s ♠❡❝❤❛♥✐❝❛❧❧② ❡♥❞♦❣❡♥♦✉s✱ ❛s ✐t

✐s ❝♦♥str✉❝t❡❞ ❢r♦♠ tr❛❞❡ ✢♦✇s ❛t ❤♦r✐③♦♥ t✰❤✳ ❙❡❝♦♥❞✱ ♣r❡❢❡r❡♥t✐❛❧ t❛r✐✛ s❝❤❡❞✉❧❡s ♠❛② ❜❡ ❡♥❞♦❣❡♥♦✉s t♦

❡①♣♦rt❡r✲♣r♦❞✉❝t ❝❤❛r❛❝t❡r✐st✐❝s✳ ❚❤✐r❞✱ t❛r✐✛ ❧✐❜❡r❛❧✐③❛t✐♦♥ ✐s st❛❣❣❡r❡❞ ❛❝r♦ss ❛❣r❡❡♠❡♥ts ❛♥❞ ♣r♦❞✉❝ts✳

■ ❛❞❞r❡ss t❤❡s❡ ✐ss✉❡s ❥♦✐♥t❧② ✉s✐♥❣ ❛♥ ✐♥str✉♠❡♥t❛❧✲✈❛r✐❛❜❧❡s ❧♦❝❛❧ ♣r♦❥❡❝t✐♦♥s ❢r❛♠❡✇♦r❦✳

❚❤❡ ✐♥t❡r❛❝t✐♦♥ t❡r♠ PURvij,t+h × ∆h ln τvijt✱ ✇❤✐❝❤ ♠❡❛s✉r❡s t❤❡ ❛❝t✉❛❧ tr❡❛t♠❡♥t r❡❝❡✐✈❡❞✱ ✐s ✐♥✲

str✉♠❡♥t❡❞ ✇✐t❤ t❤❡ ✐♥✐t✐❛❧ t❛r✐✛ ❝❤❛♥❣❡ ∆0 ln τvijt✱ r❡♣r❡s❡♥t✐♥❣ tr❡❛t♠❡♥t ❛ss✐❣♥♠❡♥t✳ ❚❤✐s ♠✐rr♦rs t❤❡

st❛♥❞❛r❞ ▲❆❚❊ s❡t✉♣✿ tr❡❛t♠❡♥t ❛ss✐❣♥♠❡♥t ✭t❛r✐✛ ❡❧✐❣✐❜✐❧✐t②✮ ✐♥str✉♠❡♥ts ❛❝t✉❛❧ tr❡❛t♠❡♥t ✭❛♣♣❧✐❡❞ t❛r✲

✐✛ r❡❞✉❝t✐♦♥s s❝❛❧❡❞ ❜② ❝♦♠♣❧✐❛♥❝❡✮✳ ❚❤❡ ✉s❡ ♦❢ t❤❡ ✐♥✐t✐❛❧ ❝❤❛♥❣❡ ✐♥ t❛r✐✛s ✐s ❞♦♥❡ ✐♥ ❧✐♥❡ ✇✐t❤ t❤❡ ❧♦❝❛❧

♣r♦❥❡❝t✐♦♥s ❧✐t❡r❛t✉r❡ ♦♥ t❤❡ ❡st✐♠❛t✐♦♥ ♦❢ ❝✉♠✉❧❛t✐✈❡ ♠✉❧t✐♣❧✐❡rs ✭❏♦r❞à ❛♥❞ ❚❛②❧♦r ✷✵✷✺✮✳ ■♥t✉✐t✐✈❡❧②✱

✐♥str✉♠❡♥t✐♥❣ t❤❡ h✲❤♦r✐③♦♥ ❝❤❛♥❣❡ ✐♥ t❤❡ ♣♦❧✐❝② ✇✐t❤ ✐ts ✐♥✐t✐❛❧ ❝❤❛♥❣❡ ❛❧❧♦✇s t♦ ❛❝❝♦✉♥t ❢♦r t❤❡ ❞②♥❛♠✐❝s

♦❢ t❤❡ ♣♦❧✐❝② r♦❧❧✲♦✉t✱ ✇❤✐❝❤ ✐♥ ♦✉r ❝❛s❡ ✐s ❣✐✈❡♥ ❜② t❤❡ st❛❣❡❞ t❛r✐✛ r❡❞✉❝t✐♦♥s ♦✈❡r t✐♠❡✳

❆ r❡♠❛✐♥✐♥❣ ❝♦♥❝❡r♥ ✐s t❤❛t ♣r❡❢❡r❡♥t✐❛❧ t❛r✐✛ r❡❞✉❝t✐♦♥s ♠❛② t❤❡♠s❡❧✈❡s ❜❡ ❡♥❞♦❣❡♥♦✉s t♦ ❡①♣♦rt❡r✲

♣r♦❞✉❝t ❝❤❛r❛❝t❡r✐st✐❝s✱ ❢♦r ✐♥st❛♥❝❡ ✐❢ t❤❡ ❊❯ ❧✐❜❡r❛❧✐③❡s ♠♦r❡ s❧♦✇❧② ✐♥ s❡❝t♦rs ✇❤❡r❡ ❛ ❣✐✈❡♥ ♣❛rt♥❡r ✐s

♣❛rt✐❝✉❧❛r❧② ❝♦♠♣❡t✐t✐✈❡✳ ❚♦ ❛❞❞r❡ss t❤✐s t②♣❡ ♦❢ ❡♥❞♦❣❡♥❡✐t②✱ ■ ✐♥str✉♠❡♥t t❤❡ ✐♥✐t✐❛❧ t❛r✐✛ ❝❤❛♥❣❡ ❢♦r

❝♦✉♥tr② ✐ ❛♥❞ ♣r♦❞✉❝t ✈ ✇✐t❤ t❤❡ ❛✈❡r❛❣❡ ✐♥✐t✐❛❧ t❛r✐✛ ❝❤❛♥❣❡ ❣r❛♥t❡❞ ❜② t❤❡ ❊❯ t♦ ♦t❤❡r ❋❚❆ ♣❛rt♥❡rs

✐♥ t❤❡ s❛♠❡ ♣r♦❞✉❝t✱ ❛❞♦♣t✐♥❣ ❛ ❧❡❛✈❡✲♦♥❡✲♦✉t str❛t❡❣②✳ ❚❤❡ ✐♥str✉♠❡♥t ✐s ❞❡✜♥❡❞ ❛s✿

∆0 ln τ IVvijt = n−1
∑

i′ ̸=i

∆0 ln τvi′jt ✭✻✮
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✇❤❡r❡ n−1 ✐s t❤❡ ♥✉♠❜❡r ♦❢ ❋❚❆s ♠✐♥✉s ♦♥❡✳ ❲✐t❤ ❛ ❧✐tt❧❡ str❡t❝❤ t♦ ♥♦t❛t✐♦♥✱ t❤❡ t✐♠❡ ✐♥❞❡① t ♦♥ t❤❡

r✐❣❤t✲❤❛♥❞✲s✐❞❡ ♦❢ ✭✻✮ ✐♥❞✐❝❛t❡s t❤❡ t✐♠❡ ♦❢ ❡♥tr② ✐♥t♦ ❢♦r❝❡ ♦❢ t❤❡ ❋❚❆✱ ♥♦t ❛ r❡❛❧ t✐♠❡✳ ❚❤❡s❡ ✐♥✐t✐❛❧ t❛r✐✛

❝❤❛♥❣❡s ❤❛✈❡ ❛ str♦♥❣ ♣r❡❞✐❝t✐✈❡ ♣♦✇❡r ❢♦r t❤♦s❡ ♦❢ t❤❡ ❢♦✉r ❋❚❆ ❝♦✉♥tr✐❡s ❝♦♥s✐❞❡r❡❞ ✐♥ t❤❡ ❡st✐♠❛t✐♦♥

s❛♠♣❧❡✱ ❛♥❞ t❤❡② r❡♠♦✈❡ t❤❡ ♣♦ss✐❜❧❡ ❡①♣♦rt❡r✲s♣❡❝✐✜❝ ❡♥❞♦❣❡♥❡✐t② ♦❢ ♣r❡❢❡r❡♥t✐❛❧ r❛t❡s✳

❚❤❡ ✐❞❡♥t✐❢②✐♥❣ ❛ss✉♠♣t✐♦♥ ✐s t❤❛t t❛r✐✛ ❧✐❜❡r❛❧✐③❛t✐♦♥s r❡✢❡❝t ❝♦♠♠♦♥ ❊❯ ♥❡❣♦t✐❛t✐♥❣ t❡♠♣❧❛t❡s ❛♥❞

s❡❝t♦r✲❧❡✈❡❧ ❧✐❜❡r❛❧✐③❛t✐♦♥ s❝❤❡❞✉❧❡s t❤❛t ❛r❡ ❧❛r❣❡❧② ❤❛r♠♦♥✐③❡❞ ❛❝r♦ss ❋❚❆s✱ ❣❡♥❡r❛t✐♥❣ ❝r♦ss✲❛❣r❡❡♠❡♥t

❝♦rr❡❧❛t✐♦♥ ✐♥ t❛r✐✛ r❡❞✉❝t✐♦♥s✳ ❆t t❤❡ s❛♠❡ t✐♠❡✱ ♦t❤❡r ❝♦✉♥tr✐❡s✬ t❛r✐✛ ♣r❡❢❡r❡♥❝❡s ❛r❡ ♥♦t ❧✐♥❦❡❞ t♦ t❤❡

❝♦♠♣❡t✐t✐✈❡♥❡ss ♦❢ ❛ ❣✐✈❡♥ ❡①♣♦rt❡r✳ ❈♦♥❞✐t✐♦♥❛❧ ♦♥ t❤❡ ✜①❡❞ ❡✛❡❝ts✱ t❛r✐✛ ❝❤❛♥❣❡s ❣r❛♥t❡❞ t♦ ♦t❤❡r ❋❚❆

♣❛rt♥❡rs s❤♦✉❧❞ ♥♦t ❞✐r❡❝t❧② ❛✛❡❝t ✐♠♣♦rts ❢r♦♠ ❝♦✉♥tr② ✐✱ ❡①❝❡♣t t❤r♦✉❣❤ t❤❡✐r ♣r❡❞✐❝t✐✈❡ ♣♦✇❡r ❢♦r t❤❡

t❛r✐✛ s❝❤❡❞✉❧❡ ❛♣♣❧✐❡❞ t♦ ✐✳

❋✐♥❛❧❧②✱ t❛r✐✛ ❧✐❜❡r❛❧✐③❛t✐♦♥ ✐s st❛❣❣❡r❡❞ ❛❝r♦ss ❛❣r❡❡♠❡♥ts ❛♥❞ ♣r♦❞✉❝ts✱ ❜♦t❤ ❜❡❝❛✉s❡ ❋❚❆s ❡♥t❡r ✐♥t♦

❢♦r❝❡ ❛t ❞✐✛❡r❡♥t ❞❛t❡s ❛♥❞ ❜❡❝❛✉s❡ t❛r✐✛ r❡❞✉❝t✐♦♥s ❛r❡ ♣❤❛s❡❞ ✐♥ ✇✐t❤✐♥ ❛❣r❡❡♠❡♥ts✳ ❚♦ ❛❞❞r❡ss t❤✐s ✐ss✉❡✱

■ ❛❞♦♣t ❛ ❧♦❝❛❧ ♣r♦❥❡❝t✐♦♥s ❞✐✛❡r❡♥❝❡✲✐♥✲❞✐✛❡r❡♥❝❡s ❞❡s✐❣♥ ✐♥ ✇❤✐❝❤✱ ❛t ❡❛❝❤ ❤♦r✐③♦♥ h✱ tr❡❛t❡❞ ♦❜s❡r✈❛t✐♦♥s

❛r❡ ✉♥✐ts ✇❤♦s❡ ♣r❡❢❡r❡♥t✐❛❧ t❛r✐✛ r❡❞✉❝t✐♦♥ ❜❡❣✐♥s ❛t t✐♠❡ t✱ ✇❤✐❧❡ t❤❡ ❝♦♥tr♦❧ ❣r♦✉♣ ❝♦♥s✐sts ♦❢ ✉♥✐ts t❤❛t

❤❛✈❡ ♥♦t ②❡t ❡①♣❡r✐❡♥❝❡❞ ❛♥② t❛r✐✛ r❡❞✉❝t✐♦♥ ❜② t✰❤✳ ❯♥✐ts ❛❧r❡❛❞② tr❡❛t❡❞ ♣r✐♦r t♦ t ❛r❡ ❡①❝❧✉❞❡❞ ❢r♦♠ t❤❡

❝♦♠♣❛r✐s♦♥ s❡t✳ ❚❤✐s ❡♥s✉r❡s t❤❛t ✐❞❡♥t✐✜❝❛t✐♦♥ r❡❧✐❡s ❡①❝❧✉s✐✈❡❧② ♦♥ ❝♦♠♣❛r✐s♦♥s ❜❡t✇❡❡♥ ♥❡✇❧② tr❡❛t❡❞

❛♥❞ ♥♦t✲②❡t✲tr❡❛t❡❞ ✉♥✐ts✱ ❛✈♦✐❞✐♥❣ ❝♦♥t❛♠✐♥❛t✐♦♥ ❢r♦♠ ❛❧r❡❛❞② tr❡❛t❡❞ ♦❜s❡r✈❛t✐♦♥s✳

❚❤❡ ❛♣♣r♦❛❝❤ ❢♦❧❧♦✇s r❡❝❡♥t ❛❞✈❛♥❝❡s ✐♥ ❞✐✛❡r❡♥❝❡✲✐♥✲❞✐✛❡r❡♥❝❡s ❡st✐♠❛t✐♦♥ ✇✐t❤ st❛❣❣❡r❡❞ tr❡❛t♠❡♥t

t✐♠✐♥❣ ✭❈❛❧❧❛✇❛② ❡t ❛❧✳ ✷✵✷✹❀ ❙✉♥ ❛♥❞ ❆❜r❛❤❛♠ ✷✵✷✶❀ ❉✉❜❡ ❡t ❛❧✳ ✷✵✷✺✮✳ ❚❤❡ ❦❡② ✐♥s✐❣❤t ✐s t❤❛t ✈❛❧✐❞

❝♦♠♣❛r✐s♦♥s r❡q✉✐r❡ ❝♦♥tr❛st✐♥❣ ♥❡✇❧② tr❡❛t❡❞ ✉♥✐ts ❛❣❛✐♥st ❝❧❡❛♥ ❝♦♥tr♦❧s t❤❛t ❤❛✈❡ ♥♦t ②❡t ❜❡❡♥ ❡①♣♦s❡❞

t♦ tr❡❛t♠❡♥t✳ ❇② ❡①❝❧✉❞✐♥❣ ❛❧r❡❛❞②✲tr❡❛t❡❞ ♦❜s❡r✈❛t✐♦♥s ❛♥❞ ❢♦❝✉s✐♥❣ ♦♥ t❤❡ t✐♠✐♥❣ ♦❢ tr❡❛t♠❡♥t ✐♥✐t✐❛t✐♦♥✱

t❤❡ ❡st✐♠❛t♦r r❡❝♦✈❡rs ❛♥ ✐♥t❡r♣r❡t❛❜❧❡ ❛✈❡r❛❣❡ tr❡❛t♠❡♥t ❡✛❡❝t ❛t ❡❛❝❤ ❤♦r✐③♦♥ t❤❛t ✐s ♥♦t ❝♦♥t❛♠✐♥❛t❡❞

❜② tr❡❛t♠❡♥t ❡✛❡❝t ❤❡t❡r♦❣❡♥❡✐t② ❛❝r♦ss ❝♦❤♦rts✳

❚❤❡ ❧♦❝❛❧ ♣r♦❥❡❝t✐♦♥s ❢r❛♠❡✇♦r❦ ✐♥t❡❣r❛t❡s ♥❛t✉r❛❧❧② ✇✐t❤ t❤✐s ❞❡s✐❣♥✳ ❆t ❡❛❝❤ ❤♦r✐③♦♥ ❤✱ t❤❡ r❡❣r❡ss✐♦♥

❡st✐♠❛t❡s t❤❡ ❝✉♠✉❧❛t✐✈❡ ❡✛❡❝t ♦❢ t❛r✐✛ ❧✐❜❡r❛❧✐③❛t✐♦♥ ❤ ♣❡r✐♦❞s ❛❢t❡r ❡♥tr② ✐♥t♦ ❢♦r❝❡✱ ❛❧❧♦✇✐♥❣ t❤❡ tr❛❞❡

❡❧❛st✐❝✐t② t♦ ❡✈♦❧✈❡ ✢❡①✐❜❧② ♦✈❡r t✐♠❡✳ ❚❤✐s ✐s ♣❛rt✐❝✉❧❛r❧② ✈❛❧✉❛❜❧❡ ❣✐✈❡♥ t❤❛t ❜♦t❤ t❛r✐✛ r❡❞✉❝t✐♦♥s ❛♥❞

♣r❡❢❡r❡♥❝❡ ✉t✐❧✐③❛t✐♦♥ r❛t❡s ❛❞❥✉st ❣r❛❞✉❛❧❧②✿ ✜r♠s ♠❛② t❛❦❡ t✐♠❡ t♦ ❧❡❛r♥ ❛❜♦✉t ♣r❡❢❡r❡♥❝❡s✱ ❛❞❥✉st t❤❡✐r

♣r♦❞✉❝t✐♦♥ t♦ ♠❡❡t r✉❧❡s ♦❢ ♦r✐❣✐♥✱ ♦r r❡♥❡❣♦t✐❛t❡ ❝♦♥tr❛❝ts✳ ❚❤❡ ❤♦r✐③♦♥✲s♣❡❝✐✜❝ ❡st✐♠❛t❡s βh t❤❡r❡❢♦r❡

❝❛♣t✉r❡ ❜♦t❤ t❤❡ ❞✐r❡❝t ♣r✐❝❡ ❡✛❡❝t ♦❢ t❛r✐✛s ❛♥❞ t❤❡ ❞②♥❛♠✐❝ ❛❞❥✉st♠❡♥t ♦❢ tr❛❞❡ ✢♦✇s✳

❚❤✐s ❧♦❝❛❧ ♣r♦❥❡❝t✐♦♥s ❞✐✛❡r❡♥❝❡✲✐♥✲❞✐✛❡r❡♥❝❡s ❞❡s✐❣♥ ✐s ✐♥s♣✐r❡❞ ❜② ❉✉❜❡ ❡t ❛❧✳ ✭✷✵✷✺✮✳ ❍♦✇❡✈❡r✱

■ ❡①t❡♥❞ t❤❡✐r ❛♣♣r♦❛❝❤ ❜② ❛❧❧♦✇✐♥❣ tr❡❛t♠❡♥t ✐♥t❡♥s✐t② t♦ ✈❛r② ♦✈❡r t✐♠❡ t♦ ❛❝❝♦✉♥t ❢♦r t❤❡ ❣r❛❞✉❛❧

♣❤❛s❡✲✐♥ ♦❢ t❛r✐✛ ♣r❡❢❡r❡♥❝❡s✳ ❚❤❡ ❡st✐♠❛t♦r t❤❡r❡❢♦r❡ ❝♦♠❜✐♥❡s t❤❡ ▲P ❛♣♣r♦❛❝❤ t♦ ❡st✐♠❛t❡ ❝✉♠✉❧❛t✐✈❡

♠✉❧t✐♣❧✐❡rs ✭❏♦r❞à ❛♥❞ ❚❛②❧♦r ✷✵✷✺✱ s❡❝t✐♦♥ ✹✮ t♦❣❡t❤❡r ✇✐t❤ t❤❡ st❛❣❣❡r❡❞ ❞✐✛✲✐♥✲❞✐✛ ❞❡s✐❣♥ ♦❢ ❉✉❜❡ ❡t ❛❧✳

✭✷✵✷✺✮✳

✶✷



❚♦ s✉♠♠❛r✐s❡✱ t❤❡ ❡♠♣✐r✐❝❛❧ ❛♣♣r♦❛❝❤ ✐♥✈♦❧✈❡s t❤❡ ❡st✐♠❛t✐♦♥ ♦❢ ✭✺✮ ✐♥str✉♠❡♥t✐♥❣ t❤❡ ❛❝t✉❛❧ tr❡❛t♠❡♥t

PURvij,t+h ×∆h ln τvijt ✇✐t❤ t❤❡ ❛✈❡r❛❣❡ ✐♥✐t✐❛❧ t❛r✐✛ ❝❤❛♥❣❡ ❣r❛♥t❡❞ ❜② t❤❡ ❊❯ t♦ ♦t❤❡r ❋❚❆ ♣❛rt♥❡rs✱

❛♥❞ s✉❜❥❡❝t t♦ t❤❡ ❢♦❧❧♦✇✐♥❣ s❛♠♣❧❡✲s❡❧❡❝t✐♦♥ t♦ ❞❡❛❧ ✇✐t❤ st❛❣❣❡r❡❞ ❛❞♦♣t✐♦♥✿







∆ ln τvij,t−k = 0 ❢♦r k ≥ −h ❝♦♥tr♦❧

∆ ln τvij,t ̸= 0 ❛♥❞∆ ln τvij,t−k = 0 ❢♦r k ≥ 1 tr❡❛t♠❡♥t
✭✼✮

❆♣♣❡♥❞✐① ❇ ♣r♦✈✐❞❡s ❢✉❧❧ ❞❡t❛✐❧s ♦♥ t❤❡ ■❱ str❛t❡❣②✱ t❤❡ s❛♠♣❧❡ ❝♦♥str✉❝t✐♦♥✱ ❛♥❞ t❤❡ tr❡❛t♠❡♥t t✐♠✐♥❣

r❡str✐❝t✐♦♥s✳

❋♦r ❝♦♠♣❛r✐s♦♥✱ ■ ❛❧s♦ ❡st✐♠❛t❡ t❤❡ ❝❧❛ss✐❝ ❡❧✐❣✐❜❧❡✲t❛r✐✛ r❡❣r❡ss✐♦♥ t❤❛t ✐❣♥♦r❡s ♣r❡❢❡r❡♥❝❡ ✉t✐❧✐③❛t✐♦♥✿

∆h lnMvijt = αh
it + αh

jt + αh
vt + βh

❊❧✐❣✐❜❧❡∆
h ln τvijt + uhvijt ✭✽✮

❡st✐♠❛t❡❞ ✉s✐♥❣ t❤❡ s❛♠❡ ■❱ str❛t❡❣② ❛♥❞ s❛♠♣❧❡ s❡❧❡❝t✐♦♥✳ ❆s s❤♦✇♥ ❜❡❢♦r❡✱ t❤✐s s♣❡❝✐✜❝❛t✐♦♥ r❡❝♦✈❡rs

❛♥ ✐♥t❡♥t✲t♦✲tr❡❛t ❡❧❛st✐❝✐t② ❡q✉❛❧ t♦ t❤❡ str✉❝t✉r❛❧ ❡❧❛st✐❝✐t② ♠✉❧t✐♣❧✐❡❞ ❜② t❤❡ ❛✈❡r❛❣❡ P❯❘✳ ❋r♦♠ t❤❡

❡st✐♠❛t✐♦♥ ♦❢ ✭✺✮ ❛♥❞ ✭✽✮ ✇❡ ❡①♣❡❝t t♦ ✜♥❞✿

βh =
βh
❊❧✐❣✐❜❧❡

PURh

❚❤❡ ♥❡①t s❡❝t✐♦♥s ♣r❡s❡♥ts t❤❡ ❞❛t❛ ✉s❡❞ ❛♥❞ t❤❡ ❡♠♣✐r✐❝❛❧ r❡s✉❧ts✳

✹ ❉❛t❛

❚❤✐s s❡❝t✐♦♥ ❞❡s❝r✐❜❡s t❤❡ ❞❛t❛ s♦✉r❝❡s✱ s❛♠♣❧❡ ❝♦♥str✉❝t✐♦♥✱ ❛♥❞ ❦❡② ❢❡❛t✉r❡s ♦❢ t❛r✐✛ r❡❞✉❝t✐♦♥s ❛♥❞

♣r❡❢❡r❡♥❝❡ ✉t✐❧✐③❛t✐♦♥ r❛t❡s ✉s❡❞ ✐♥ t❤❡ ❡♠♣✐r✐❝❛❧ ❛♥❛❧②s✐s✳

❉❛t❛ s♦✉r❝❡s✿ ❚❤❡ ✐♠♣♦rts ❞❛t❛ ❜② t❛r✐✛ r❡❣✐♠❡ ❛r❡ ♦❜t❛✐♥❡❞ ❢r♦♠ ❊✉r♦st❛t ❈♦♠❡①t ❛t t❤❡ ❈◆ ✽✲❞✐❣✐t

❧❡✈❡❧✳ ■ r❡t❛✐♥ ♦♥❧② ✏♥♦r♠❛❧✑ ✐♠♣♦rts✱ ❡①❝❧✉❞✐♥❣ ✐♥✇❛r❞ ❛♥❞ ♦✉t✇❛r❞ ♣r♦❝❡ss✐♥❣ tr❛❞❡ ❛s t❤❡s❡ ✢♦✇s ❛r❡

s✉❜❥❡❝t t♦ t❛r✐✛ r❡❜❛t❡s✱ ❛♥❞ ❝♦♥str✉❝t t♦t❛❧ ✐♠♣♦rts ❛♥❞ ♣r❡❢❡r❡♥❝❡ ✉t✐❧✐③❛t✐♦♥ r❛t❡s ✭P❯❘s✮ ❢♦r ❡❛❝❤

❡①♣♦rt❡r✲✐♠♣♦rt❡r✲♣r♦❞✉❝t✲q✉❛rt❡r ♦❜s❡r✈❛t✐♦♥✳

❚❛r✐✛ ❞❛t❛ ❛r❡ ❢r♦♠ t❤❡ ❚❆❘■❈ ❞❛t❛❜❛s❡ ❛♥❞ ❛❣❣r❡❣❛t❡❞ ❢r♦♠ t❤❡ ✶✵✲ t♦ t❤❡ ✽✲❞✐❣✐t ❧❡✈❡❧ ❢♦❧❧♦✇✐♥❣

◆✐❧ss♦♥ ✭✷✵✶✶✮✳ ■ ❡①tr❛❝t ▼❋◆ ❛♥❞ ♣r❡❢❡r❡♥t✐❛❧ t❛r✐✛s ❛s ✇❡❧❧ ❛s s♣❡❝✐❛❧ ❞✉t✐❡s ✭❛♥t✐✲❞✉♠♣✐♥❣✱ ❝♦✉♥t❡r✈❛✐❧✲

✐♥❣✱ s❛❢❡❣✉❛r❞s✮✳ ❙t❛rt ❛♥❞ ❡♥❞ ❞❛t❡s ❛❧❧♦✇ ♠❡ t♦ r❡❝♦♥str✉❝t t❤❡ st❛❣✐♥❣ ♦❢ ❋❚❆ t❛r✐✛ r❡❞✉❝t✐♦♥s ♦✈❡r

t✐♠❡✳

✶✸



❙❡❧❡❝t✐♥❣ t❤❡ s❛♠♣❧❡✿ ❚❤❡ s❛♠♣❧❡ ❝♦✈❡rs q✉❛rt❡r❧② ❊❯ ✐♠♣♦rts ❛t t❤❡ ❈◆ ✽✲❞✐❣✐t ❧❡✈❡❧ ❢r♦♠ ✷✵✵✾✕✷✵✷✹

❢♦r t❤❡ ✷✻ ❊❯ ♠❡♠❜❡r st❛t❡s ✭❡①❝❧✉❞✐♥❣ ❈r♦❛t✐❛ ❛♥❞ t❤❡ ❯❑ ❞✉❡ t♦ ❝❤❛♥❣❡s ✐♥ ♠❡♠❜❡rs❤✐♣✮✳

■ ❢♦❝✉s ♦♥ ❋❚❆s t❤❛t ✐♥tr♦❞✉❝❡❞ ❛ ❞✐s❝r❡t❡ tr❛♥s✐t✐♦♥ ❢r♦♠ ▼❋◆ t♦ ♣r❡❢❡r❡♥t✐❛❧ t❛r✐✛s✳ ▼♦st ❊❯ ❋❚❆s

❛r❡ ❡①❝❧✉❞❡❞ ❜❡❝❛✉s❡ ♣❛rt♥❡r ❝♦✉♥tr✐❡s ❛❧r❡❛❞② ❡♥❥♦②❡❞ ♣r❡❢❡r❡♥t✐❛❧ ❛❝❝❡ss ♣r✐♦r t♦ t❤❡ ❛❣r❡❡♠❡♥t ✭❡✳❣✳✱

●❙P s❝❤❡♠❡s✮✳ ■ ❢✉rt❤❡r ❡①❝❧✉❞❡ ❛❣r❡❡♠❡♥ts ❡♥t❡r✐♥❣ ✐♥t♦ ❢♦r❝❡ ❜❡❢♦r❡ ✷✵✵✷✱ ❜❡❝❛✉s❡ ❞❛t❛ ♦♥ ✐♠♣♦rts ❜②

t❛r✐✛ r❡❣✐♠❡ ❛r❡ ♥♦t ❛✈❛✐❧❛❜❧❡ ❜❡❢♦r❡ ✷✵✵✷✳ ❚❤✐s ❧❡❛✈❡s ❢♦✉r ❋❚❆ ♣❛rt♥❡rs✿ ❙♦✉t❤ ❑♦r❡❛✱ ❈❛♥❛❞❛✱ ❏❛♣❛♥✱

❛♥❞ ❙✐♥❣❛♣♦r❡✳

❆s ❛ ❝♦♥tr♦❧ ❣r♦✉♣✱ ■ ✐♥❝❧✉❞❡ s✐① ▼❋◆ ❡①♣♦rt❡rs ✭❆✉str❛❧✐❛✱ ❈❤✐♥❛✱ ❍♦♥❣ ❑♦♥❣✱ ◆❡✇ ❩❡❛❧❛♥❞✱ ❚❛✐✇❛♥✱

❛♥❞ t❤❡ ❯♥✐t❡❞ ❙t❛t❡s✮ ✇❤✐❝❤ ❢❛❝❡ st❛❜❧❡ ▼❋◆ t❛r✐✛s t❤r♦✉❣❤♦✉t t❤❡ s❛♠♣❧❡✳ ❆❧t❤♦✉❣❤ ❈❤✐♥❛ ✇❛s ❢♦r♠❛❧❧②

❡❧✐❣✐❜❧❡ ❢♦r ●❙P ✉♥t✐❧ ✷✵✶✺✱ ✐ts ✉t✐❧✐③❛t✐♦♥ r❛t❡ ❛❢t❡r ✷✵✵✸ ✐s ❜❡❧♦✇ ✶✪✱ ❛♥❞ ✐t ✐s t❤❡r❡❢♦r❡ tr❡❛t❡❞ ❛s ▼❋◆✳

Pr♦❞✉❝t ❝❧❛ss✐✜❝❛t✐♦♥s ❝❤❛♥❣❡ ♦✈❡r t✐♠❡✳ ■ ❝♦♥str✉❝t ❛ t✐♠❡✲❝♦♥s✐st❡♥t ♣r♦❞✉❝t ♣❛♥❡❧ ❢♦❧❧♦✇✐♥❣ ❇♦❡❤♠

❡t ❛❧✳ ✭✷✵✷✸✮✱ r❡t❛✐♥✐♥❣ ♦♥❧② ♣r♦❞✉❝t ❝♦❞❡s ✇✐t❤ ❛ ♦♥❡✲t♦✲♦♥❡ ❝♦rr❡s♣♦♥❞❡♥❝❡ ♦✈❡r t✐♠❡✳ Pr♦❞✉❝ts t❤❛t

s♣❧✐t ♦r ♠❡r❣❡ ❡①✐t t❤❡ s❛♠♣❧❡ ❛t t❤❡ t✐♠❡ ♦❢ r❡❝❧❛ss✐✜❝❛t✐♦♥✳ ❆♣♣r♦①✐♠❛t❡❧② ✼✼✪ ♦❢ ❈◆ ❝♦❞❡s ✐♥ ✷✵✵✾

❤❛✈❡ ❛ ♦♥❡✲t♦✲♦♥❡ ♠❛t❝❤ t❤r♦✉❣❤ ✷✵✷✹✳

❋♦r ❡❛❝❤ ❋❚❆✱ ■ ❢✉rt❤❡r r❡str✐❝t t❤❡ s❛♠♣❧❡ t♦ ♣r♦❞✉❝ts t❤❛t ❡①✐st❡❞ ♣r✐♦r t♦ t❤❡ ❛❣r❡❡♠❡♥t✬s ❡♥tr②

✐♥t♦ ❢♦r❝❡✱ ❡♥s✉r✐♥❣ t❤❛t t❛r✐✛ ❝❤❛♥❣❡s ❝❛♥ ❜❡ ❝❧❡❛r❧② ❛ttr✐❜✉t❡❞ t♦ t❤❡ ❋❚❆✳

❋✐♥❛❧❧②✱ ■ ❡①❝❧✉❞❡ ✭✐✮ ♣r♦❞✉❝ts s✉❜❥❡❝t t♦ s♣❡❝✐❛❧ ❞✉t✐❡s✱ ✭✐✐✮ ♣r♦❞✉❝ts ✇✐t❤ ▼❋◆ t❛r✐✛ ❝❤❛♥❣❡s✱ ❛♥❞

✭✐✐✐✮ ♣r♦❞✉❝ts ✇✐t❤ s❡❛s♦♥❛❧ t❛r✐✛s✳ ❚❤❡s❡ r❡str✐❝t✐♦♥s ❡♥s✉r❡ t❤❛t ✐❞❡♥t✐✜❝❛t✐♦♥ r❡❧✐❡s ❡①❝❧✉s✐✈❡❧② ♦♥ ❋❚❆✲

✐♥❞✉❝❡❞ t❛r✐✛ ✈❛r✐❛t✐♦♥✳

❉❛t❛ ❞❡s❝r✐♣t✐♦♥✿ ❚❤❡ ❢♦✉r ❋❚❆s ❡♥t❡r❡❞ ✐♥t♦ ❢♦r❝❡ ❛t ❞✐✛❡r❡♥t ♣♦✐♥t ✐♥ t✐♠❡s✱ ❛♥❞ ❣r❛♥t❡❞ s✐♠✐❧❛r ❜✉t

♥♦t ✐❞❡♥t✐❝❛❧ t❛r✐✛ ♣r❡❢❡r❡♥❝❡s✳ ❚❤❡ ❛❣r❡❡♠❡♥t ✇✐t❤ ❑♦r❡❛ ❡♥t❡r❡❞ ✐♥t♦ ❢♦r❝❡ ♣r♦✈✐s✐♦♥❛❧❧② ✐♥ ❏✉❧② ✷✵✶✶

✭❛♥❞ ❢✉❧❧② ✐♥ ✷✵✶✺✮✳ ❚❤❡ ❊❯✲❈❛♥❛❞❛ ❋❚❆ st❛rt❡❞ ✐♥ ❙❡♣t❡♠❜❡r ✷✵✶✼ ❛♥❞ t❤❡ ♦♥❡ ✇✐t❤ ❏❛♣❛♥ ✐♥ ❋❡❜r✉❛r②

✷✵✶✾✱ ✇❤✐❧❡ t❤❡ ❙✐♥❣❛♣♦r❡ ❛❣r❡❡♠❡♥t ❡♥t❡r❡❞ ✐♥t♦ ❢♦r❝❡ ✐♥ ❉❡❝❡♠❜❡r ✷✵✶✾✳

❚❛❜❧❡ ✶ r❡♣♦rts t❤❡ s✉♠♠❛r② st❛t✐st✐❝s ♦❢ t❤❡ ✈❛r✐❛❜❧❡s ✉s❡❞ ✐♥ t❤❡ ❡st✐♠❛t✐♦♥✳ ❍♦✇❡✈❡r✱ ❣✐✈❡♥ t❤❡

♣r❡s❡♥❝❡ ♦❢ ❞②♥❛♠✐❝s ✐♥ t❤❡ t❛r✐✛ ❝❤❛♥❣❡s ❛♥❞ t❤❡ P❯❘✱ t❤❡ ✜❣✉r❡s ❜❡❧♦✇ ♣r♦✈✐❞❡ ❛ ♠♦r❡ ✐♥❢♦r♠❛t✐✈❡

♣✐❝t✉r❡ ♦❢ t❤❡ ❞❛t❛✳

✶✹



❚❛❜❧❡ ✶✿ ❙✉♠♠❛r② st❛t✐st✐❝s

✈❛r✐❛❜❧❡ ❝♦✉♥t ♠❡❛♥ st❞ ♠✐♥ ♣✷✺ ♠❡❞✐❛♥ ♣✼✺ ♠❛①

❧♥✭✐♠♣♦rts✮ ❋❚❆ ✺✸✹✻✻✽✹ ✽✳✸✻✹ ✸✳✵✸✶ ✵✳✵✵✵ ✻✳✶✺✺ ✽✳✷✼✽ ✶✵✳✹✽✼ ✷✵✳✽✸✵
❧♥✭✐♠♣♦rts✮ ▼❋◆ ✶✸✶✶✸✺✶✺ ✾✳✶✺✹ ✸✳✶✶✸ ✵✳✵✵✵ ✻✳✾✵✸ ✾✳✷✶✹ ✶✶✳✸✽✸ ✷✷✳✼✸✷
❙✉❜✲s❛♠♣❧❡ ✇✐t❤ t❛r✐✛ ♣r❡❢❡r❡♥❝❡s
P❯❘ ✷✶✾✹✶✶✷ ✵✳✷✺✶ ✵✳✸✾✾ ✵✳✵✵✵ ✵✳✵✵✵ ✵✳✵✵✵ ✵✳✺✷✶ ✶✳✵✵✵
P❘❋ t❛r✐✛ ✼✽✼✸✽✹✺ ✵✳✶✾✸ ✶✳✷✵✽ ✵✳✵✵✵ ✵✳✵✵✵ ✵✳✵✵✵ ✵✳✵✵✵ ✻✷✳✹✵✵
▼❋◆ t❛r✐✛ ✼✽✼✸✽✹✺ ✺✳✻✷✶ ✸✳✾✹✻ ✵✳✼✵✵ ✷✳✼✵✵ ✹✳✺✵✵ ✼✳✺✵✵ ✼✹✳✾✵✵
❙✉❜✲s❛♠♣❧❡ ♦❢ ✐♥✐t✐❛❧ t❛r✐✛ ❝❤❛♥❣❡s
∆ ln(1 + tariff) ✸✼✻✼✾✹ ✲✵✳✵✸✻ ✵✳✵✸✹ ✲✵✳✺✺✾ ✲✵✳✵✺✷ ✲✵✳✵✷✼ ✲✵✳✵✶✷ ✲✵✳✵✵✵
∆ ln(1 + tariff) ■❱ ✸✼✻✼✾✹ ✲✵✳✵✸✻ ✵✳✵✸✼ ✲✵✳✺✺✾ ✲✵✳✵✺✽ ✲✵✳✵✷✼ ✵✳✵✵✵ ✵✳✵✵✵
P❯❘ ✾✽✵✼✹ ✵✳✶✶✹ ✵✳✷✽✸ ✵✳✵✵✵ ✵✳✵✵✵ ✵✳✵✵✵ ✵✳✵✵✵ ✶✳✵✵✵
P❯❘ ×∆ ln(1 + tariff) ✾✽✵✼✹ ✲✵✳✵✵✸ ✵✳✵✶✷ ✲✵✳✶✾✾ ✲✵✳✵✵✵ ✲✵✳✵✵✵ ✲✵✳✵✵✵ ✲✵✳✵✵✵

❋✐❣✉r❡ ✷❛ s❤♦✇s t❤❡ ❛✈❡r❛❣❡ t❛r✐✛ r❛t❡ s✐♥❝❡ t❤❡ ❋❚❆ ❡♥tr② ✐♥t♦ ❢♦r❝❡✳ Pr✐♦r t♦ t❤❡ ❋❚❆✱ t❤❡ ❛✈❡r❛❣❡

t❛r✐✛ ✇❛s ❛❜♦✉t ✹✪ ❢♦r ❛❧❧ ❝♦✉♥tr✐❡s✳ ■♥ t❡r♠s ♦❢ t❛r✐✛ r❡❞✉❝t✐♦♥s✱ ❙✐♥❣❛♣♦r❡ st❛♥❞s ♦✉t ❛s ✐ts t❛r✐✛

r❡❞✉❝t✐♦♥ ✇❛s ♣❤❛s❡❞ ✐♥ ♠♦r❡ s❧♦✇❧②✳ ❈❛♥❛❞❛ ❤❛❞ t❤❡ ❧❛r❣❡st ✐♠♠❡❞✐❛t❡ r❡❞✉❝t✐♦♥✱ ❧✐❜❡r❛❧✐③✐♥❣ ❛❜♦✉t

✾✽✪ ♦❢ t❤❡ t❛r✐✛ ❧✐♥❡s ✐♠♠❡❞✐❛t❡❧② ✭♥♦t❡✿ t❤❡ ✜❣✉r❡ ✐s ❝♦♠♣✉t❡❞ ♦♥ ♣r♦❞✉❝ts ❢♦r ✇❤✐❝❤ t❤❡r❡ ❛r❡ ♣♦s✐t✐✈❡

✐♠♣♦rts ❛t ❛♥② t✐♠❡ ❞✉r✐♥❣ ✷✵✵✾✲✷✹✱ ❤❡♥❝❡ ❡①❝❧✉❞✐♥❣ ♣r♦❞✉❝ts ✇❤✐❝❤ ❛r❡ ♥❡✈❡r ✐♠♣♦rt❡❞✮✳

❋✐❣✉r❡ ✷❜ s❤♦✇s t❤❡ ❡✈♦❧✉t✐♦♥ ♦❢ ❛✈❡r❛❣❡ P❯❘s ❢♦❧❧♦✇✐♥❣ ❋❚❆ ❡♥tr② ✐♥t♦ ❢♦r❝❡✳ ❯t✐❧✐③❛t✐♦♥ ✐♥❝r❡❛s❡s

❣r❛❞✉❛❧❧② ❛♥❞ st❛❜✐❧✐③❡s ❛❢t❡r r♦✉❣❤❧② t❤r❡❡ ②❡❛rs✱ ❜✉t r❡♠❛✐♥s ❧♦✇ ♦♥ ❛✈❡r❛❣❡ ✕ ❜❡❧♦✇ ✹✵✪ ❢♦r ❑♦r❡❛ ❛♥❞

❜❡❧♦✇ ✺✪ ❢♦r ❙✐♥❣❛♣♦r❡✳✷

✷❚r❛❞❡✲✇❡✐❣❤t❡❞ P❯❘s ❛r❡ s✉❜st❛♥t✐❛❧❧② ❤✐❣❤❡r✱ r❡❛❝❤✐♥❣ ♦✈❡r ✽✵✪ ❢♦r ❑♦r❡❛ ❛♥❞ ❛❜♦✈❡ ✻✵✪ ❢♦r ❏❛♣❛♥✳ ❚❤✐s ❣❛♣ r❡✢❡❝ts
t❤❡ ❝♦♥❝❡♥tr❛t✐♦♥ ♦❢ ♣r❡❢❡r❡♥❝❡ ✉s❡ ❛♠♦♥❣ ❧❛r❣❡r ❡①♣♦rt❡rs✳

✶✺



❋✐❣✉r❡ ✷✿ ❚❛r✐✛s ❛♥❞ Pr❡❢❡r❡♥❝❡ ❯t✐❧✐③❛t✐♦♥ ❘❛t❡s ❖✈❡r ❚✐♠❡

✭❛✮ ❆✈❡r❛❣❡ t❛r✐✛ ♦✈❡r t✐♠❡
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✭❜✮ ❆✈❡r❛❣❡ P❯❘ ♦✈❡r t✐♠❡
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❙♦✉r❝❡✿ ❛✉t❤♦r✬s ❡❧❛❜♦r❛t✐♦♥ ♦❢ ❚❆❘■❈ ❛♥❞ ❊✉r♦st❛t ❞❛t❛✳ ❚❤❡ ♣r❡❢❡r❡♥❝❡ ✉t✐❧✐③❛t✐♦♥ r❛t❡s ❛r❡ ❝♦♠♣✉t❡❞ ❡①❝❧✉❞✐♥❣ ♣r♦❞✉❝ts

✇✐t❤ ❛ ③❡r♦ ▼❋◆ t❛r✐✛ ♦r ♥♦ ♣r❡❢❡r❡♥t✐❛❧ t❛r✐✛ ♠❛r❣✐♥✳

❚❤❡ ❞②♥❛♠✐❝s ♦❢ t❤❡ P❯❘ ♦✈❡r t✐♠❡ ✇✐❧❧ r❡✢❡❝t t✇♦ ♠❡❝❤❛♥✐s♠s✳ ❋✐rst✱ t❤❡ st❛❣✐♥❣ ♦❢ t❛r✐✛ r❡❞✉❝t✐♦♥s

♥❛t✉r❛❧❧② s✉❣❣❡sts t❤❛t✱ ❛s ♠♦r❡ t❛r✐✛ ♣r❡❢❡r❡♥❝❡s ❜❡❝♦♠❡ ❛✈❛✐❧❛❜❧❡✱ ♠♦r❡ ✜r♠s ✇✐❧❧ ❜❡ ❛❜❧❡ ❛♥❞ ✇✐❧❧✐♥❣ t♦

✉s❡ t❤❡♠✳ ❙❡❝♦♥❞✱ ❡✈❡♥ ❢♦r ✐♠♠❡❞✐❛t❡ ❛♥❞ ♦♥❡✲♦✛ t❛r✐✛ r❡❞✉❝t✐♦♥s✱ P❯❘ ❝❛♥ t❛❦❡ t✐♠❡ t♦ ❛❞❥✉st ❞✉❡ t♦

❧❡❛r♥✐♥❣ ✭❑r✐s❤♥❛ ❡t ❛❧✳ ✭✷✵✷✺✮✮ ❛♥❞ ♣♦ss✐❜❧② t♦ ❦♥♦✇❧❡❞❣❡ ❞✐✛✉s✐♦♥ ❛❜♦✉t t❤❡ ❋❚❆✳ ■t ♠✐❣❤t ❛❧s♦ r❡✢❡❝t

t❤❡ t✐♠❡ t❛❦❡♥ t♦ ❛❞❥✉st s✉♣♣❧② ❝❤❛✐♥s ✐♥ ♦r❞❡r t♦ ♠❡❡t t❤❡ r✉❧❡s ♦❢ ♦r✐❣✐♥✳

❚♦ ❛ss❡ss t❤❡ ❞②♥❛♠✐❝ r❡❧❛t✐♦♥s❤✐♣ ❜❡t✇❡❡♥ t❛r✐✛ ❧✐❜❡r❛❧✐③❛t✐♦♥ ❛♥❞ ♣r❡❢❡r❡♥❝❡ ✉t✐❧✐③❛t✐♦♥✱ ■ ❡st✐♠❛t❡

❧♦❝❛❧ ♣r♦❥❡❝t✐♦♥s ♦❢ P❯❘s ♦♥ t❛r✐✛ r❡❞✉❝t✐♦♥s✳ ❚❤✐s ✐s ❞♦♥❡ ✇✐t❤ ❛ ✈❡rs✐♦♥ ♦❢ ✭✶✷✮ ✇❤❡r❡ t❤❡ P❯❘ ❛s t❤❡

❞❡♣❡♥❞❡♥t ✈❛r✐❛❜❧❡✱ ❛♥❞ r❡str✐❝t✐♥❣ t❤❡ s❛♠♣❧❡ t♦ ❋❚❆ ♣❛rt♥❡rs ♦♥❧②✳ ❋✐❣✉r❡ ✸ s❤♦✇s t❤❛t P❯❘s r❡s♣♦♥❞

str♦♥❣❧② ✐♥ t❤❡ ✜rst t✇♦ ②❡❛rs ❢♦❧❧♦✇✐♥❣ ❧✐❜❡r❛❧✐③❛t✐♦♥ ❛♥❞ t❤❡♥ st❛❜✐❧✐③❡✱ ❝♦♥s✐st❡♥t ✇✐t❤ ❜♦t❤ t❛r✐✛ st❛❣✐♥❣

❛♥❞ ❛❞❥✉st♠❡♥t ❢r✐❝t✐♦♥s✳

✶✻



❋✐❣✉r❡ ✸✿ ❘❡s♣♦♥s❡ ♦❢ P❯❘ t♦ t❛r✐✛ ❧✐❜❡r❛❧✐③❛t✐♦♥
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❚❤❡ ✜❣✉r❡ r❡♣♦rts t❤❡ ❝♦❡✣❝✐❡♥ts ♦❢ ❛ ❧♦❝❛❧ ♣r♦❥❡❝t✐♦♥ r❡❣r❡ss✐♦♥ ♦❢ ♣r❡❢❡r❡♥❝❡ ✉t✐❧✐③❛t✐♦♥ r❛t❡s ♦♥ t❛r✐✛ ❝❤❛♥❣❡s✱ t♦❣❡t❤❡r

✇✐t❤ t❤❡ ✾✺✪ ❝♦♥✜❞❡♥❝❡ ✐♥t❡r✈❛❧✳ ❚❤❡ ❡st✐♠❛t✐♦♥ ✐s ❞♦♥❡ ♦♥ t❤❡ s❛♠♣❧❡ ♦❢ ❋❚❆ ♣❛rt♥❡r ❝♦✉♥tr✐❡s✳

✺ ❘❡s✉❧ts

❚❤✐s s❡❝t✐♦♥ ♣r❡s❡♥ts t❤❡ ❡❝♦♥♦♠❡tr✐❝ r❡s✉❧ts✳ ■ ✜rst ❝♦♥s✐❞❡r ❛ ❜✐♥❛r② tr❡❛t♠❡♥t ✐♥❞✐❝❛t♦r✱ ✇❤✐❝❤ ❡q✉❛❧s

♦♥❡ ✐♥ ❝❛s❡ ♦❢ t❛r✐✛ ❧✐❜❡r❛❧✐③❛t✐♦♥✱ ❛♥❞ t❤❡♥ ♠♦✈❡ t♦ t❤❡ ❡st✐♠❛t✐♦♥ ♦❢ t❤❡ tr❛❞❡ ❡❧❛st✐❝✐t②✳

✺✳✶ ❊✛❡❝ts ♦❢ t❛r✐✛ ❧✐❜❡r❛❧✐③❛t✐♦♥ ♦♥ ❧✐❜❡r❛❧✐③❡❞ ♣r♦❞✉❝ts

■ st❛rt ❜② ❡st✐♠❛t✐♥❣ t❤❡ ❛✈❡r❛❣❡ ❡✛❡❝t ♦❢ t❛r✐✛ ❧✐❜❡r❛❧✐③❛t✐♦♥ ✉s✐♥❣ ❛ ❜✐♥❛r② tr❡❛t♠❡♥t ✐♥❞✐❝❛t♦r✱ ✇❤✐❝❤

❜r✐♥❣s ✉s ❝❧♦s❡r t♦ t❤❡ st❛♥❞❛r❞ ♠✐❝r♦✲❡❝♦♥♦♠❡tr✐❝ s❡tt✐♥❣s✳ ▲❡t Divt ❜❡ ❛ ❞✉♠♠② t❤❛t ❡q✉❛❧s ♦♥❡ ✐❢

♣r♦❞✉❝t v ❢r♦♠ ❝♦✉♥tr② i ❢❛❝❡❞ ❛♥ ❋❚❆ t❛r✐✛ r❡❞✉❝t✐♦♥ ✐♥ ♣❡r✐♦❞ t ❛♥❞ ③❡r♦ ♦t❤❡r✇✐s❡✳ ■ ❡st✐♠❛t❡ ❛ ▲♦❝❛❧

Pr♦❥❡❝t✐♦♥s ❉✐✛❡r❡♥❝❡✲✐♥✲❉✐✛❡r❡♥❝❡s r❡❣r❡ss✐♦♥ ✭❉✉❜❡ ❡t ❛❧✳ ✷✵✷✺✮✿

∆h lnMijvt = γh❊❧✐❣✐❜❧❡∆Divt + γ∆ lnMijvt−1 + αh
it + αh

jt + αh
vt + ϵhijvt ✭✾✮

✇❤❡r❡∆h lnMijvt ✐s t❤❡ ❧♦❣✲❝❤❛♥❣❡ ✐♥ ✐♠♣♦rts ❜❡t✇❡❡♥ t−1 ❛♥❞ t+h✱ ❛♥❞ t❤❡ ✜①❡❞ ❡✛❡❝ts ❛❜s♦r❜ ❡①♣♦rt❡r✲

t✐♠❡✱ ✐♠♣♦rt❡r✲t✐♠❡✱ ❛♥❞ ♣r♦❞✉❝t✲t✐♠❡ s❤♦❝❦s✳ ❚❤✐s r❡❣r❡ss✐♦♥ ❝❛♣t✉r❡s t❤❡ ❡✛❡❝t ♦❢ ❜❡✐♥❣ ❡❧✐❣✐❜❧❡ ❢♦r

♣r❡❢❡r❡♥t✐❛❧ t❛r✐✛s✱ ✇❤✐❝❤ ✐s ❛♥ ✐♥t❡♥t✲t♦✲tr❡❛t ❡✛❡❝t✱ ♥♦t t❤❡ ❡✛❡❝t ♦❢ ❡✛❡❝t✐✈❡ t❛r✐✛ ✉s❛❣❡✳

❚♦ ❛❝❝♦✉♥t ❢♦r ♣❛rt✐❛❧ ✉t✐❧✐③❛t✐♦♥ ♦❢ t❤❡ ♣r❡❢❡r❡♥t✐❛❧ t❛r✐✛✱ ■ ❞❡✜♥❡ t❤❡ ❛♣♣❧✐❡❞ tr❡❛t♠❡♥t ❛s t❤❡ ✐♥t❡r✲

❛❝t✐♦♥ ♦❢ t❤❡ ❞✉♠♠② ✇✐t❤ t❤❡ ♣r❡❢❡r❡♥❝❡ ✉t✐❧✐③❛t✐♦♥ r❛t❡ ✭P❯❘✮✱ ∆Divt × PURiv,t+h✱ ❛♥❞ ✐♥str✉♠❡♥t ✐t

✇✐t❤ ∆Divt✿

✶✼



∆h lnMijvt = γh❊✛❡❝t✐✈❡ (∆Divt × PURiv,t+h) + γ∆ lnMijvt−1 + αh
it + αh

jt + αh
vt + ϵhijvt ✭✶✵✮

❆❣❣r❡❣❛t❡❞ ❛t t❤❡ ♣r♦❞✉❝t ❧❡✈❡❧✱ ❝♦♠♣❧✐❛♥❝❡ ✐s ♠❡❛s✉r❡❞ ❜② P❯❘ r❛t❤❡r t❤❛♥ ❛ ❜✐♥❛r② ✐♥❞✐❝❛t♦r✱ s♦

t❤✐s s♣❡❝✐✜❝❛t✐♦♥ r❡❝♦✈❡rs ❛ ✇❡✐❣❤t❡❞ ▲♦❝❛❧ ❆✈❡r❛❣❡ ❚r❡❛t♠❡♥t ❊✛❡❝t✱ ✇✐t❤ ♠♦r❡ ✇❡✐❣❤t ♦♥ ❧❛r❣❡r ✜r♠s✳

❙t❛♥❞❛r❞ ▲❆❚❊ r❡s✉❧ts ✐♠♣❧② γh❊✛❡❝t✐✈❡ ≈ γh❊❧✐❣✐❜❧❡/PURh✳

❋✐❣✉r❡ ✹✱ ✐❧❧✉str❛t❡s t❤❡ r❡s✉❧ts✳ ❚❤❡ ❡❧✐❣✐❜✐❧✐t② ♠♦❞❡❧ ✐❣♥♦r✐♥❣ P❯❘ r❡♣♦rts s♠❛❧❧❡r ❡✛❡❝ts✱ ✇❤✐❧❡ t❤❡

❡✛❡❝t✐✈❡✲t❛r✐✛ ♠♦❞❡❧ ❛❝❝♦✉♥t✐♥❣ ❢♦r P❯❘ s❤♦✇s ❧❛r❣❡r ❝♦❡✣❝✐❡♥ts✱ ❝♦♥s✐st❡♥t ✇✐t❤ t❤❡ t❤❡♦r❡t✐❝❛❧ r❡❧❛t✐♦♥

❛❜♦✈❡✳ ❋✐❣✉r❡ ✹❝ ♣❧♦ts t❤❡ ■❚❚ ❝♦❡✣❝✐❡♥ts ❞✐✈✐❞❡❞ ❜② t❤❡ ❛✈❡r❛❣❡ P❯❘ ❛t ❡❛❝❤ ❤♦r✐③♦♥✱ ❞❡♠♦♥str❛t✐♥❣

♥❡❛r✲♣❡r❢❡❝t ♦✈❡r❧❛♣ ✇✐t❤ t❤❡ ❡✛❡❝t✐✈❡✲t❛r✐✛ ❡st✐♠❛t❡s✳

❋✐❣✉r❡ ✹✿ ❊✛❡❝ts ♦❢ t❛r✐✛ ❧✐❜❡r❛❧✐③❛t✐♦♥ ♦♥ ❧✐❜❡r❛❧✐③❡❞ ♣r♦❞✉❝ts

✭❛✮ ❊❧✐❣✐❜✐❧✐t② ♠♦❞❡❧
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✭❜✮ ❊✛❡❝t✐✈❡✲t❛r✐✛ ♠♦❞❡❧
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✭❝✮ ❈♦♠♣❛r✐s♦♥ ♦❢ ♠♦❞❡❧s

❚❤❡ ✜❣✉r❡s r❡♣♦rt t❤❡ ❧♦❝❛❧ ♣r♦❥❡❝t✐♦♥ ❞✐✛❡r❡♥❝❡✲✐♥✲❞✐✛❡r❡♥❝❡s ❡st✐♠❛t❡s ❢♦r t❤❡ ❡✛❡❝ts ♦❢ t❛r✐✛ ❧✐❜❡r❛❧✐③❛t✐♦♥✱ t♦❣❡t❤❡r ✇✐t❤

t❤❡✐r ✾✺✪ ❝♦♥✜❞❡♥❝❡ ✐♥t❡r✈❛❧s✳ ❚❤❡ ❞❡♣❡♥❞❡♥t ✈❛r✐❛❜❧❡ ✐s ❤♦r✐③♦♥✲❝❤❛♥❣❡ ✐♥ t❤❡ ❧♦❣ ♦❢ ✐♠♣♦rts✱ ❛♥❞ t❛r✐✛ ❧✐❜❡r❛❧✐③❛t✐♦♥s ❛r❡

✐❞❡♥t✐✜❡❞ ✇✐t❤ ❛ ❞✉♠♠② t❤❛t t❛❦❡s ✈❛❧✉❡ ♦❢ ♦♥❡ ✐❢ ❛ ❝♦✉♥tr②✲♣r♦❞✉❝t s❛✇ ❛♥ ❋❚❆ t❛r✐✛ ❝❤❛♥❣❡✱ ❛♥❞ ③❡r♦ ♦t❤❡r✇✐s❡✳ ❋✐❣✉r❡

✹❛ r❡♣♦rts t❤❡ r❡s✉❧ts ❢♦r t❤❡ ❡❧✐❣✐❜❧❡✲t❛r✐✛ r❡❣r❡ss✐♦♥s ♦❢ ♠♦❞❡❧ ✭✾✮✱ ✇❤✐❝❤ ❞♦ ♥♦t ❛❝❝♦✉♥t ❢♦r t❤❡ ♣r❡❢❡r❡♥❝❡ ✉t✐❧✐③❛t✐♦♥ r❛t❡✳

❚❤❡ r❡s✉❧ts ✐♥ ❋✐❣✉r❡ ✹❜ ❛r❡ ❜❛s❡❞ ♦♥ ♠♦❞❡❧ ✭✶✵✮✱ ✇❤❡r❡ t❤❡ t❛r✐✛ ❧✐❜❡r❛❧✐③❛t✐♦♥ ❞✉♠♠② ✐s ✐♥t❡r❛❝t❡❞ ✇✐t❤ t❤❡ ♣r❡❢❡r❡♥❝❡

✉t✐❧✐③❛t✐♦♥ r❛t❡ ❛♥❞ ✐♥str✉♠❡♥t❡❞ ✇✐t❤ t❤❡ t❛r✐✛ ❧✐❜❡r❛❧✐③❛t✐♦♥ ❞✉♠♠②✳ ❋✐❣✉r❡ ✹❝ ❝♦♠♣❛r❡s t❤❡ t✇♦ ♠♦❞❡❧s✱ r❡♣♦rt✐♥❣ t❤❡

❝♦❡✣❝✐❡♥ts ♦❢ ❋✐❣✉r❡ ✹❛ ❞✐✈✐❞❡❞ ❜② t❤❡ ❛✈❡r❛❣❡ ♣r❡❢❡r❡♥❝❡ ✉t✐❧✐③❛t✐♦♥ r❛t❡ ❛t ❡❛❝❤ ❤♦r✐③♦♥✱ ❛♥❞ t❤❡ r❡s✉❧ts ♦❢ ❋✐❣✉r❡ ✹❜✳

✺✳✷ ❚❤❡ t❛r✐✛ ❡❧❛st✐❝✐t②

❋✐❣✉r❡ ✺ r❡♣♦rts t❤❡ r❡s✉❧ts ♦❢ t❤❡ ❡st✐♠❛t✐♦♥ ♦❢ t❤❡ t❛r✐✛ ❡❧❛st✐❝✐t②✳ ■♥ ❋✐❣✉r❡ ✺❛✱ t❤❡ ❡❧❛st✐❝✐t② ✐s ❡st✐♠❛t❡❞

✉s✐♥❣ t❤❡ t❛r✐✛ ❛s t❤❡ ✐♥❞❡♣❡♥❞❡♥t ✈❛r✐❛❜❧❡✱ ✇✐t❤♦✉t ❛❝❝♦✉♥t✐♥❣ ❢♦r t❤❡ ♣r❡❢❡r❡♥❝❡ ✉t✐❧✐③❛t✐♦♥ r❛t❡✳ ❋✐❣✉r❡

✺❜ ✉s❡s t❤❡ ✐♥t❡r❛❝t✐♦♥ ♦❢ t❤❡ t❛r✐✛ ❝❤❛♥❣❡ ✇✐t❤ t❤❡ P❯❘✱ ❛s ✐♥ ♠♦❞❡❧ ✭✺✮✳ ■♥ ❜♦t❤ ❝❛s❡s✱ t❤❡ ✐♥❞❡♣❡♥❞❡♥t

✈❛r✐❛❜❧❡ ✐s ✐♥str✉♠❡♥t❡❞ ✇✐t❤ t❤❡ ❛✈❡r❛❣❡ ✐♥✐t✐❛❧ t❛r✐✛ ❝❤❛♥❣❡ ♦❢ ♦t❤❡r ❊❯ ❋❚❆s✱ ❛♥❞ r❡❣r❡ss✐♦♥s ✐♥❝❧✉❞❡

t❤❡ ♦♥❡✲♣❡r✐♦❞ ❧❛❣❣❡❞ ❝❤❛♥❣❡ ✐♥ ✐♠♣♦rts✳

✶✽



❚❤❡ ❡❧✐❣✐❜❧❡✲t❛r✐✛ ♠♦❞❡❧ ②✐❡❧❞s ❡❧❛st✐❝✐t✐❡s ❝♦♥s✐st❡♥t ✇✐t❤ t❤❡ ❧✐t❡r❛t✉r❡✿ r♦✉❣❤❧② ✲✶ ❛t ❤♦r✐③♦♥ ③❡r♦✱

✐♥❝r❡❛s✐♥❣ ♦✈❡r t✐♠❡ ❛♥❞ r❡❛❝❤✐♥❣ ✲✸✳✺ s❡✈❡♥ ②❡❛rs ❛❢t❡r ❋❚❆ ❡♥tr② ✐♥t♦ ❢♦r❝❡✳ ■♥ ❝♦♥tr❛st✱ t❤❡ ❡✛❡❝t✐✈❡✲

t❛r✐✛ ♠♦❞❡❧ ♣r♦❞✉❝❡s s✉❜st❛♥t✐❛❧❧② ❧❛r❣❡r ❡❧❛st✐❝✐t✐❡s✿ ❛r♦✉♥❞ ✲✻ ✐♥ t❤❡ ✜rst t✇♦ ②❡❛rs✱ r❡❛❝❤✐♥❣ ✲✶✷✳✻ ❜②

❤♦r✐③♦♥ ✷✽✳

❋✐rst✲st❛❣❡ r❡❣r❡ss✐♦♥s ❛r❡ ❤✐❣❤❧② ♣r❡❞✐❝t✐✈❡✱ ✇✐t❤ ❋✲st❛t✐st✐❝s ❡①❝❡❡❞✐♥❣ ✶✱✵✵✵ ❛❝r♦ss ♠♦❞❡❧s ❛♥❞ ❤♦r✐✲

③♦♥s✳ ❉❡t❛✐❧❡❞ ✜rst✲st❛❣❡ ❝♦❡✣❝✐❡♥ts ❛r❡ r❡♣♦rt❡❞ ✐♥ t❤❡ ❆♣♣❡♥❞✐①✳

❆❝❝♦r❞✐♥❣ t♦ t❤❡ ❞✐s❝✉ss✐♦♥ ♣r❡s❡♥t❡❞ ✐♥ ❙❡❝t✐♦♥ ✸✱ t❤❡ ❝♦❡✣❝✐❡♥t βh
❊❧✐❣✐❜❧❡ ♦❢ t❤❡ ♠♦❞❡❧ ♥♦t ❛❝❝♦✉♥t✲

✐♥❣ ❢♦r P❯❘s r❡♣r❡s❡♥ts ❛♥ ❡❧✐❣✐❜❧❡✲t❛r✐✛ ❡❧❛st✐❝✐t②✱ ❡q✉❛❧ t♦ t❤❡ str✉❝t✉r❛❧ tr❛❞❡ ❡❧❛st✐❝✐t② ε ♠✉❧t✐♣❧✐❡❞

❜② t❤❡ ❛✈❡r❛❣❡ P❯❘✳ ❚❤❡ ❝♦❡✣❝✐❡♥t βh ♦❢ t❤❡ ❡✛❡❝t✐✈❡✲t❛r✐✛ ♠♦❞❡❧ r❡❝♦✈❡rs t❤❡ str✉❝t✉r❛❧ ❡❧❛st✐❝✐t②✱

βh
❊❧✐❣✐❜❧❡/PURh ≈ βh✳

❋✐❣✉r❡ ✺❝ ✐❧❧✉str❛t❡s t❤✐s r❡❧❛t✐♦♥s❤✐♣✳ ❚❤❡ ❡✛❡❝t✐✈❡✲t❛r✐✛ ❡❧❛st✐❝✐t② ❝❧♦s❡❧② tr❛❝❦s t❤❡ ❡❧✐❣✐❜❧❡✲t❛r✐✛

❝♦❡✣❝✐❡♥t ❞✐✈✐❞❡❞ ❜② t❤❡ ❛✈❡r❛❣❡ P❯❘ ❛t ❡❛❝❤ ❤♦r✐③♦♥✱ ❝♦♥✜r♠✐♥❣ t❤❡ t❤❡♦r❡t✐❝❛❧ ❡①♣❡❝t❛t✐♦♥✳ ▼✐♥♦r

❞❡✈✐❛t✐♦♥s ❛♣♣❡❛r ❛t t❤❡ ❧❛t❡st ❤♦r✐③♦♥s✳

❚❤❡s❡ r❡s✉❧ts ❝♦♥✜r♠ t❤❛t✱ ✇❤❡♥ t❛r✐✛ ✈❛r✐❛t✐♦♥ ❛r✐s❡s ❢r♦♠ ❋❚❆s ❛♥❞ P❯❘s ❛r❡ ❜❡❧♦✇ ✶✵✵✪✱ r❡❣r❡s✲

s✐♦♥s ♦❢ ✐♠♣♦rts ♦♥ t❛r✐✛s ✇✐t❤♦✉t ❛❝❝♦✉♥t✐♥❣ ❢♦r ✉t✐❧✐③❛t✐♦♥ r❡❝♦✈❡r ♦♥❧② ❛♥ ✐♥t❡♥t✐♦♥✲t♦✲❧✐❜❡r❛❧✐③❡ ❡✛❡❝t✳

❆❝❝♦✉♥t✐♥❣ ❢♦r P❯❘ ❛❧❧♦✇s r❡❝♦✈❡r② ♦❢ t❤❡ str✉❝t✉r❛❧ tr❛❞❡ ❡❧❛st✐❝✐t②✱ ✐♥ ❧✐♥❡ ✇✐t❤ t❤❡ ▲❆❚❊ ✐♥t❡r♣r❡t❛t✐♦♥

♦❢ ♣❛rt✐❛❧ ❝♦♠♣❧✐❛♥❝❡✳

❋✐❣✉r❡ ✺✿ ❊st✐♠❛t❡s ♦❢ t❤❡ ❞②♥❛♠✐❝ t❛r✐✛ ❡❧❛st✐❝✐t②

✭❛✮ ❊❧✐❣✐❜❧❡✲t❛r✐✛ ♠♦❞❡❧
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✭❜✮ ❊✛❡❝t✐✈❡✲t❛r✐✛ ♠♦❞❡❧
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✭❝✮ ❈♦♠♣❛r✐s♦♥ ♦❢ ♠♦❞❡❧s

❚❤❡ ✜❣✉r❡s r❡♣♦rt t❤❡ ❧♦❝❛❧ ♣r♦❥❡❝t✐♦♥ ❞✐✛❡r❡♥❝❡✲✐♥✲❞✐✛❡r❡♥❝❡s ❡st✐♠❛t❡s ❢♦r t❤❡ t❛r✐✛ ❡❧❛st✐❝✐t②✱ t♦❣❡t❤❡r ✇✐t❤ t❤❡✐r ✾✺✪

❝♦♥✜❞❡♥❝❡ ✐♥t❡r✈❛❧s✳ ❚❤❡ ❞❡♣❡♥❞❡♥t ✈❛r✐❛❜❧❡ ✐s ❤♦r✐③♦♥✲❝❤❛♥❣❡ ✐♥ t❤❡ ❧♦❣ ♦❢ ✐♠♣♦rts✳ ❋✐❣✉r❡ ✺❛ r❡♣♦rts t❤❡ r❡s✉❧ts ❢♦r t❤❡

❡❧✐❣✐❜❧❡✲t❛r✐✛ ❡❧❛st✐❝✐t② ♦❢ ♠♦❞❡❧ ✭✽✮✱ ✇❤✐❝❤ ❞♦❡s ♥♦t ❛❝❝♦✉♥t ❢♦r t❤❡ ♣r❡❢❡r❡♥❝❡ ✉t✐❧✐③❛t✐♦♥ r❛t❡✳ ❚❤❡ r❡s✉❧ts ✐♥ ❋✐❣✉r❡ ✺❜ ❛r❡

❜❛s❡❞ ♦♥ ♠♦❞❡❧ ✭✺✮✱ ✇❤❡r❡ t❤❡ t❛r✐✛ ❝❤❛♥❣❡ ✐s ✐♥t❡r❛❝t❡❞ ✇✐t❤ t❤❡ ♣r❡❢❡r❡♥❝❡ ✉t✐❧✐③❛t✐♦♥ r❛t❡ ❛♥❞ ✐♥str✉♠❡♥t❡❞ ✇✐t❤ t❤❡ t❛r✐✛

❝❤❛♥❣❡ ✐ts❡❧❢✳ ❋✐❣✉r❡ ✺❝ ❝♦♠♣❛r❡s t❤❡ t✇♦ ♠♦❞❡❧s✱ r❡♣♦rt✐♥❣ t❤❡ ❝♦❡✣❝✐❡♥ts ♦❢ ❋✐❣✉r❡ ✹❛ ❞✐✈✐❞❡❞ ❜② t❤❡ ❛✈❡r❛❣❡ ♣r❡❢❡r❡♥❝❡

✉t✐❧✐③❛t✐♦♥ r❛t❡ ❛t ❡❛❝❤ ❤♦r✐③♦♥✱ ❛♥❞ t❤❡ r❡s✉❧ts ♦❢ ❋✐❣✉r❡ ✺❜✳

✶✾



✺✳✸ ❆❞❞✐t✐♦♥❛❧ r❡s✉❧ts ❛♥❞ r♦❜✉st♥❡ss t❡sts

■ ♣❡r❢♦r♠ t❤r❡❡ r♦❜✉st♥❡ss ❡①❡r❝✐s❡s t♦ ❛ss❡ss t❤❡ s❡♥s✐t✐✈✐t② ♦❢ t❤❡ ❡st✐♠❛t❡❞ t❛r✐✛ ❡❧❛st✐❝✐t②✿

❆❧t❡r♥❛t✐✈❡ ❧❛❣s ♦❢ t❤❡ ❞❡♣❡♥❞❡♥t ✈❛r✐❛❜❧❡✿ ❚❤❡ ❜❛s❡❧✐♥❡ s♣❡❝✐✜❝❛t✐♦♥ ✐♥❝❧✉❞❡s ♦♥❡ ❧❛❣ ♦❢ t❤❡ ❝❤❛♥❣❡ ✐♥

❧♦❣ ✐♠♣♦rts✳ ■ r❡✲❡st✐♠❛t❡ t❤❡ ♠♦❞❡❧ ✭✺✮ ❝♦♥tr♦❧❧✐♥❣ ❢♦r t❤r❡❡ ❛♥❞ s❡✈❡♥ ❧❛❣s✳ ❚❤❡ r❡s✉❧ts ✭❋✐❣✉r❡ ✶✸✮ ❛r❡

✈❡r② s✐♠✐❧❛r t♦ t❤❡ ❜❛s❡❧✐♥❡✳ ❚❤❡ s♣❡❝✐✜❝❛t✐♦♥ ✇✐t❤ s❡✈❡♥ ❧❛❣s ②✐❡❧❞s s❧✐❣❤t❧② ♠♦r❡ st❛❜❧❡ ❡❧❛st✐❝✐t✐❡s ❢♦r

❤♦r✐③♦♥s ✷✵✲✷✽✱ st❛❜✐❧✐③✐♥❣ ❛r♦✉♥❞ ✶✵✳

❆❧t❡r♥❛t✐✈❡ ■❱ str❛t❡❣② ✿ ❚❤❡ ❜❛s❡❧✐♥❡ ✉s❡s ❛ ❧❡❛✈❡✲♦♥❡✲♦✉t ✐♥str✉♠❡♥t ❜❛s❡❞ ♦♥ t❤❡ ✐♥✐t✐❛❧ t❛r✐✛ ❝❤❛♥❣❡s

♦❢ ♦t❤❡r ❊❯ ❋❚❆s✳ ❖♠✐tt✐♥❣ t❤✐s ✐♥str✉♠❡♥t ♣r♦❞✉❝❡s s❧✐❣❤t❧② s♠❛❧❧❡r ❡❧❛st✐❝✐t✐❡s✱ ❛❧t❤♦✉❣❤ t❤❡ ♦✈❡r❛❧❧

❞②♥❛♠✐❝ ♣❛tt❡r♥ r❡♠❛✐♥s ❧❛r❣❡❧② ✉♥❝❤❛♥❣❡❞ ✭❋✐❣✉r❡ ✶✸✮✳

❍❡t❡r♦❣❡♥❡✐t② ❜② t❛r✐✛ s✐③❡✿ ❚❤❡ str✉❝t✉r❛❧ ♠♦❞❡❧ ✭❆♣♣❡♥❞✐① ❆✳✶✮ s✉❣❣❡sts t❤❛t ❧❛r❣❡r t❛r✐✛ r❡❞✉❝t✐♦♥s

♠❛② ❣❡♥❡r❛t❡ ❧❛r❣❡r ❡❧❛st✐❝✐t✐❡s ❞✉❡ t♦ ❛ ♥♦♥✲❝♦♥st❛♥t ❡①t❡♥s✐✈❡ ♠❛r❣✐♥ ❡❧❛st✐❝✐t②✳ ❚♦ ❡①♣❧♦r❡ t❤✐s✱ ■

s♣❧✐t ♣r♦❞✉❝ts ✐♥t♦ ❛❜♦✈❡✲ ❛♥❞ ❜❡❧♦✇✲♠❡❞✐❛♥ t❛r✐✛ ❝❤❛♥❣❡s ❛♥❞ r❡✲❡st✐♠❛t❡ t❤❡ ❡✛❡❝t✐✈❡✲t❛r✐✛ r❡❣r❡ss✐♦♥s✳

❘❡s✉❧ts ❛r❡ s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ✻✳ ❊❧❛st✐❝✐t✐❡s ❢♦r s♠❛❧❧ t❛r✐✛ ❝✉ts ❛r❡ ♥♦✐s✐❡r✱ r❡✢❡❝t✐♥❣ ❧♦✇❡r ✈❛r✐❛t✐♦♥ ✐♥

❜♦t❤ t❤❡ t❛r✐✛ ❝❤❛♥❣❡ ❛♥❞ t❤❡ P❯❘✳ ■♥ ❝♦♥tr❛st✱ ❧❛r❣❡r t❛r✐✛ ❝✉ts ②✐❡❧❞ ♠♦r❡ st❛❜❧❡ ❡st✐♠❛t❡s✱ ❝❧♦s❡❧②

❛❧✐❣♥❡❞ ✇✐t❤ t❤❡ ❜❛s❡❧✐♥❡✳ ❆❝r♦ss t❤❡ ✷✾ ❤♦r✐③♦♥s✱ ✻✷✪ ♦❢ ❡st✐♠❛t❡s ❢♦r ❧❛r❣❡ t❛r✐✛ ❝✉ts ❡①❝❡❡❞ t❤♦s❡ ❢♦r

s♠❛❧❧❡r ❝✉ts ✐♥ ❛❜s♦❧✉t❡ ✈❛❧✉❡✱ ♣r♦✈✐❞✐♥❣ s✉❣❣❡st✐✈❡ ❡✈✐❞❡♥❝❡ ❢♦r t❤❡ ❤②♣♦t❤❡s✐s t❤❛t ❧❛r❣❡r t❛r✐✛ r❡❞✉❝t✐♦♥s

❣❡♥❡r❛t❡ ❧❛r❣❡r ❡❧❛st✐❝✐t✐❡s✳

❋✐❣✉r❡ ✻✿ ❍❡t❡r♦❣❡♥❡♦✉s ❡❧❛st✐❝✐t② ❜② t❛r✐✛ ♠❛r❣✐♥
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❖✈❡r❛❧❧✱ t❤❡ r♦❜✉st♥❡ss ❝❤❡❝❦s ❝♦♥✜r♠ t❤❡ ❜❛s❡❧✐♥❡ ✜♥❞✐♥❣✱ ❛s ✇❡❧❧ ❛s t❤❡ ✐♥t✉✐t✐♦♥ t❤❛t ❛ r❡❣r❡ss✐♦♥

♦❢ ✐♠♣♦rts ♦♥ st❛t✉t♦r② t❛r✐✛s ✕ ✇✐t❤♦✉t ❛❝❝♦✉♥t✐♥❣ ❢♦r t❤❡ ♣❛rt✐❛❧ ✉♣t❛❦❡ ♦❢ ♣r❡❢❡r❡♥t✐❛❧ t❛r✐✛s ✕ r❡❝♦✈❡rs

❛♥ ❡❧❛st✐❝✐t② ✇✐t❤ r❡s♣❡❝t t♦ ❡❧✐❣✐❜❧❡ t❛r✐✛ ❝❤❛♥❣❡s r❛t❤❡r t❤❛♥ t❤❡ ❡✛❡❝t✐✈❡ t❛r✐✛ ❛❝t✉❛❧❧② ❢❛❝❡❞ ❜② ✜r♠s✳

✷✵



■♥ ❝♦♥tr❛st✱ ✉s✐♥❣ ❛♥ ■❱ ❢r❛♠❡✇♦r❦ ✐♥ ❧✐♥❡ ✇✐t❤ t❤❡ ▲❆❚❊ ❧✐t❡r❛t✉r❡✱ ✇❡ ❝❛♥ r❡❝♦✈❡r t❤❡ ❡✛❡❝t✐✈❡✲t❛r✐✛

❡❧❛st✐❝✐t②✱ ✇❤✐❝❤ ✐s ❡q✉❛❧ t♦ t❤❡ ❡❧✐❣✐❜❧❡✲t❛r✐✛ ❡❧❛st✐❝✐t② ❞✐✈✐❞❡❞ ❜② t❤❡ ❛✈❡r❛❣❡ P❯❘ ♦❢ t❤❡ ❡st✐♠❛t✐♦♥

s❛♠♣❧❡✳

❚❤❡ ♥❡①t s❡❝t✐♦♥ ❞✐s❝✉ss❡s t❤❡ ♠❛♣♣✐♥❣ ♦❢ ❡❝♦♥♦♠❡tr✐❝ ❡st✐♠❛t❡s t♦ str✉❝t✉r❛❧ ♠♦❞❡❧s ♦❢ tr❛❞❡✱ ❛r❣✉✐♥❣

t❤❛t t❤❡ ❡✛❡❝t✐✈❡✲t❛r✐✛ ❡❧❛st✐❝✐t② r❛t❤❡r t❤❛♥ t❤❡ ❡❧✐❣✐❜❧❡✲t❛r✐✛ ♦♥❡ ✐s t❤❡ r❡❧❡✈❛♥t ♦❜❥❡❝t ❢♦r tr❛❞❡ ♠♦❞❡❧s✳

✻ ■♠♣❧✐❝❛t✐♦♥s ❢♦r q✉❛♥t✐t❛t✐✈❡ ♠♦❞❡❧❧✐♥❣

❚❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥s ❡st❛❜❧✐s❤❡❞ t❤❛t t❛r✐✛✲❜❛s❡❞ ❡st✐♠❛t❡s ✐❞❡♥t✐❢② ❞✐✛❡r❡♥t ♦❜❥❡❝ts ❞❡♣❡♥❞✐♥❣ ♦♥ ✇❤❡t❤❡r

♣r❡❢❡r❡♥❝❡ ✉t✐❧✐③❛t✐♦♥ ✐s ❛❝❝♦✉♥t❡❞ ❢♦r✳ ❚❤✐s s❡❝t✐♦♥ ❡①♣❧♦r❡s t❤❡ ✐♠♣❧✐❝❛t✐♦♥s ♦❢ t❤✐s ❞✐st✐♥❝t✐♦♥ ❢♦r q✉❛♥t✲

✐t❛t✐✈❡ tr❛❞❡ ♠♦❞❡❧s✳

❖♥❡ ♦❢ t❤❡ ♠❛✐♥ ♠♦t✐✈❛t✐♦♥s ❢♦r ❡st✐♠❛t✐♥❣ t❛r✐✛ ❡❧❛st✐❝✐t✐❡s ✐s t❤❡✐r ✉s❡ ❛s ✐♥♣✉ts ✐♥ q✉❛♥t✐t❛t✐✈❡ tr❛❞❡

♠♦❞❡❧s✳ ■t ✐s t❤❡r❡❢♦r❡ ❡ss❡♥t✐❛❧ t♦ ❝❧❛r✐❢② ✇❤❛t t❤❡ ❡❧✐❣✐❜❧❡✲t❛r✐✛ ❛♥❞ ❡✛❡❝t✐✈❡✲t❛r✐✛ ❡❧❛st✐❝✐t✐❡s r❡♣r❡s❡♥t✱

❛♥❞ ✇❤✐❝❤ ♦❢ t❤❡ t✇♦ ❝♦rr❡s♣♦♥❞s t♦ ❛ str✉❝t✉r❛❧✱ ♣♦❧✐❝②✲✐♥✈❛r✐❛♥t ♣❛r❛♠❡t❡r✳ ❯❧t✐♠❛t❡❧②✱ t❤❡ ❣♦❛❧ ✐s t♦

✐❞❡♥t✐❢② ♠♦❞❡❧ ♣r✐♠✐t✐✈❡s t❤❛t ❛r❡ st❛❜❧❡ ❛❝r♦ss ♣♦❧✐❝② ❡♥✈✐r♦♥♠❡♥ts✳

❚❤❡ ❡❧✐❣✐❜❧❡✲t❛r✐✛ ❡❧❛st✐❝✐t② ✐s ❛ r❡❞✉❝❡❞✲❢♦r♠ ♦❜❥❡❝t✳ ■t ❝♦♠❜✐♥❡s t❤❡ str✉❝t✉r❛❧ tr❛❞❡ ❡❧❛st✐❝✐t② ε ✇✐t❤

t❤❡ ❛✈❡r❛❣❡ ♣r❡❢❡r❡♥❝❡ ✉t✐❧✐③❛t✐♦♥ r❛t❡ ✐♥ t❤❡ ❡st✐♠❛t✐♦♥ s❛♠♣❧❡✿

β❊❧✐❣ = ε× PUR

❇❡❝❛✉s❡ t❤✐s ❡❧❛st✐❝✐t② ❞❡♣❡♥❞s ♠❡❝❤❛♥✐❝❛❧❧② ♦♥ t❤❡ ✐♥✲s❛♠♣❧❡ P❯❘✱ ✐t ✐s ♥♦t ♣♦rt❛❜❧❡ ❛❝r♦ss ♣♦❧✐❝② s❝❡♥✲

❛r✐♦s✳ ❋♦r ❡①❛♠♣❧❡✱ ❛♥ ❡❧✐❣✐❜✐❧✐t② ❡❧❛st✐❝✐t② ❡st✐♠❛t❡❞ ✐♥ ❛ s❡tt✐♥❣ ✇✐t❤ ❛♥ ❛✈❡r❛❣❡ P❯❘ ♦❢ ✺✵✪ ✐s ♥♦t

✐♥❢♦r♠❛t✐✈❡ ❢♦r ❛♥ ▼❋◆ t❛r✐✛ ❧✐❜❡r❛❧✐③❛t✐♦♥ ♦r ❛ ❝✉st♦♠s ✉♥✐♦♥✱ ✇❤❡r❡ ❝♦♠♣❧✐❛♥❝❡ ✐s ❡✛❡❝t✐✈❡❧② ✶✵✵✪✳ ❆s

❛ r❡s✉❧t✱ t❤❡ ❡❧✐❣✐❜❧❡✲t❛r✐✛ ❡❧❛st✐❝✐t② ❞♦❡s ♥♦t s❛t✐s❢② t❤❡ ▲✉❝❛s ❝r✐t✐q✉❡ ✭▲✉❝❛s ❏r✱ ✶✾✼✻✮✿ ✐t ✈❛r✐❡s ✇✐t❤ t❤❡

♣♦❧✐❝② r❡❣✐♠❡ ❛♥❞ ❝❛♥♥♦t s❡r✈❡ ❛s ❛ ♣r✐♠✐t✐✈❡ ♣❛r❛♠❡t❡r ✐♥ str✉❝t✉r❛❧ ♠♦❞❡❧s✳

❇② ❝♦♥tr❛st✱ t❤❡ ❡✛❡❝t✐✈❡✲t❛r✐✛ ❡❧❛st✐❝✐t② ❡st✐♠❛t❡❞ ✇✐t❤ t❤❡ ■❱ str❛t❡❣② ✐❞❡♥t✐✜❡s ❛ str✉❝t✉r❛❧ ❡❧❛st✐✲

❝✐t② ε✳ ■t ❝❛♣t✉r❡s t❤❡ tr✉❡ r❡s♣♦♥s❡ ♦❢ tr❛❞❡ ✢♦✇s t♦ ❡✛❡❝t✐✈❡❧② ❛♣♣❧✐❡❞ t❛r✐✛s✱ ❛♥❞ ✕ ✉♥❞❡r t❤❡ st❛♥❞❛r❞

❛ss✉♠♣t✐♦♥ ♦❢ ❛ ❝♦♥st❛♥t tr❛❞❡ ❡❧❛st✐❝✐t② ✕ ✐t ✐s t❤❡ ❛♣♣r♦♣r✐❛t❡ ♣❛r❛♠❡t❡r ❢♦r q✉❛♥t✐t❛t✐✈❡ ♠♦❞❡❧❧✐♥❣✳

❲❤✐❧❡ ❤❡t❡r♦❣❡♥❡♦✉s tr❡❛t♠❡♥t ❡✛❡❝ts ✐♠♣❧② t❤❛t t❤❡ ❡✛❡❝t✐✈❡✲t❛r✐✛ ❡❧❛st✐❝✐t② ✐s ❵❧♦❝❛❧✬ t♦ ✜r♠s ❛❝t✉❛❧❧②

✉s✐♥❣ ❋❚❆ t❛r✐✛s✱ ✐t ♥♦♥❡t❤❡❧❡ss ❝♦rr❡s♣♦♥❞s t♦ t❤❡ r❡❧❡✈❛♥t ♣r✐♠✐t✐✈❡ ♦❢ ♠♦❞❡❧s ✇✐t❤ tr❛❞❡✲r❡❣✐♠❡ ❤❡t❡r♦✲

❣❡♥❡✐t②✳ ❈r✉❝✐❛❧❧②✱ t❤✐s ❡❧❛st✐❝✐t② ✐s st❛❜❧❡ ❛❝r♦ss ♣♦❧✐❝② ❡♥✈✐r♦♥♠❡♥ts✿ ❛❝❝❡♣t✐♥❣ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛ ✜①❡❞ ε✱

t❤❡ ❡✛❡❝t✐✈❡✲t❛r✐✛ ❡❧❛st✐❝✐t② r❡♠❛✐♥s t❤❡ s❛♠❡ ✇❤❡t❤❡r ❡st✐♠❛t❡❞ ✐♥ s❛♠♣❧❡s ✇✐t❤ ❛✈❡r❛❣❡ P❯❘s ♦❢ ✶✵✪✱

✺✵✪✱ ♦r ✶✵✵✪✳

❚❤❡ ♠♦❞❡❧❧✐♥❣ ✐♠♣❧✐❝❛t✐♦♥ ✐s str❛✐❣❤t❢♦r✇❛r❞✳ P❛rt✐❛❧ ✉♣t❛❦❡ ♦❢ t❛r✐✛ ♣r❡❢❡r❡♥❝❡s s❤♦✉❧❞ ❡♥t❡r t❤r♦✉❣❤
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t❤❡ ❡✛❡❝t✐✈❡ t❛r✐✛ ❝❤❛♥❣❡✱ ♥♦t t❤r♦✉❣❤ t❤❡ ❡❧❛st✐❝✐t②✳ ❙t❛♥❞❛r❞ ♣r❛❝t✐❝❡ ✐♠♣❧✐❝✐t❧②✱ ❛♥❞ ♣❡r❤❛♣s ✉♥✇✐❧❧✐♥❣❧②✱

s❝❛❧❡s ❞♦✇♥ t❤❡ tr❛❞❡ ❡❧❛st✐❝✐t②✳ ❇❡❝❛✉s❡ ✐♠♣♦rt r❡s♣♦♥s❡s ❛r❡ ♥♦♥✲❧✐♥❡❛r ✐♥ t❛r✐✛s ✐♥ st❛♥❞❛r❞ tr❛❞❡

♠♦❞❡❧s✱ r❡s❝❛❧✐♥❣ t❤❡ ❡❧❛st✐❝✐t② ❧❡❛❞s ♦✈❡r♣r❡❞✐❝t✐♦♥ ♦❢ t❤❡ ❡✛❡❝ts ♦❢ t❛r✐✛ ❧✐❜❡r❛❧✐③❛t✐♦♥✳ ❚❤❡♦r②✲❝♦♥s✐st❡♥t

♠♦❞❡❧❧✐♥❣ r❡q✉✐r❡s ❛❞❥✉st✐♥❣ t❤❡ t❛r✐✛ r❡❞✉❝t✐♦♥ ✐ts❡❧❢ ❜② t❤❡ r❡❧❡✈❛♥t ♣r❡❢❡r❡♥❝❡ ✉t✐❧✐③❛t✐♦♥ r❛t❡✱ ✇❤✐❧❡

❦❡❡♣✐♥❣ t❤❡ ❡❧❛st✐❝✐t② ❛s ❛ ♣♦❧✐❝②✲✐♥✈❛r✐❛♥t str✉❝t✉r❛❧ ♣❛r❛♠❡t❡r✳

❚❤❡ r❡♠❛✐♥❞❡r ♦❢ t❤❡ s❡❝t✐♦♥ ✐❧❧✉str❛t❡s t❤❡s❡ ♣♦✐♥ts ✐♥ t❤❡ ❝♦♥t❡①t ♦❢ t❤❡ ❊❯✲❏❛♣❛♥ tr❛❞❡ ❛❣r❡❡♠❡♥t✳

■ ✜rst r❡❧❛t❡ t❤❡ ❡st✐♠❛t❡❞ ❡❧❛st✐❝✐t② t♦ st❛♥❞❛r❞ tr❛❞❡ ♠♦❞❡❧s ❛♥❞ ❞✐s❝✉ss ❤♦✇ ♣r❡❢❡r❡♥❝❡ ✉t✐❧✐③❛t✐♦♥ ❝❛♥

❜❡ ✐♥❝♦r♣♦r❛t❡❞✳ ■ t❤❡♥ ♣r❡s❡♥t ❛ q✉❛♥t✐t❛t✐✈❡ ❡①❡r❝✐s❡ ✉s✐♥❣ t✇♦ ♠♦❞❡r♥ ❣❡♥❡r❛❧ ❡q✉✐❧✐❜r✐✉♠ ♠♦❞❡❧s✿ ♦♥❡

t❤❛t ✭✐♥❝♦rr❡❝t❧②✮ s❝❛❧❡s t❤❡ ❡❧❛st✐❝✐t② t♦ ❝❛♣t✉r❡ ♣❛rt✐❛❧ ✉♣t❛❦❡✱ ❛♥❞ ♦♥❡ t❤❛t ✭❝♦rr❡❝t❧②✮ s❝❛❧❡s t❤❡ t❛r✐✛

❝❤❛♥❣❡ ✐ts❡❧❢✳

✻✳✶ ■♥t❡r♣r❡t✐♥❣ t❤❡ ❡❧❛st✐❝✐t②

❈♦st✐♥♦t ❛♥❞ ❘♦❞rí❣✉❡③✲❈❧❛r❡ ✭✷✵✶✹✮ s❤♦✇ t❤❛t ♠❛♥② ♠✐❝r♦✲❢♦✉♥❞❛t✐♦♥s ❢♦r tr❛❞❡ ♠♦❞❡❧s ❞❡❧✐✈❡r s✐♠✐❧❛r

❣❡♥❡r❛❧✲❡q✉✐❧✐❜r✐✉♠ ❝♦✉♥t❡r❢❛❝t✉❛❧s✳ ■♥ ♠♦❞❡❧s ✇✐t❤ ♣❡r❢❡❝t ❝♦♠♣❡t✐t✐♦♥✱ ♦r ✐♠♣❡r❢❡❝t ❝♦♠♣❡t✐t✐♦♥ ✇✐t❤

❤♦♠♦❣❡♥❡♦✉s ✜r♠s✱ t❤❡ ❦❡② ♣❛r❛♠❡t❡r ✐s t❤❡ tr❛❞❡ ❡❧❛st✐❝✐t② σ✱ ✇❤✐❝❤ ❣♦✈❡r♥s t❤❡ ✐♥t❡♥s✐✈❡✲♠❛r❣✐♥ r❡s♣♦♥s❡

♦❢ tr❛❞❡ ✢♦✇s t♦ tr❛❞❡ ❝♦sts✳

■♥ ♠♦❞❡❧s ✇✐t❤ ✜r♠✲❧❡✈❡❧ ❤❡t❡r♦❣❡♥❡✐t② à ❧❛ ▼❡❧✐t③ ✭✷✵✵✸✮✱ t✇♦ ♠❛r❣✐♥s ♠❛tt❡r✿ t❤❡ ✐♥t❡♥s✐✈❡ ♠❛r❣✐♥✱

st✐❧❧ ❣♦✈❡r♥❡❞ ❜② σ✱ ❛♥❞ t❤❡ ❡①t❡♥s✐✈❡ ♠❛r❣✐♥✱ ❣♦✈❡r♥❡❞ ❜② t❤❡ ♣❛r❛♠❡t❡r θ✳ ■♥ t❤❡s❡ s❡tt✐♥❣s✱ t❤❡

❡❧❛st✐❝✐t② ♦❢ ✐♠♣♦rts ✇✐t❤ r❡s♣❡❝t t♦ t❛r✐✛s ❞✐✛❡rs ❢r♦♠ t❤❡ ❡❧❛st✐❝✐t② ✇✐t❤ r❡s♣❡❝t t♦ ✐❝❡❜❡r❣ tr❛❞❡ ❝♦sts

✭❡✳❣✳✱ tr❛♥s♣♦rt ❝♦sts✮✱ ❜❡❝❛✉s❡ t❛r✐✛ r❡✈❡♥✉❡s ❛r❡ ❝♦❧❧❡❝t❡❞ ❜② t❤❡ ✐♠♣♦rt✐♥❣ ❝♦✉♥tr②✳

❙✐♥❝❡ t❤❡ ♣❛rt✐❛❧ ✉♣t❛❦❡ ♦❢ t❛r✐✛ ♣r❡❢❡r❡♥❝❡s r❡✢❡❝ts ✜r♠✲❧❡✈❡❧ ❤❡t❡r♦❣❡♥❡✐t②✱ ❡✈❛❧✉❛t✐♥❣ ❋❚❆s ✐♥ str✉❝✲

t✉r❛❧ ♠♦❞❡❧s r❡q✉✐r❡s ✉♥❞❡rst❛♥❞✐♥❣ ❜♦t❤ ♠❛r❣✐♥s✳ ■t ✐s t❤❡r❡❢♦r❡ ✉s❡❢✉❧ t♦ ❤❛✈❡ ❛ s❡♥s❡ ♦❢ t❤❡ ♠❛❣♥✐t✉❞❡s

♦❢ σ ❛♥❞ θ✳

❯♥❞❡r t❤❡ st❛♥❞❛r❞ ▼❡❧✐t③✲P❛r❡t♦ ♠♦❞❡❧✱ t❤❡ t♦t❛❧ t❛r✐✛ ❡❧❛st✐❝✐t② ❝❛♥ ❜❡ ❡①♣r❡ss❡❞ ❛s σθ/(σ − 1)✱

✇❤❡r❡ θ r❡♣r❡s❡♥ts t❤❡ P❛r❡t♦ s❤❛♣❡ ♣❛r❛♠❡t❡r ♦❢ t❤❡ ✜r♠ ♣r♦❞✉❝t✐✈✐t② ❞✐str✐❜✉t✐♦♥✳ ■♥ ♣r❛❝t✐❝❡✱ ✇❡ ✇❛♥t

t♦ ❤❛✈❡ ❛♥ ✐❞❡❛ ♦❢ t❤❡ s✐③❡s ♦❢ σ ❛♥❞ θ✳ ❈♦st✐♥♦t ❛♥❞ ❘♦❞rí❣✉❡③✲❈❧❛r❡ ✭✷✵✶✹✮ ✇♦r❦ ✇✐t❤ ❛♥ ❛ss✉♠♣t✐♦♥

t❤❛t θ = 1.65 × σ✳ ❈r♦③❡t ❛♥❞ ❑♦❡♥✐❣ ✭✷✵✶✵✮✱ ✉s✐♥❣ ✜r♠✲❧❡✈❡❧ ❞❛t❛✱ ❡st✐♠❛t❡ ❛ r❡❧❛t✐♦♥ θ = 1.4 × σ ♦♥

❛❣❣r❡❣❛t❡ tr❛❞❡ ✢♦✇s✳

❍❡r❡✱ ■ ✉s❡ t❤❡ ❞②♥❛♠✐❝s ♦❢ ♣r❡❢❡r❡♥❝❡ ✉t✐❧✐③❛t✐♦♥ t♦❣❡t❤❡r ✇✐t❤ t❤❡ ❡st✐♠❛t❡❞ ❤♦r✐③♦♥✲s♣❡❝✐✜❝ t❛r✐✛

❡❧❛st✐❝✐t✐❡s t♦ ✐♥❢❡r t❤❡ ✐♥t❡♥s✐✈❡✲ ❛♥❞ ❡①t❡♥s✐✈❡✲♠❛r❣✐♥ ❡❧❛st✐❝✐t✐❡s✳ ❈♦♥❝❡♣t✉❛❧❧②✱ t❤❡ t♦t❛❧ ❡❧❛st✐❝✐t② ❛t

❤♦r✐③♦♥ ❤ ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s t❤❡ s✉♠ ♦❢ t❤❡ ✐♥t❡♥s✐✈❡ ❛♥❞ ❡①t❡♥s✐✈❡ ♠❛r❣✐♥ ❝♦♥tr✐❜✉t✐♦♥s✿

❚♦t❛❧ ❡❧❛st✐❝✐t②h ≈ σ + ❊①t✳ ♠❛r❣✐♥ r❡s♣♦♥s❡ ❢r♦♠ P❯❘ ❞②♥❛♠✐❝sh
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❚♦ ❜❛❝❦ ♦✉t ✈❛❧✉❡s ♦❢ t❤❡ ✐♥t❡♥s✐✈❡ ❛♥❞ ❡①t❡♥s✐✈❡ ♠❛r❣✐♥✱ ■ s❡t ✉♣ ❛ ♥♦♥✲❧✐♥❡❛r s②st❡♠ r❡❧❛t✐♥❣ t❤❡

❡st✐♠❛t❡❞ ❤♦r✐③♦♥ ❡✛❡❝t✐✈❡✲t❛r✐✛ ❡❧❛st✐❝✐t✐❡s t♦ t❤❡ r❡s♣♦♥s❡ ♦❢ t❤❡ P❯❘ t♦ ❛ t❛r✐✛ r❡❞✉❝t✐♦♥ ❛s s❤♦✇♥ ✐♥

❋✐❣✉r❡ ✸✳ ❚❤❡ ✐♥t✉✐t✐♦♥ ✐s t❤❛t ❡①t❡♥s✐✈❡ ♠❛r❣✐♥ r❡s♣♦♥s❡ ❝❛♥ ❜❡ s✉♠♠❛r✐s❡❞ ❜② ❛ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ r❡s♣♦♥s❡

♦❢ t❤❡ P❯❘ t♦ t❤❡ t❛r✐✛ ❝❤❛♥❣❡✳ ■♥ ❆♣♣❡♥❞✐① ❇✳✷✱ ■ ❞❡r✐✈❡ ❛♥ ❡①♣r❡ss✐♦♥ ❢♦r t❤❡ t♦t❛❧ ❡❧❛st✐❝✐t② ❛s ❛

❢✉♥❝t✐♦♥ ♦❢ t❤❡ P❯❘✱ ✐ts r❡s♣♦♥s❡ t♦ ❛ t❛r✐✛ ❝❤❛♥❣❡✱ t❤❡ t❛r✐✛ ♠❛r❣✐♥ ❛♥❞ σ✳ ■ t❤❡♥ ❛s❦ ✇❤❛t ✈❛❧✉❡ ♦❢ σ

✐s ❝♦♥s✐st❡♥t ✇✐t❤ t❤❡ ❞❛t❛✳

■ ❜❛s❡ t❤✐s ❛♥❛❧②s✐s ♦♥ t❤❡ ❡✛❡❝t✐✈❡✲t❛r✐✛ ❡❧❛st✐❝✐t② s♣❡❝✐✜❝❛t✐♦♥ ❝♦♥tr♦❧❧✐♥❣ ❢♦r s❡✈❡♥ ❧❛❣s ♦❢ t❤❡ ❞❡✲

♣❡♥❞❡♥t ✈❛r✐❛❜❧❡✱ ✇❤✐❝❤ ❛r❡ st❛❜❧❡ ✐♥ t❤❡ ❧❛st ❤♦r✐③♦♥s ❛r♦✉♥❞ ❛ ✈❛❧✉❡ ♦❢ ✶✵✳ ❚❤❡ ♥♦♥✲❧✐♥❡❛r ❡st✐♠❛t✐♦♥

②✐❡❧❞s ❛ ❝❡♥tr❛❧ ✈❛❧✉❡ ♦❢ σ ≈ 5.85✳ ❚❤✐s ❡st✐♠❛t❡ ✐s r♦❜✉st t♦ ❛❧t❡r♥❛t✐✈❡ s♣❡❝✐✜❝❛t✐♦♥s✱ ✐♥❝❧✉❞✐♥❣ ❞✐✛❡r❡♥t

❧❛❣ str✉❝t✉r❡s ✐♥ t❤❡ ❧♦❝❛❧ ♣r♦❥❡❝t✐♦♥s ❛♥❞ t❤❡ ✐♥❝❧✉s✐♦♥ ♦❢ ❛ ❧✐♥❡❛r tr❡♥❞✳

❯♥❞❡r t❤❡ st❛♥❞❛r❞ ❛ss✉♠♣t✐♦♥ ♦❢ P❛r❡t♦✲❞✐str✐❜✉t❡❞ ✜r♠ ♣r♦❞✉❝t✐✈✐t②✱ ✇❡ ❝❛♥ ❡①♣r❡ss t❤❡ t♦t❛❧ t❛r✐✛

❡❧❛st✐❝✐t② ✕ ✇❤✐❝❤ ✐s ♦✉r ❡st✐♠❛t❡ ♦❢ t❤❡ ❡✛❡❝t✐✈❡✲t❛r✐✛ ❡❧❛st✐❝✐t② ✕ ❛s ε = σθ/(σ − 1)✳ ❚❛r❣❡t✐♥❣ ε = 10✱ ❛

✈❛❧✉❡ ♦❢ σ = 5.85 ✐♠♣❧✐❡s ❛ P❛r❡t♦ s❤❛♣❡ ♣❛r❛♠❡t❡r θ ≈ 8.3✳ ◆♦t❡ t❤❛t t❤❡ r❛t✐♦ ♦❢ t❤❡s❡ t✇♦ ♣❛r❛♠❡t❡rs

✐s ✶✳✺✱ r✐❣❤t ✐♥ ❜❡t✇❡❡♥ t❤❡ ✶✳✻✺ ❝♦♥s✐❞❡r❡❞ ❜② ❈♦st✐♥♦t ❛♥❞ ❘♦❞rí❣✉❡③✲❈❧❛r❡ ✭✷✵✶✹✮ ❛♥❞ t❤❡ ✶✳✹ ❡st✐♠❛t❡❞

❜② ❈r♦③❡t ❛♥❞ ❑♦❡♥✐❣ ✭✷✵✶✵✮✳ ❍♦✇❡✈❡r✱ t❤❡ t♦t❛❧ ❡❧❛st✐❝✐t② ✐s ❛❜♦✉t t✇✐❝❡ ❛s ❧❛r❣❡ ❛s t❤❡ ♦♥❡ ❝♦♥s✐❞❡r❡❞

❜② t❤❡s❡ ❛✉t❤♦rs✳

✻✳✷ ◗✉❛♥t✐t❛t✐✈❡ ❡✈❛❧✉❛t✐♦♥ ♦❢ tr❛❞❡ ❛❣r❡❡♠❡♥ts

❚❤✐s s❡❝t✐♦♥ ❡①♣❧♦r❡s t❤❡ ✐♠♣❧✐❝❛t✐♦♥s ♦❢ ❛❝❝♦✉♥t✐♥❣ ❢♦r P❯❘ ✐♥ ❣❡♥❡r❛❧ ❡q✉✐❧✐❜r✐✉♠ ♠♦❞❡❧s ♦❢ tr❛❞❡✱ ❧♦♦❦✐♥❣

❛t t❤❡ ♣r❡❞✐❝t❡❞ ❝❤❛♥❣❡s ✐♥ tr❛❞❡ ❛♥❞ ✇❡❧❢❛r❡ ❢♦❧❧♦✇✐♥❣ t❤❡ ❡♥tr② ✐♥t♦ ❢♦r❝❡ ♦❢ ❛ ❢r❡❡ tr❛❞❡ ❛❣r❡❡♠❡♥t✳

❯s✐♥❣ t❤❡ ❡❧✐❣✐❜❧❡✲t❛r✐✛ ❡❧❛st✐❝✐t② ❤❛s ✐♠♣❧✐❝❛t✐♦♥s ❢♦r ♣♦❧✐❝✐❡s t❤❛t ✐♠♣❧② ❢✉❧❧ ❝♦♠♣❧✐❛♥❝❡ ❜② ❞❡s✐❣♥✱

s✉❝❤ ❛s ❝✉st♦♠s ✉♥✐♦♥s ♦r ▼❋◆ t❛r✐✛ r❡❞✉❝t✐♦♥s✳ ■♥ s✉❝❤ ❝❛s❡s✱ r❡❧②✐♥❣ ♦♥ ❛ ❧♦✇ ❡❧❛st✐❝✐t② ❧❡❛❞s t♦

✉♥❞❡r❡st✐♠❛t✐♦♥ ♦❢ t❤❡ ❡✛❡❝ts ♦❢ t❛r✐✛ ❝❤❛♥❣❡s✳ ❇✉t t❤❡ ❝❤♦✐❝❡ ♦❢ ❡❧❛st✐❝✐t② ❛❧s♦ ♠❛tt❡rs ❢♦r t❤❡ ❡✈❛❧✉❛t✐♦♥

♦❢ ❋❚❆s ✇❤❡r❡ ❝♦♠♣❧✐❛♥❝❡ ✐s ♥♦t ❛✉t♦♠❛t✐❝✱ ✇❤✐❝❤ ✐s t❤❡ ❢♦❝✉s ♦❢ t❤✐s s❡❝t✐♦♥✳

❋♦r ♠♦❞❡❧❧✐♥❣ ❋❚❆s✱ ✐t ✐s ✉s❡❢✉❧ t♦ ❞✐st✐♥❣✉✐s❤ ❜❡t✇❡❡♥ t✇♦ ❛♣♣r♦❛❝❤❡s✳ ❚❤❡ st❛♥❞❛r❞ ❛♣♣r♦❛❝❤ ✐♥ t❤❡

❧✐t❡r❛t✉r❡ ✭❡✳❣✳✱ ❈❛❧✐❡♥❞♦ ❛♥❞ P❛rr♦✱ ✷✵✶✺✮ ❝❛♥ ❜❡ ✐♥t❡r♣r❡t❡❞ ❛s ❛♥ ❡❧✐❣✐❜❧❡✲t❛r✐✛ ❛♣♣r♦❛❝❤✿ t❛r✐✛ ❝❤❛♥❣❡s

❛r❡ ♠❡❛s✉r❡❞ ❛s t❤❡ ❢✉❧❧ r❡❞✉❝t✐♦♥ ❢r♦♠ t❤❡ ▼❋◆ t♦ t❤❡ ♣r❡❢❡r❡♥t✐❛❧ t❛r✐✛✱ ❛♥❞ t❤❡ ❡❧❛st✐❝✐t② ✉s❡❞ ✐s t❤❡

❧♦✇ ❡❧✐❣✐❜✐❧✐t② ❡❧❛st✐❝✐t②✱ ✐♠♣❧✐❝✐t❧② s❝❛❧❡❞ ❜② t❤❡ ❛✈❡r❛❣❡ P❯❘✳ ❇② ❝♦♥tr❛st✱ t❤❡ ❡✛❡❝t✐✈❡✲t❛r✐✛ ❛♣♣r♦❛❝❤ ✕

❝♦♥s✐st❡♥t ✇✐t❤ ❛ ♠♦❞❡❧ ✇❤❡r❡ ✜r♠s s❡❧❢✲s❡❧❡❝t ✐♥t♦ t❤❡ ♣r❡❢❡r❡♥t✐❛❧ r❡❣✐♠❡ ✕ ✉s❡s t❤❡ ❧❛r❣❡r ❡✛❡❝t✐✈❡✲t❛r✐✛

❡❧❛st✐❝✐t② ❜✉t s❝❛❧❡s t❤❡ t❛r✐✛ ❝❤❛♥❣❡ ✐ts❡❧❢ ❜② t❤❡ P❯❘✳ ■♥ s❤♦rt✱ t❤❡ t✇♦ ❛♣♣r♦❛❝❤❡s ❞✐✛❡r ✐♥ ✇❤❡r❡ t❤❡

P❯❘ ❡♥t❡rs✿ t❤❡ ❡❧✐❣✐❜❧❡✲t❛r✐✛ ♠❡t❤♦❞ s❝❛❧❡s t❤❡ ❡❧❛st✐❝✐t②❀ t❤❡ ❡✛❡❝t✐✈❡✲t❛r✐✛ ♠❡t❤♦❞ s❝❛❧❡s t❤❡ t❛r✐✛

❝❤❛♥❣❡✳

❚♦ ♠❛❦❡ t❤❡ ❝♦♠♣❛r✐s♦♥ ❜❡t✇❡❡♥ t❤❡ t✇♦ ♠♦❞❡❧❧✐♥❣ str❛t❡❣✐❡s ❛s ❝❧♦s❡ ❛s ♣♦ss✐❜❧❡✱ ■ ❛❞♦♣t ❛ ▼❡❧✲

✷✸



✐t③✲P❛r❡t♦ ♠♦❞❡❧ ❢♦r t❤❡ ❡❧✐❣✐❜❧❡✲t❛r✐✛ s♣❡❝✐✜❝❛t✐♦♥ ❛♥❞ ❛ ✈❡rs✐♦♥ ♦❢ ❉❡♠✐❞♦✈❛ ❛♥❞ ❑r✐s❤♥❛ ✭✷✵✵✽✮ ❢♦r t❤❡

❡✛❡❝t✐✈❡✲t❛r✐✛ s♣❡❝✐✜❝❛t✐♦♥✳ ❇♦t❤ ♠♦❞❡❧s ❢❡❛t✉r❡ ♠✉❧t✐♣❧❡ s❡❝t♦rs✱ ♥♦ ✐♥t❡r♠❡❞✐❛t❡ ✐♥♣✉ts✱ ❛♥❞ ❧❛❜♦✉r Li

✐s t❤❡ s✐♥❣❧❡ ❢❛❝t♦r ♦❢ ♣r♦❞✉❝t✐♦♥ ❡❛r♥✐♥❣ ✇❛❣❡ wi✳ ■♥ ❜♦t❤ s❡tt✐♥❣s✱ t❤❡ str✉❝t✉r❛❧ t❛r✐✛ ❡❧❛st✐❝✐t② ✐s ❣✐✈❡♥

❜② ε = θσ/(σ − 1)✱ ✇❤❡r❡ σ ✐s t❤❡ ✐♥t❡♥s✐✈❡✲♠❛r❣✐♥ ❡❧❛st✐❝✐t② ❛♥❞ θ ✐s t❤❡ P❛r❡t♦ s❤❛♣❡ ♣❛r❛♠❡t❡r ♦❢ t❤❡

♣r♦❞✉❝t✐✈✐t② ❞✐str✐❜✉t✐♦♥✳

❚❤❡ t✇♦ ♠♦❞❡❧s s❤❛r❡ ❛❧❧ str✉❝t✉r❛❧ ❢❡❛t✉r❡s ❡①❝❡♣t ❢♦r t❛r✐✛✲r❡❣✐♠❡ ❤❡t❡r♦❣❡♥❡✐t②✳ ❚❤✐s r❡❣✐♠❡ ❤❡t✲

❡r♦❣❡♥❡✐t② ❛r✐s❡s ❛s ❛❝❝❡ss✐♥❣ t❛r✐✛ ♣r❡❢❡r❡♥❝❡s ✐♥✈♦❧✈❡s ❛♥ ❛❞❞✐t✐♦♥❛❧ ✜①❡❞ ❝♦st ❝♦♠♣❛r❡❞ t♦ t❤❡ st❛♥❞❛r❞

▼❋◆ r❡❣✐♠❡✱ ❜✉t ❣r❛♥ts ❧♦✇❡r ✈❛r✐❛❜❧❡ ❝♦sts t❤r♦✉❣❤ t❤❡ ♣r❡❢❡r❡♥t✐❛❧ t❛r✐✛ r❛t❡s✳ ❚❤❡ ✜①❡❞✴✈❛r✐❛❜❧❡ ❝♦sts

tr❛❞❡✲♦✛ ✐♠♣❧✐❡s t❤❛t ♦♥❧② t❤❡ ♠♦st ♣r♦❞✉❝t✐✈❡ ✜r♠s ❛❝❝❡ss t❤❡ ♣r❡❢❡r❡♥t✐❛❧ t❛r✐✛ r❡❣✐♠❡✳ ■♠♣♦rt❛♥t❧② ❢♦r

t❤❡ ❝♦♠♣❛r✐s♦♥✱ t❤❡ ❡✛❡❝t✐✈❡✲t❛r✐✛ ♠♦❞❡❧ ❝♦❧❧❛♣s❡s t♦ t❤❡ ❡❧✐❣✐❜❧❡✲t❛r✐✛ ♦♥❡ ✉♥❞❡r t❤❡ r❡str✐❝t✐♦♥ ♦❢ ♥♦ ❝♦st

t♦ ❛❝❝❡ss ♣r❡❢❡r❡♥t✐❛❧ t❛r✐✛s✳ ■♥ t❤✐s s❡♥s❡✱ t❤❡ ❡✛❡❝t✐✈❡✲t❛r✐✛ ♠♦❞❡❧ ♥❡sts t❤❡ st❛♥❞❛r❞ ♦♥❡✳

■ ✜rst r❡✈✐❡✇ t❤❡ ♣r❡❞✐❝t✐♦♥ ♦❢ t❤❡ ♠♦❞❡❧s ✐♥ t❡r♠s ♦❢ ♣❛rt✐❛❧ ❡✛❡❝ts ✕ ✐✳❡✳✱ ❤♦❧❞✐♥❣ ✐♥❝♦♠❡ ❛♥❞ ♣r✐❝❡

✐♥❞❡①❡s ❝♦♥st❛♥t ✕ ❛♥❞ t❤❡♥ ♠♦✈❡ t♦ t❤❡ ❣❡♥❡r❛❧ ❡q✉✐❧✐❜r✐✉♠ s❡tt✐♥❣✳

✻✳✷✳✶ P❛rt✐❛❧ ❡✛❡❝ts

❇❡❢♦r❡ t✉r♥✐♥❣ t♦ t❤❡ ❣❡♥❡r❛❧ ❡q✉✐❧✐❜r✐✉♠ ❝♦✉♥t❡r❢❛❝t✉❛❧s✱ ✐t ✐s ✉s❡❢✉❧ t♦ ❝♦♠♣❛r❡ t❤❡ ♣❛rt✐❛❧ ❡q✉✐❧✐❜r✐✉♠

♣r❡❞✐❝t✐♦♥s ♦❢ t❤❡ t✇♦ ♠♦❞❡❧❧✐♥❣ ❛♣♣r♦❛❝❤❡s✳ ■ r❡❧② ♦♥ ❡①❛❝t ❤❛t ❛❧❣❡❜r❛✱ ❝♦♠♣❛r✐♥❣ t❤❡ ❋❚❆ s❝❡♥❛r✐♦ t♦

❛ ❜❛s❡❧✐♥❡✳ ❍❛ts ❞❡♥♦t❡ ♣r♦♣♦rt✐♦♥❛❧ ❝❤❛♥❣❡s✱ x̂ = x′/x❀ t❤✉s x̂ = 1 ✐♥❞✐❝❛t❡s ♥♦ ❝❤❛♥❣❡ r❡❧❛t✐✈❡ t♦ t❤❡

❜❛s❡❧✐♥❡✳

▲❡t T = τMFN/τPRF ❞❡♥♦t❡ t❤❡ ♠❛r❣✐♥ ❜❡t✇❡❡♥ t❤❡ ▼❋◆ ❛♥❞ ♣r❡❢❡r❡♥t✐❛❧ t❛r✐✛✱ ✇✐t❤ τMFN =

1 +▼❋◆ t❛r✐✛ ❛♥❞ τPRF = 1 + P❘❋ t❛r✐✛✳

❚❤❡ st❛♥❞❛r❞ ❡❧✐❣✐❜❧❡✲t❛r✐✛ ♠♦❞❡❧ ♣r❡❞✐❝ts ♣r❡❞✐❝ts t❤❡ ♣❛rt✐❛❧ ❡q✉✐❧✐❜r✐✉♠ ✐♠♣♦rt r❡s♣♦♥s❡ ❛s✿

M̂❊❧✐❣✐❜❧❡ = T ε❊❧✐❣✐❜❧❡ = T ε×PUR ✭✶✶✮

s✐♥❝❡ t❤✐s ♠❡t❤♦❞ ❛♣♣❧✐❡s t❤❡ ❢✉❧❧ t❛r✐✛ ❝❤❛♥❣❡ ❜✉t ✉s❡s t❤❡ s❝❛❧❡❞ ❡❧❛st✐❝✐t② ε❊❧✐❣✐❜❧❡ = ε× PUR✳

■♥ ❝♦♥tr❛st✱ t❤❡ ❡✛❡❝t✐✈❡✲t❛r✐✛ ♠♦❞❡❧ ♣r❡❞✐❝ts✿

M̂❊✛❡❝t✐✈❡ = 1 + (T σ − 1) s ✭✶✷✮

✇❤❡r❡ s ✐s t❤❡ ✭❡♥❞♦❣❡♥♦✉s✮ s✐③❡✲s❤❛r❡ ♦❢ ✜r♠s t❤❛t ✉s❡ t❤❡ ♣r❡❢❡r❡♥t✐❛❧ r❡❣✐♠❡✳ ❲❤✐❧❡ s ✐s ♥♦t ❞✐r❡❝t❧②

♦❜s❡r✈❛❜❧❡✱ ✐t ❝❛♥ ❜❡ r❡❝♦✈❡r❡❞ ❢r♦♠ t❤❡ ♦❜s❡r✈❡❞ P❯❘ ❣✐✈❡♥ σ ❛♥❞ t❤❡ t❛r✐✛ ♠❛r❣✐♥ ❛s s❤♦✇♥ ✐♥ ✭✷✷✮ ✐♥

t❤❡ ❆♣♣❡♥❞✐①✳ ■♠♣♦rt❛♥t❧②✱ ✇❡ ❤❛✈❡ s = 0 ✇❤❡♥ PUR = 0 ❛♥❞ s = 1 ✇❤❡♥ PUR = 1✳✸

✸❚❤❡ ♠❡❛s✉r❡ s ❝❛♥ ❜❡ ✐♥t❡r♣r❡t❡❞ ❛s t❤❡ ❡①♣♦rt s❤❛r❡ ♦❢ ✜r♠s ✉s✐♥❣ t❤❡ ❋❚❆ ✐❢ t❤❡② ✇❡r❡ t♦ ❢❛❝❡ t❤❡ s❛♠❡ t❛r✐✛ ❛s t❤❡
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❖♥❡ ❝♦✉❧❞ ❛r❣✉❡ t❤❛t t❤❡ ♣❛rt✐❛❧ ✉♣t❛❦❡ ♦❢ t❛r✐✛ ♣r❡❢❡r❡♥❝❡s ✐s ❛❝❝♦✉♥t❡❞ ❢♦r ✐♥ t❤❡ s❝❛❧❡❞ ❡❧❛st✐❝✐t②✱ ❛s

ε❊❧✐❣✐❜❧❡ = ε×PUR✳ ❍♦✇❡✈❡r✱ ❜❡❝❛✉s❡ t❤❡ ✐♠♣♦rt r❡s♣♦♥s❡ ✐s ♥♦♥✲❧✐♥❡❛r ✐♥ t❛r✐✛s✱ s❝❛❧✐♥❣ t❤❡ ❡❧❛st✐❝✐t② ❞♦❡s

♥♦t r❡♣❧✐❝❛t❡ t❤❡ ♠❡❝❤❛♥✐❝s ♦❢ t❤❡ ❡✛❡❝t✐✈❡✲t❛r✐✛ ♠♦❞❡❧✳ ❆s ❛ r❡s✉❧t✱ t❤❡ ❡❧✐❣✐❜❧❡✲t❛r✐✛ ♠♦❞❡❧ s②st❡♠❛t✐❝❛❧❧②

♣r❡❞✐❝ts ❧❛r❣❡r ❝❤❛♥❣❡s ✐♥ ✐♠♣♦rts t❤❛♥ t❤❡ ❡✛❡❝t✐✈❡✲t❛r✐✛ ♠♦❞❡❧✳

❆ ❝❧♦s❡❞✲❢♦r♠ ❛♥❛❧②t✐❝❛❧ ❝♦♠♣❛r✐s♦♥ ♦❢ ✭✶✶✮ ❛♥❞ ✭✶✷✮ ✐s ♥♦t ♣♦ss✐❜❧❡✱ s♦ ■ ❝♦♥❞✉❝t t✇♦ ♥✉♠❡r✐❝❛❧

❡①❡r❝✐s❡s✳ ❚❤r♦✉❣❤♦✉t✱ ■ ✜① ε = 10✳

■ ✜rst ✜① t❤❡ t❛r✐✛ ♠❛r❣✐♥ ❛♥❞ t❤❡ ✉t✐❧✐③❛t✐♦♥ r❛t❡ ❝❧♦s❡ t♦ t❤❡✐r s❛♠♣❧❡ ❛✈❡r❛❣❡s ✭r❡s♣❡❝t✐✈❡❧② ✶✳✵✺

❛♥❞ ✸✵✪✮✱ ❛♥❞ ❝♦♥s✐❞❡r ❞✐✛❡r❡♥t ✈❛❧✉❡s ♦❢ σ ❢r♦♠ ✷ t♦ ✻✳ ❚❤❡ ❡❧✐❣✐❜✐❧✐t② ♠♦❞❡❧ r❡s♣♦♥s❡✱ ✇❤✐❝❤ ❞♦❡s ♥♦t

❞❡♣❡♥❞ ♦♥ σ✱ ♣r❡❞✐❝ts ❛ ❝❤❛♥❣❡ ✐♥ ✐♠♣♦rts ♦❢ ✶✺✳✽✪✳ ❚❤❡ ❡✛❡❝t✐✈❡✲t❛r✐✛ ♠♦❞❡❧ ✐♥st❡❛❞ ♣r❡❞✐❝ts ❝❤❛♥❣❡s

❜❡t✇❡❡♥ ✷✳✽✪ ❛♥❞ ✾✳✺✪✱ ❞❡♣❡♥❞✐♥❣ ♦♥ σ✳

❙❡❝♦♥❞✱ ■ ❡①♣❡r✐♠❡♥t ✇✐t❤ ❞✐✛❡r❡♥t ✈❛❧✉❡s ♦❢ t❤❡ t❛r✐✛ ♠❛r❣✐♥ ❛♥❞ P❯❘✱ ✜①✐♥❣ σ = 5.85✳ ■♥ t❤✐s s❡t

♦❢ ❡✈❛❧✉❛t✐♦♥✱ ■ ❝♦♥s✐❞❡r t❤❡ P❯❘ ❛♥❞ t❛r✐✛ ♠❛r❣✐♥ str✉❝t✉r❛❧❧② r❡❧❛t❡❞✱ s✉❝❤ t❤❛t ❛ ❤✐❣❤❡r t❛r✐✛ ♠❛r❣✐♥

♣r♦❞✉❝❡s ❛ ❤✐❣❤❡r P❯❘✳ ●✉✐❞❡❞ ❜② t❤❡ r❡s✉❧ts ♦♥ t❤❡ r❡s♣♦♥s❡ ♦❢ t❤❡ P❯❘ t♦ ❛ t❛r✐✛ r❡❞✉❝t✐♦♥ ♣r❡s❡♥t❡❞

✐♥ ❋✐❣✉r❡ ✭✸✮✱ ■ ❛ss✉♠❡ ❛ r❡❧❛t✐♦♥ PUR = 4× lnT ✳ ▲❡tt✐♥❣ T ✈❛r② ❜❡t✇❡❡♥ ✶✳✵✷✲✶✳✷✺✱ t❤❡ ❡❧✐❣✐❜✐❧✐t② ♠♦❞❡❧

❛❧✇❛②s ♦✈❡r♣r❡❞✐❝ts t❤❡ ♣❛rt✐❛❧ tr❛❞❡ ❡✛❡❝ts ❝♦♠♣❛r❡❞ t♦ t❤❡ ❡✛❡❝t✐✈❡✲t❛r✐✛ ♠♦❞❡❧✳ ❋♦r t❤❡ ❧❛r❣❡st t❛r✐✛

♠❛r❣✐♥ ♦❢ 1.25✱ t❤❡ ❡❧✐❣✐❜✐❧✐t② ♠♦❞❡❧ ♦✈❡r✲♣r❡❞✐❝ts ❝♦♠♣❛r❡❞ ❜② t❤❡ ❡✛❡❝t✐✈❡✲t❛r✐✛ ♠♦❞❡❧ ❜② ❛ ❢❛❝t♦r ♦❢ ✸✳✹✳

❚❤❡ ❢✉❧❧ s❡t ♦❢ r❡s✉❧ts ✐s r❡♣♦rt❡❞ ✐♥ ❚❛❜❧❡ ✸❛ ✐♥ t❤❡ ❆♣♣❡♥❞✐①✳

✻✳✷✳✷ ●❡♥❡r❛❧ ❡q✉✐❧✐❜r✐✉♠

❋♦r t❤❡ ❝♦♠♣❛r✐s♦♥ ♦❢ t❤❡ ❣❡♥❡r❛❧ ❡q✉✐❧✐❜r✐✉♠ ❡✛❡❝ts✱ ■ ♣r♦✈✐❞❡ ♥✉♠❡r✐❝❛❧ r❡s✉❧ts ❢♦r t❤❡ ❊❯✲❏❛♣❛♥ tr❛❞❡

❛❣r❡❡♠❡♥t✱ ❛s ❜♦t❤ ♣❛rt✐❡s r❡♣♦rt ❞❛t❛ ♦♥ P❯❘ ❢♦r t❤❡ ❛❣r❡❡♠❡♥t✳

❚❤❡ ●❊ ❛♥❛❧②s✐s ✐s ❜❛s❡❞ ♦♥ ❛ st❛t✐❝ ♠✉❧t✐✲s❡❝t♦r ♠♦❞❡❧ ✇✐t❤♦✉t ✐♥t❡r♠❡❞✐❛t❡ ✐♥♣✉ts✱ ✇✐t❤ ✜r♠ ❤❡t✲

❡r♦❣❡♥❡✐t② ❛♥❞ ❧❛❜♦✉r ❛s t❤❡ ♦♥❧② ❢❛❝t♦r ♦❢ ♣r♦❞✉❝t✐♦♥✳ ❈♦♥s✉♠♣t✐♦♥ ❛❝r♦ss ❞✐✛❡r❡♥t s❡❝t♦rs ✐s ❛❣❣r❡❣❛t❡❞

✇✐t❤ ❛ ❈♦❜❜✲❉♦✉❣❧❛s ❢✉♥❝t✐♦♥✳ ❉❡t❛✐❧s ♦❢ t❤❡ ♠♦❞❡❧❧✐♥❣ ❛r❡ r❡♣♦rt❡❞ ✐♥ t❤❡ ❆♣♣❡♥❞✐① ❙❡❝t✐♦♥ ❊✳

❚❤❡ st❛♥❞❛r❞ ❡❧✐❣✐❜❧❡✲t❛r✐✛ ♠♦❞❡❧ ✐s t❤❡ ♠✉❧t✐✲s❡❝t♦r ▼❡❧✐t③✲P❛r❡t♦ ♠♦❞❡❧ ✇✐t❤ t❛r✐✛s r❡✈✐❡✇❡❞ ✐♥

❈♦st✐♥♦t ❛♥❞ ❘♦❞rí❣✉❡③✲❈❧❛r❡ ✭✷✵✶✹✮✳ ❆❧t❤♦✉❣❤ t❤❡ ❡✛❡❝t✐✈❡✲t❛r✐✛ ♠♦❞❡❧ ❞♦❡s ♥♦t ②✐❡❧❞ ❛ ❣r❛✈✐t② ❡q✉❛t✐♦♥

✇❤✐❝❤ ✐s ❧♦❣✲❧✐♥❡❛r ✐♥ t❛r✐✛s✱ t❤❡ ❣❡♥❡r❛❧ ❡q✉✐❧✐❜r✐✉♠ ❝♦✉♥t❡r❢❛❝t✉❛❧s ❝❛♥ ❜❡ ❝♦♠♣✉t❡❞ ✇✐t❤ ❡①❛❝t ❤❛t

❛❧❣❡❜r❛ ❛s ✐♥ t❤❡ ❝❧❛ss ♦❢ ♠♦❞❡❧s r❡✈✐❡✇❡❞ ❜② ❈♦st✐♥♦t ❛♥❞ ❘♦❞rí❣✉❡③✲❈❧❛r❡ ✭✷✵✶✹✮✳

❋♦r t❤❡ ❡❧✐❣✐❜❧❡✲t❛r✐✛ ♠♦❞❡❧✱ ■ s♦❧✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ s②st❡♠ ♦❢ ♥♦♥✲❧✐♥❡❛r ❡q✉❛t✐♦♥s✿

✜r♠s ♥♦t ✉s✐♥❣ t❤❡ ❋❚❆✳
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ŶiYi =
∑

k

∑

j

λijk

τ̂1−ε❊❧✐❣✐❜❧❡

ijk

(

Ŷi

)−θ+−θ+σ−1
σ−1

∑n
i′=1 λi′jkτ̂

1−ε❊❧✐❣✐❜❧❡

i′jk

(

Ŷi′
)−θ+−θ+σ−1

σ−1

βjk
Yj Ŷj
1− π′

j

✭✶✸✮

✇❤❡r❡ λijk = Xijk/Ejk ✐s t❤❡ ❡①♣❡♥❞✐t✉r❡ s❤❛r❡ ♦❢ ❝♦✉♥tr② j s❡❝t♦r k ♦♥ ❡①♣♦rts ❢r♦♠ ❝♦✉♥tr② i✱ βjk ✐s

t❤❡ ❡①♣❡♥❞✐t✉r❡ s❤❛r❡ ♦❢ ❝♦✉♥tr② j ✐♥ s❡❝t♦r k✱ ❛♥❞ πj r❡♣r❡s❡♥ts t❛r✐✛ r❡✈❡♥✉❡s ✐♥ ❝♦✉♥tr② j✳ ❚❤❡ t❛r✐✛

❝❤❛♥❣❡ τ̂ijk ✐s ❡q✉❛❧ t♦ t❤❡ ▼❋◆✴P❘❋ t❛r✐✛ ♠❛r❣✐♥ ❢♦r ❊❯✲❏❛♣❛♥ tr❛❞❡ ✭τ̂ijk = τPRF
ijk /τMFN

ijk ✮ ❛♥❞ τ̂ijk = 1

❢♦r ❛❧❧ ♦t❤❡r ❝♦✉♥tr✐❡s✳ ◆♦t❡ t❤❛t t❤❡ ❡①♣♦♥❡♥t ♦♥ t❤❡ t❛r✐✛ ❝❤❛♥❣❡ ✐s 1 − ε❊❧✐❣✐❜❧❡ ❛s t❤❡ ❝♦✉♥t❡r❢❛❝t✉❛❧

♠♦❞❡❧❧✐♥❣ ✐s ❞♦♥❡ ♦♥ t❛r✐✛✲✐♥❝❧✉s✐✈❡ tr❛❞❡ ✢♦✇s✳

■ ❝♦♥s✐❞❡r t✇♦ ❛♣♣r♦❛❝❤❡s ❢♦r ♠❡❛s✉r✐♥❣ t❤❡ t❛r✐✛ ❡❧❛st✐❝✐t② ε❊❧✐❣✐❜❧❡✳ ■♥ t❤❡ ✜rst ❝❛s❡✱ ❧❛❜❡❧❧❡❞ ❵❊❧✐❣✐❜✐❧✐t②

♥♦✲P❯❘✬ ■ ❝♦♥s✐❞❡r ε❊❧✐❣✐❜❧❡ ❛s ❛ ❝♦♥st❛♥t✱ ❛♥❞ ✜① ε❊❧✐❣✐❜❧❡ = θσ/(σ − 1) = 3.5 t♦ t❛r❣❡t t❤❡ ❤♦r✐③♦♥✲

✷✽ ❡st✐♠❛t❡s ❢r♦♠ t❤❡ ❡❧✐❣✐❜❧❡✲t❛r✐✛ r❡❣r❡ss✐♦♥s r❡♣♦rt❡❞ ✐♥ ❋✐❣✉r❡ ✺❛✳ ❚❤✐s ✐s t❤❡ st❛♥❞❛r❞ ♠♦❞❡❧❧✐♥❣

❛♣♣r♦❛❝❤✳

■♥ t❤❡ s❡❝♦♥❞ ❝❛s❡✱ ❧❛❜❡❧❧❡❞ ❵❊❧✐❣✐❜✐❧✐t②✰P❯❘✬ ■ ❢♦❧❧♦✇ t❤❡ s❛♠❡ ❧♦❣✐❝ ✉s❡❞ ❢♦r t❤❡ ❝♦♠♣❛r✐s♦♥ ♦❢ t❤❡

♣❛rt✐❛❧ ❡✛❡❝ts✱ ❛♥❞ s❡t ε❊❧✐❣✐❜❧❡ijk = PURijk × ε✱ ✜①✐♥❣ t❤❡ str✉❝t✉r❛❧ ♣❛r❛♠❡t❡r t♦ ε = 10✳ ❍❡r❡ ■ ❧❡t t❤❡

❡❧❛st✐❝✐t② ✈❛r② ❜② ❝♦✉♥tr②✲♣❛✐r✱ s♦ t♦ r❡✢❡❝t t❤❡ ❞✐✛❡r❡♥t P❯❘s ♦❢ ❊❯ ❡①♣♦rts t♦ ❏❛♣❛♥ ❛♥❞ ❊❯ ✐♠♣♦rts

❢r♦♠ ❏❛♣❛♥✳ ❚❤✐s ❡①❡r❝✐s❡ ❛❧❧♦✇s ♠❡ t♦ ✐♥❝♦r♣♦r❛t❡ t❤❡ ✐♥❢♦r♠❛t✐♦♥ ♦♥ t❤❡ P❯❘ ✐♥ t❤❡ ❡❧✐❣✐❜❧❡✲t❛r✐✛

♠♦❞❡❧✱ ❜② s❝❛❧✐♥❣ t❤❡ t❛r✐✛ ❡❧❛st✐❝✐t② ✐♥ r❡❧❛t✐♦♥ t♦ t❤❡ ♣r❡❢❡r❡♥❝❡ ✉t✐❧✐③❛t✐♦♥ r❛t❡✳

❋♦r t❤❡ ❡✛❡❝t✐✈❡✲t❛r✐✛ ♠♦❞❡❧✱ t❤❡ s②st❡♠ ♦❢ ♥♦♥✲❧✐♥❡❛r ❡q✉❛t✐♦♥s t♦ s♦❧✈❡ ✐s✿

ŶiYi =
∑

k

∑

j

λijk

(

Ŷi

)−θ− θ−σ+1
σ−1

[

1 +

(

T
σ[ιijk θ

σ−1
+(1−ιijk)]−1

ijk − 1

)

sijk

]

∑

i′ λi′jk

(

Ŷi′
)−θ− θ−σ+1

σ−1

[

1 +

(

T
σ[ιi′jk

θ
σ−1

+(1−ιi′jk)]−1

i′jk − 1

)

si′jk

]βjk
Yj Ŷj
1− π′

j

✭✶✹✮

✇❤❡r❡ Tijk = τMFN
ijk /τPRF

ijk ✐s t❤❡ t❛r✐✛ ♠❛r❣✐♥ ❢♦r ❊❯ ❛♥❞ ❏❛♣❛♥ tr❛❞❡✱ ✇❤✐❧❡ ✐t t❛❦❡s ✈❛❧✉❡ ♦❢ ♦♥❡ ❢♦r ❛❧❧

♦t❤❡r ❝♦✉♥tr✐❡s✳ ❚❤❡ P❯❘ ❡♥t❡rs t❤❡ ❡q✉❛t✐♦♥ ✐♥ t❤❡ ❝❛❧❝✉❧❛t✐♦♥ ♦❢ t❤❡ s❤❛r❡s sijk ✇❤✐❝❤ ❛r❡ ❝♦♠♣✉t❡❞ ❛s

✐♥ ✭✷✷✮ ✐♥ t❤❡ ❆♣♣❡♥❞✐①✳ ❚❤❡ t❡r♠ ι ✐s ❛ ❞✉♠♠② t❤❛t ❡q✉❛❧s ♦♥❡ ✐❢ t❤❡ P❯❘ ✐s ✶✵✵✪✱ ❛s ✐♥ s✉❝❤ ❝❛s❡ t❤❡

❡✛❡❝t✐✈❡✲t❛r✐✛ ♠♦❞❡❧ ❝♦❧❧❛♣s❡s t♦ t❤❡ st❛♥❞❛r❞ ♦♥❡ ✕ ❤❡♥❝❡ t❤❡ t❛r✐✛ ❡❧❛st✐❝✐t② ✐s 1−σθ/(σ−1) ❛s sijk = 1✳

❇♦t❤ ✭✶✸✮ ❛♥❞ ✭✶✹✮ ❛r❡ ❛ s②st❡♠ ♦❢ ◆ ❡q✉❛t✐♦♥s ✐♥ ◆ ✉♥❦♥♦✇♥s ✭♥❛t✐♦♥❛❧ ✐♥❝♦♠❡ Yi✮✳ ❆s ♦♥❡ ♦❢

t❤❡ ❡q✉❛t✐♦♥ ✐s r❡❞✉♥❞❛♥t✱ ■ s❡t ♦♥❡ ❝♦✉♥tr② ❛s t❤❡ ♥✉♠❡r❛✐r❡ ✇✐t❤ Ŷi = 1✳ Pr✐♦r t♦ r✉♥♥✐♥❣ t❤❡ ❋❚❆

❝♦✉♥t❡r❢❛❝t✉❛❧ ❡①❡r❝✐s❡✱ ■ ✉s❡ t❤❡ ♠♦❞❡❧ ❡q✉❛t✐♦♥s t♦ r❡♠♦✈❡ ❛❣❣r❡❣❛t❡ tr❛❞❡ ✐♠❜❛❧❛♥❝❡s ❛s ❡①♣❧❛✐♥❡❞ ✐♥

❈♦st✐♥♦t ❛♥❞ ❘♦❞rí❣✉❡③✲❈❧❛r❡ ✭✷✵✶✹✮✳

■♥ t❡r♠s ♦❢ t❤❡ ♠♦❞❡❧ ♣❛r❛♠❡t❡rs✱ ❢♦r t❤❡ ❡✛❡❝t✐✈❡✲t❛r✐✛ ♠♦❞❡❧ ■ t❛r❣❡t t❤❡ str✉❝t✉r❛❧ ♣❛r❛♠❡t❡r

✷✻



ε = σθ
σ−1 = 10 ✇✐t❤ t❤❡ ❧❛t❡st ❤♦r✐③♦♥s ❡❧❛st✐❝✐t② ♦❢ t❤❡ s❡✈❡♥✲❧❛❣ s♣❡❝✐✜❝❛t✐♦♥✳ ❇❛s❡❞ ♦♥ t❤❡ r❡s✉❧ts ♦❢

❙❡❝t✐♦♥ ✻✳✶✱ ■ s❡t σ = 5.85 ✐♠♣❧②✐♥❣ θ = 8.3✳ ❚❤❡ s❛♠❡ ✈❛❧✉❡s ❛r❡ ✉s❡❞ ❢♦r t❤❡ ❡❧✐❣✐❜❧❡✲t❛r✐✛ ♠♦❞❡❧ ✇✐t❤

t❤❡ t❛r✐✛ ❡❧❛st✐❝✐t② ❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ P❯❘✳

❍♦✇❡✈❡r✱ t❤❡ s❛♠❡ s❡t ♦❢ ✈❛❧✉❡s ❢♦r σ ❛♥❞ θ ❞♦ ♥♦t sq✉❛r❡ ✇❡❧❧ ✇✐t❤ s❡tt✐♥❣ ε❊❧✐❣✐❜❧❡ = σθ/(σ−1) = 3.5

✐♥ t❤❡ ❵❊❧✐❣✐❜✐❧✐t② ♥♦✲P❯❘✬ ✈❡rs✐♦♥✳ ❚♦ ♠❛✐♥t❛✐♥ s♦♠❡ ❝♦♥s✐st❡♥❝② ✇✐t❤ t❤❡ ♦t❤❡r ♠♦❞❡❧❧✐♥❣ ❞❡s✐❣♥s✱ ■

❦❡❡♣ θ/(σ − 1) ❝♦♥st❛♥t ❛t ✶✳✼✶ ✭❂✽✳✸✴✭✺✳✽✺✲✶✮✮✳ ❲❡ t❤❡♥ ♦❜t❛✐♥ σ = 2.05 ❛♥❞ θ = 1.79✳ ❖❜✈✐♦✉s❧②✱ t❤❡

❝❤♦✐❝❡ ♦❢ ❞✐✛❡r❡♥t ♣❛r❛♠❡t❡r ✈❛❧✉❡s ❢♦r σ ❛♥❞ θ ♠❛❦❡s t❤❡ ❝♦♠♣❛r✐s♦♥ ♦❢ t❤❡ t✇♦ ♠♦❞❡❧s ♠♦r❡ ❞✐✣❝✉❧t t♦

✐♥t❡r♣r❡t✱ ❛♥❞ ❝❛♥ ❤❛✈❡ ❛ ♣♦t❡♥t✐❛❧❧② ❜✐❣ ✐♠♣❛❝t ♦♥ t❤❡ ✇❡❧❢❛r❡ ❡✛❡❝ts✳ ❋♦r t❤✐s r❡❛s♦♥✱ t❤❡ ♠♦st ✐♥t❡r❡st✐♥❣

❝♦♠♣❛r✐s♦♥ ♦❢ ❜❡t✇❡❡♥ t❤❡ ❡✛❡❝t✐✈❡✲t❛r✐✛ ❛♥❞ t❤❡ ❊❧✐❣✐❜✐❧✐t②✰P❯❘ ♠♦❞❡❧s ✕ t❤❡ ❧❛tt❡r ❛❝❝♦✉♥t✐♥❣ ❢♦r t❤❡

P❯❘ ✐♥ t❤❡ t❛r✐✛ ❡❧❛st✐❝✐t②✳ ❚❛❜❧❡ ✷ s✉♠♠❛r✐s❡s t❤❡ ♣❛r❛♠❡t❡r ❝❤♦✐❝❡s✳

❚❛❜❧❡ ✷✿ ●❡♥❡r❛❧ ❡q✉✐❧✐❜r✐✉♠ ♠♦❞❡❧ ♣❛r❛♠❡t❡rs

P❛r❛♠❡t❡r ▼♦❞❡❧
❊❧✐❣✐❜✐❧✐t② ♥♦✲P❯❘ ❊❧✐❣✐❜✐❧✐t②✰P❯❘ ❊✛❡❝t✐✈❡✲t❛r✐✛

σ ✷✳✵✺ ✺✳✽✺ ✺✳✽✺
θ ✶✳✼✾ ✽✳✸ ✽✳✸
t❛r✐✛ ❡❧❛st✐❝✐t② σθ

σ−1 = 3.5 σθ
σ−1 × PURijk ✲

P❯❘ ✲ ❞❛t❛ ❢♦r ❊❯✲❏❛♣❛♥ ❞❛t❛ ❢♦r ❊❯✲❏❛♣❛♥

❚❤❡ ❝♦✉♥t❡r❢❛❝t✉❛❧ ❡①❡r❝✐s❡ ❢♦r t❤❡ ❊❯✲❏❛♣❛♥ tr❛❞❡ ❛❣r❡❡♠❡♥t ✐s ❜❛s❡❞ ♦♥ tr❛❞❡ ❛♥❞ ♣r♦❞✉❝t✐♦♥ ❞❛t❛

❢r♦♠ t❤❡ ❋■●❆❘❖ t❛❜❧❡s ❢♦r ✷✵✶✽✳ ❚❤❡ ❞❛t❛ ❤❛✈❡ ❜❡❡♥ ❛❣❣r❡❣❛t❡❞ t♦ ✸✹ s❡❝t♦rs ❛♥❞ ✶✸ ❝♦✉♥tr✐❡s✳ ■

❛❣❣r❡❣❛t❡❞ t❤❡ ❊❯✷✼ t♦ ❛ s✐♥❣❧❡ ❝♦✉♥tr② s♦ t❤❛t t❤❡ ❝♦♠♣❛r✐s♦♥ ❛❝r♦ss ♠♦❞❡❧s ✐s ♠♦r❡ str❛✐❣❤t❢♦r✇❛r❞✳

❚❤❡ t❛r✐✛ ❞❛t❛ ❛r❡ t❛❦❡♥ ❢r♦♠ ❲■❚❙✳

❚❤❡ r❡s✉❧ts ♦❢ t❤❡ s✐♠✉❧❛t✐♦♥s ❢♦r t❤❡ t❤r❡❡ ♠♦❞❡❧❧✐♥❣ ❛♣♣r♦❛❝❤❡s ❛r❡ r❡♣♦rt❡❞ ✐♥ ❋✐❣✉r❡ ✼✳ ❊❛❝❤ ♣♦✐♥t

r❡♣r❡s❡♥ts t❤❡ ♣r❡❞✐❝t❡❞ ♣❡r❝❡♥t❛❣❡ ❝❤❛♥❣❡ ✐♥ ❡①♣♦rts ❢r♦♠ ❊❯ t♦ ❏❛♣❛♥ ✭❋✐❣✉r❡ ✼❛✮ ❛♥❞ ❢r♦♠ ❏❛♣❛♥ t♦

t❤❡ ❊❯ ✭❋✐❣✉r❡ ✼❜✮✳ ❚❤❡ ❜❧✉❡ ❝✐r❝❧❡s r❡♣r❡s❡♥t t❤❡ r❡s✉❧ts ❢♦r t❤❡ ❡✛❡❝t✐✈❡✲t❛r✐✛ ♠♦❞❡❧✳ ❚❤❡ r❡❞ tr✐❛♥❣❧❡s

t❤♦s❡ ❢♦r t❤❡ ❊❧✐❣✐❜✐❧✐t②✰P❯❘ ♠♦❞❡❧✱ ✇✐t❤ t❤❡ ❡❧❛st✐❝✐t② ✈❛r②✐♥❣ ✇✐t❤ t❤❡ P❯❘✳ ❚❤❡ ❝r♦ss❡s st❛♥❞s ❢♦r t❤❡

❊❧✐❣✐❜✐❧✐t② ♥♦✲P❯❘ ♠♦❞❡❧ ✇✐t❤ ❛ ❝♦♥st❛♥t t❛r✐✛ ❡❧❛st✐❝✐t②✳ ❋♦r s♦♠❡ s❡❝t♦rs✱ t❤❡ ❊❧✐❣✐❜✐❧✐t②✰P❯❘ ♠♦❞❡❧

♦✈❡r♣r❡❞✐❝ts t❤❡ tr❛❞❡ ❡✛❡❝ts ❜② ❛ ❢❛❝t♦r ♦❢ ✷✳ ❱❛r✐❛t✐♦♥ ❛❝r♦ss s❡❝t♦rs ✐♥ t❤❡ ♦✈❡r♣r❡❞✐❝t✐♦♥s ✐s ❞✉❡ t♦

s❡❝t♦rs ❤❛✈✐♥❣ ❞✐✛❡r❡♥t P❯❘s✳

❆♣❛rt ❢♦r s❡❝t♦rs ✇✐t❤ ♥♦ ❝❤❛♥❣❡s ✐♥ t❛r✐✛s✱ ❢♦r ✇❤✐❝❤ t❤❡ tr❛❞❡ ❡✛❡❝ts ❛r❡ ♦♥❧② t❤❡ r❡s✉❧ts ♦❢ ●❊ ❢♦r❝❡s

✭❡✳❣✳✱ ❏❛♣❛♥ ❞♦❡s ♥♦t ❤❛✈❡ t❛r✐✛s ♦♥ ♠♦t♦r ✈❡❤✐❝❧❡s ❈✷✾✮✱ t❤❡ ❡✛❡❝t✐✈❡✲t❛r✐✛ ♠♦❞❡❧ ♣r❡❞✐❝ts s♠❛❧❧❡r ❡✛❡❝ts

♦❢ t❤❡ t❛r✐✛ ❧✐❜❡r❛❧✐③❛t✐♦♥ ♦♥ ❡①♣♦rts✳ ❆❣❣r❡❣❛t✐♥❣ ❛❝r♦ss ❛❧❧ s❡❝t♦rs✱ t❤❡ ❊❧✐❣✐❜✐❧✐t②✰P❯❘ ♠♦❞❡❧ ♣r❡❞✐❝ts

❛ ✶✪ ♠♦r❡ ❡①♣♦rts ❢r♦♠ t❤❡ ❊❯ t♦ ❏❛♣❛♥ ❛♥❞ ✹✪ ♠♦r❡ ❢♦r ❏❛♣❛♥ t♦ t❤❡ ❊❯ t❤❛♥ t❤❡ ❡✛❡❝t✐✈❡✲t❛r✐✛ ♠♦❞❡❧

◆❡①t✱ ❛ ❝❡♥tr❛❧ q✉❡st✐♦♥ t♦ tr❛❞❡ ♠♦❞❡❧s ✐s t❤❡ ✐♠♣❛❝t ♦❢ tr❛❞❡ ❧✐❜❡r❛❧✐③❛t✐♦♥s ♦♥ ✇❡❧❢❛r❡✳ ■♥ t❤✐s ❝❧❛ss

✷✼



♦❢ ♠♦❞❡❧s✱ ✇❡❧❢❛r❡ ❝❛♥ ❜❡ ❡①♣r❡ss❡❞ ❛s r❡❛❧ ❝♦♥s✉♠♣t✐♦♥✳ ❈❤❛♥❣❡s ✐♥ ✇❡❧❢❛r❡ ❝❛♥ ❜❡ ❝♦♠♣✉t❡❞ ✇✐t❤ t❤❡

♠♦❞✐✜❡❞ ❆❈❘ ❢♦r♠✉❧❛ ✭❆r❦♦❧❛❦✐s ❡t ❛❧✳ ✭✷✵✶✷✮✮ t♦ ❛❝❝♦✉♥t ❢♦r ♠✉❧t✐♣❧❡ s❡❝t♦rs ❛♥❞ t❛r✐✛ r❡✈❡♥✉❡s✿

Ĉj =
1− πj
1− π′

j

∏

k

(

λ̂jj,k

)−βjk/θ
✭✶✺✮

✇❤❡r❡
1−π′

j

1−πj
♠❡❛s✉r❡s t❤❡ ❝❤❛♥❣❡ ✐♥ t❛r✐✛ r❡✈❡♥✉❡s ❛♥❞ λ̂jj,k ✐s t❤❡ ❝❤❛♥❣❡ ✐♥ ❞♦♠❡st✐❝ ❝♦♥s✉♠♣t✐♦♥ s❤❛r❡s✱

❛❣❣r❡❣❛t❡ ❛❝r♦ss s❡❝t♦rs ✇✐t❤ t❤❡ s❡❝t♦r❛❧ ❡①♣❡♥❞✐t✉r❡ s❤❛r❡s βjk✳ ❲✐t❤ t❛r✐✛ r❡✈❡♥✉❡s✱ ❧❛r❣❡ ✈❛❧✉❡s ♦❢ θ

♣❧❛②s ❛♥ ❡✈❡♥ ♠♦r❡ ✐♠♣♦rt❛♥t r♦❧❡ ✐♥ ❞♦✇♥s✐③✐♥❣ t❤❡ ✇❡❧❢❛r❡ ❡✛❡❝ts t❤❛♥ ✐♥ t❤❡ st❛♥❞❛r❞ ❆❈❘ ❢♦r♠✉❧❛✱

❛s ✇❡❧❢❛r❡ ❛❧s♦ ❞❡♣❡♥❞s ♦♥ t❛r✐✛ r❡✈❡♥✉❡s✳

▼② s✐♠✉❧❛t✐♦♥s ❢♦r ❛ t❛r✐✛✲♦♥❧② ❋❚❆ ❜❡t✇❡❡♥ t❤❡ ❊❯ ❛♥❞ ❏❛♣❛♥ s❤♦✇ ✈❡r② ❧✐tt❧❡ ✇❡❧❢❛r❡ ❝❤❛♥❣❡s✱

✇❤✐❝❤ ❛r❡ ♥❡❣❛t✐✈❡ ❢♦r ❜♦t❤ t❤❡ ❡✛❡❝t✐✈❡✲t❛r✐✛ ❛♥❞ t❤❡ ❊❧✐❣✐❜✐❧✐t②✰P❯❘ ♠♦❞❡❧s✱ ✇❤✐❧❡ ✐t ✐s ♣♦s✐t✐✈❡ ❢♦r t❤❡

❊❧✐❣✐❜✐❧✐t② ♥♦✲P❯❘ ♠♦❞❡❧ ✇✐t❤ ❛ ❝♦♥st❛♥t t❛r✐✛ ❡❧❛st✐❝✐t②✳ ❆♥②✇❛②✱ ✐♥ ❛❧❧ ❝❛s❡s t❤❡ ✇❡❧❢❛r❡ ❝❤❛♥❣❡s ❛r❡

♥♦t ❞✐st✐♥❣✉✐s❤❛❜❧❡ ❢r♦♠ ✶ ✐❢ ✇❡ ❧♦♦❦ ❛t t❤❡ ✜rst ❢♦✉r ❞❡❝✐♠❛❧ ♣❧❛❝❡s✳ ❚❤❡ r❡❛s♦♥s ❢♦r t❤❡s❡ s♠❛❧❧ ✇❡❧❢❛r❡

❡✛❡❝ts ❛r❡ ❞✉❡ t♦ t❤❡ t❛r✐✛ ❧✐❜❡r❛❧✐③❛t✐♦♥s r❡♠♦✈✐♥❣ s♠❛❧❧ ✐♥✐t✐❛❧ t❛r✐✛s ✭t❤❡ ♣r❡✲❋❚❆ ❛✈❡r❛❣❡ ❛❝r♦ss s❡❝t♦rs

✐s ❛r♦✉♥❞ ✷✪✮✱ ❛♥❞ t❤❡ ❢❛❝t t❤❛t t❛r✐✛ r❡✈❡♥✉❡s ❞❡❝r❡❛s❡✳ ■♥❞❡❡❞✱ ✇❤✐❧❡ ❞♦♠❡st✐❝ ❝♦♥s✉♠♣t✐♦♥ s❤❛r❡s ❢❛❧❧

❢♦r ❜♦t❤ t❤❡ ❊❯ ❛♥❞ ❏❛♣❛♥✱ ♣✉s❤✐♥❣ t♦✇❛r❞s ❛ ✇❡❧❢❛r❡ ✐♥❝r❡❛s❡✱ t❤❡② ❛r❡ ❝♦✉♥t❡r❜❛❧❛♥❝❡❞ ❜② r❡❞✉❝t✐♦♥s

✐♥ t❛r✐✛ r❡✈❡♥✉❡s✳

❋✐❣✉r❡ ✼✿ ●❡♥❡r❛❧ ❡q✉✐❧✐❜r✐✉♠ tr❛❞❡ ❡✛❡❝ts ♦❢ t❤❡ ❊❯✲❏❛♣❛♥ ❋❚❆✱ t❛r✐✛s ♦♥❧②

✭❛✮ ❊❯ ❡①♣♦rts t♦ ❏❛♣❛♥
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✭❜✮ ❏❛♣❛♥ ❡①♣♦rts t♦ t❤❡ ❊❯
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❚❤❡ ✜❣✉r❡ r❡♣♦rts t❤❡ ♣r❡❞✐❝t❡❞ ❣❡♥❡r❛❧ ❡q✉✐❧✐❜r✐✉♠ ♣❡r❝❡♥t❛❣❡ ❝❤❛♥❣❡s ✐♥ ❡①♣♦rts ❜❡t✇❡❡♥ t❤❡ ❊❯ ❛♥❞ ❏❛♣❛♥ ❢♦❧❧♦✇✐♥❣ t❤❡

❋❚❆ t❛r✐✛ ❧✐❜❡r❛❧✐③❛t✐♦♥✳ ❖t❤❡r tr❛❞❡ ❝♦sts ❛r❡ ❤❡❧❞ ✜①❡❞✳ ❚❤❡ ❜❧✉❡ ❝✐r❝❧❡s r❡♣r❡s❡♥t t❤❡ r❡s✉❧ts ❢♦r t❤❡ ❡✛❡❝t✐✈❡✲t❛r✐✛ ♠♦❞❡❧✳

❚❤❡ r❡❞ tr✐❛♥❣❧❡s t❤♦s❡ ❢♦r t❤❡ ❡❧✐❣✐❜❧❡✲t❛r✐✛ ♠♦❞❡❧s ✇✐t❤ t❤❡ t❛r✐✛ ❡❧❛st✐❝✐t② ❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ P❯❘✱ ✇❤✐❧❡ t❤❡ ❝r♦ss❡s ❛r❡

❢♦r t❤❡ ❡❧✐❣✐❜✐❧✐t② ♠♦❞❡❧ ✇✐t❤ ❛ ❝♦♥st❛♥t t❛r✐✛ ❡❧❛st✐❝✐t②✳
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❋✐♥❛❧❧②✱ ✐t ✐s ✇♦rt❤ ♥♦t✐♥❣ t❤❛t ❢♦r ❡①✲❛♥t❡ ❡✈❛❧✉❛t✐♦♥s ♦❢ ❋❚❆s✱ ♣r❡❢❡r❡♥❝❡ ✉t✐❧✐③❛t✐♦♥ r❛t❡s ❛r❡ ♥♦t

❦♥♦✇♥✳ ❲❤✐❧❡ t❤✐s ✐s ❝❡rt❛✐♥❧② tr✉❡✱ t❤❡ s❛♠❡ ❝♦✉❧❞ ❜❡ ❛r❣✉❡❞ ❢♦r ❝❤❛♥❣❡s ✐♥ tr❛❞❡ ❝♦sts ✐♥❞✉❝❡❞ ❜② ❋❚❆s✱

✇❤✐❝❤ ❛r❡ ♦❢t❡♥ ❛ss✉♠❡❞ ♦r s♦♠❡❤♦✇ ❡st✐♠❛t❡❞✳ ❚❤❡ s❛♠❡ ❝❛♥ ❜❡ ❞♦♥❡ ✇✐t❤ P❯❘s✳ ❋♦r ✐♥st❛♥❝❡✱ ❛♥❛❧②sts

❝♦✉❧❞ ✉s❡ ♠❛❝❤✐♥❡ ❧❡❛r♥✐♥❣ t♦♦❧s✱ ✇❤✐❝❤ ❡①❝❡❧ ✐♥ ♠❛❦✐♥❣ ♦✉t✲♦❢✲s❛♠♣❧❡ ♣r❡❞✐❝t✐♦♥s✱ t♦ ❡st✐♠❛t❡ ❡①♣❡❝t❡❞

P❯❘s ❜❛s❡❞ ♦♥ t❤❡ ❛✈❛✐❧❛❜❧❡ ❞❛t❛ ❢r♦♠ ♦t❤❡r ❛❣r❡❡♠❡♥ts ❣✐✈❡♥ t❤❡ ♥❡❣♦t✐❛t❡❞ t❛r✐✛s ❛♥❞ ♦t❤❡r ♣r♦❞✉❝t

❛♥❞ ❝♦✉♥tr② ❝❤❛r❛❝t❡r✐st✐❝s✳

✼ ❈♦♥❝❧✉s✐♦♥s

❚❤❡ ♣❛♣❡r r❡❝♦♥❝✐❧❡s t❤❡ str✉❝t✉r❛❧ ♠♦❞❡❧❧✐♥❣✱ t❛r✐✛ ❡❧❛st✐❝✐t② ❛♥❞ P❯❘ ❧✐t❡r❛t✉r❡s✳ ❘❡❝♦❣♥✐③✐♥❣ t❤❛t ✇❤❡♥

P❯❘ ✐s ❧❡ss t❤❛♥ ✶✵✵✪ ✇❡ ❛r❡ ✐♥ s✐t✉❛t✐♦♥ ♦❢ ♥♦♥✲❝♦♠♣❧✐❛♥❝❡ ✇✐t❤ tr❡❛t♠❡♥t ❛ss✐❣♥♠❡♥t✱ ✇❡ ❝❛♥ ❜♦rr♦✇

t❤❡ t♦♦❧s ❞❡✈❡❧♦♣❡❞ ❢♦r t❤❡ ❡st✐♠❛t✐♦♥ ♦❢ t❤❡ ▲♦❝❛❧ ❆✈❡r❛❣❡ ❚r❡❛t♠❡♥t ❊✛❡❝t ❧✐t❡r❛t✉r❡✳ ■♥ ♣❛rt✐❝✉❧❛r✱

✇❡ ♦❜t❛✐♥ t❤❛t t❤❡ st❛♥❞❛r❞ r❡❣r❡ss✐♦♥ ♦❢ ✐♠♣♦rts ♦♥ t❛r✐✛s ❡①♣❧♦✐t✐♥❣ ✈❛r✐❛t✐♦♥ ✐♥ ❋❚❆ t❛r✐✛ ♣r❡❢❡r❡♥❝❡s

t♦ ❡st✐♠❛t❡ t❤❡ tr❛❞❡ ❡❧❛st✐❝✐t② ❝❛♥ ♦♥❧② r❡❝♦✈❡r ❛♥ ✐♥t❡♥t✲t♦✲tr❡❛t ❡✛❡❝t✱ ♦r ❛♥ ❡❧✐❣✐❜❧❡✲t❛r✐✛ ❡❧❛st✐❝✐t②✱

✇❤✐❝❤ ❞✐✛❡r ❢r♦♠ t❤❡ str✉❝t✉r❛❧ tr❛❞❡ ❡❧❛st✐❝✐t② r❡q✉✐r❡❞ ❢♦r ❝♦✉♥t❡r❢❛❝t✉❛❧ ♠♦❞❡❧❧✐♥❣✳ ▼♦r❡♦✈❡r✱ ❛s t❤❡

❡❧✐❣✐❜❧❡✲t❛r✐✛ ❡❧❛st✐❝✐t② ❞❡♣❡♥❞s ♦♥ t❤❡ ❛✈❡r❛❣❡ P❯❘ ♦❢ t❤❡ ❡st✐♠❛t✐♦♥ s❛♠♣❧❡✱ ✐t ❝❛♥ ❤❛✈❡ ❧✐tt❧❡ ❡①t❡r♥❛❧

✈❛❧✐❞✐t② ✇❤❡♥ ❛♣♣❧✐❡❞ t♦ ❞✐✛❡r❡♥t s❡tt✐♥❣s t❤❛♥ t❤❡ ❡st✐♠❛t✐♦♥ s❛♠♣❧❡✳

■♥st❡❛❞✱ ❛♥ ✐♥str✉♠❡♥t❛❧ ✈❛r✐❛❜❧❡ r❡❣r❡ss✐♦♥ ✇❤❡r❡ t❤❡ ❡✛❡❝t✐✈❡ t❛r✐✛ ❝❤❛♥❣❡✱ ❣✐✈❡♥ ❜② t❤❡ t❛r✐✛ ❝❤❛♥❣❡

♠✉❧t✐♣❧✐❡❞ ❜② t❤❡ ♣r❡❢❡r❡♥❝❡ ✉t✐❧✐③❛t✐♦♥ r❛t❡✱ ✐s ✐♥str✉♠❡♥t❡❞ ✇✐t❤ t❤❡ t❛r✐✛ ❝❤❛♥❣❡ ✐ts❡❧❢ ✭r❡♣r❡s❡♥t✐♥❣

tr❡❛t♠❡♥t ❛ss✐❣♥♠❡♥t✮ ✇❡ ❝❛♥ r❡❝♦✈❡r t❤❡ str✉❝t✉r❛❧ ♣♦❧✐❝②✲✐♥✈❛r✐❛♥t tr❛❞❡ ❡❧❛st✐❝✐t②✳ ❚❤❡ ❡❧✐❣✐❜❧❡✲t❛r✐✛

♠❡t❤♦❞✱ ✇❤✐❝❤ ②✐❡❧❞s ❛♥ ❡❧❛st✐❝✐t② ♦❢ ✸✳✺✱ ✐s ❜✐❛s❡❞ t♦✇❛r❞s ③❡r♦ ❜② ♣❛rt✐❛❧ ❝♦♠♣❧✐❛♥❝❡✳ ❆❞❞r❡ss✐♥❣ t❤❡

✐ss✉❡s ②✐❡❧❞ ❡❧❛st✐❝✐t✐❡s ❜❡t✇❡❡♥ ✶✵ ❛♥❞ ✶✷✳

❚❤❡ ♣❛♣❡r ❛❧s♦ s❤♦✇s t❤❡ ✐♠♣❧✐❝❛t✐♦♥s ♦❢ ♥♦t ❛❝❝♦✉♥t✐♥❣ ❢♦r P❯❘ ✐♥ t❤❡ str✉❝t✉r❛❧ ♠♦❞❡❧❧✐♥❣ ♦❢ ❢r❡❡

tr❛❞❡ ❛❣r❡❡♠❡♥ts✳ ◆♦t ❛❝❝♦✉♥t✐♥❣ ❢♦r P❯❘s ❣❡♥❡r❛❧❧② ❧❡❛❞s t♦ ❛♥ ♦✈❡r❡st✐♠❛t✐♦♥ ♦❢ t❤❡ tr❛❞❡ ❡✛❡❝t ♦❢ ❛

t❛r✐✛ ❧✐❜❡r❛❧✐③❛t✐♦♥✱ ❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ ✈❛❧✉❡ ♦❢ t❤❡ P❯❘✳ ❚❛❦✐♥❣ t❤❡ ❊❯✲❏❛♣❛♥ ❛❣r❡❡♠❡♥t t♦ ❛ ♠✉❧t✐✲s❡❝t♦r

❣❡♥❡r❛❧ ❡q✉✐❧✐❜r✐✉♠ ♠♦❞❡❧✱ ■ ✜♥❞ t❤❛t t❤❡ st❛♥❞❛r❞ ♠♦❞❡❧❧✐♥❣ ❛♣♣r♦❛❝❤ ❝❛♥ ♦✈❡r♣r❡❞✐❝t t❤❡ tr❛❞❡ ❡✛❡❝ts

❜② ❛ ❢❛❝t♦r ♦❢ ✷✳

❲❤✐❧❡ t❤✐s ♣❛♣❡r ❢♦❝✉s❡s ♦♥ t❛r✐✛ ✈❛r✐❛t✐♦♥ ❢r♦♠ P❚❆s ❛♥❞ t❤❡ r♦❧❡ ♦❢ ♣r❡❢❡r❡♥❝❡ ✉t✐❧✐③❛t✐♦♥✱ ✐♥ ❛

❝♦♠♣❛♥✐♦♥ st✉❞② ❡①♣❧♦✐t✐♥❣ t❤❡ ❯❑✬s ▼❋◆ t❛r✐✛ r❡❢♦r♠ ♦❢ ✷✵✷✶ ✭❚❛♠❜❡r✐✱ ❢♦rt❤❝♦♠✐♥❣ ❈■❚P ❲♦r❦✐♥❣

P❛♣❡r✮✱ ■ ✜♥❞ s✐♠✐❧❛r❧② ❧❛r❣❡ ❡❧❛st✐❝✐t✐❡s✳ ❯♥❧✐❦❡ t❤✐s ♣❛♣❡r✱ t❤❡ ❝♦♠♣❛♥✐♦♥ ♣❛♣❡r ❡①♣❧♦✐ts ♣r❡✲r❡❢♦r♠

❡①♣♦s✉r❡ t♦ ▼❋◆ t❛r✐✛s ♦❢ P❚❆ ❝♦✉♥tr✐❡s ❛♥❞ ♠❡❝❤❛♥✐❝❛❧ ❝❤❛♥❣❡s ✐♥ t❤❡ ❯❑✬s ▼❋◆ t❛r✐✛ s❝❤❡❞✉❧❡ t♦

❞❡❛❧ ✇✐t❤ t❤❡ ♣♦t❡♥t✐❛❧ ❡♥❞♦❣❡♥❡✐t② ♦❢ t❤❡ ▼❋◆ t❛r✐✛ ❝❤❛♥❣❡s✳ ❚❤❡ ❝♦♥✈❡r❣❡♥❝❡ ✐♥ t❤❡ tr❛❞❡ ❡❧❛st✐❝✐t②

✈❛❧✉❡s ❛❝r♦ss t✇♦ ✐♥❞❡♣❡♥❞❡♥t ♣♦❧✐❝② s❡tt✐♥❣s r❡✐♥❢♦r❝❡s t❤❡ ❡①t❡r♥❛❧ ✈❛❧✐❞✐t② ♦❢ ♠② r❡s✉❧ts ❛♥❞ s✉❣❣❡sts

t❤❛t t❤❡ tr✉❡ tr❛❞❡ ❡❧❛st✐❝✐t② ✐s s✉❜st❛♥t✐❛❧❧② ❧❛r❣❡r t❤❛♥ ♣r❡✈✐♦✉s❧② t❤♦✉❣❤t✳

✷✾



❚❤❡ ♣❛♣❡r ❝❛❧❧s ❢♦r ❛ r❡❛ss❡ss♠❡♥t ♦❢ t❤❡ ❛✈❛✐❧❛❜❧❡ ❡st✐♠❛t❡s ♦❢ t❤❡ t❛r✐✛ ❡❧❛st✐❝✐t②✳ ■t ❛❧s♦ ❝❛❧❧s ❢♦r

♠♦❞❡❧❧❡rs ♦❢ ❢r❡❡ tr❛❞❡ ❛❣r❡❡♠❡♥ts t♦ ♠❛❦❡ ❛ ♠♦r❡ ❝♦♥s✐st❡♥t ✉s❡ ♦❢ t❛r✐✛ ♣r❡❢❡r❡♥❝❡ ✉t✐❧✐③❛t✐♦♥✳ ❆s ❞❛t❛

♦♥ ♣r❡❢❡r❡♥❝❡ ✉t✐❧✐③❛t✐♦♥ r❛t❡s ❛r❡ ♥♦t r❡❛❞✐❧② ❛✈❛✐❧❛❜❧❡ ❢♦r ❛❧❧ ❝♦✉♥tr✐❡s✱ ❡✛♦rt s❤♦✉❧❞ ❜❡ ♣✉t ✐♥ ❝r❡❛t✐♥❣ ❛

❣❧♦❜❛❧ P❯❘ ❞❛t❛s❡t✳

❘❡❢❡r❡♥❝❡s

❆♠✐t✐✱ ▼❛r②✱ ❖❧❡❣ ■ts❦❤♦❦✐ ❛♥❞ ❏♦③❡❢ ❑♦♥✐♥❣s ✭✷✵✷✷✮✳ ✏❉♦♠✐♥❛♥t ❝✉rr❡♥❝✐❡s✿ ❍♦✇ ✜r♠s ❝❤♦♦s❡ ❝✉rr❡♥❝②

✐♥✈♦✐❝✐♥❣ ❛♥❞ ✇❤② ✐t ♠❛tt❡rs✑✳ ■♥✿ ❚❤❡ ◗✉❛rt❡r❧② ❏♦✉r♥❛❧ ♦❢ ❊❝♦♥♦♠✐❝s ✶✸✼✳✸✱ ♣♣✳ ✶✹✸✺✕✶✹✾✸✳

❆♠✐t✐✱ ▼❛r②✱ ❙t❡♣❤❡♥ ❏ ❘❡❞❞✐♥❣ ❛♥❞ ❉❛✈✐❞ ❊ ❲❡✐♥st❡✐♥ ✭✷✵✶✾✮✳ ✏❚❤❡ ✐♠♣❛❝t ♦❢ t❤❡ ✷✵✶✽ t❛r✐✛s ♦♥ ♣r✐❝❡s

❛♥❞ ✇❡❧❢❛r❡✑✳ ■♥✿ ❏♦✉r♥❛❧ ♦❢ ❊❝♦♥♦♠✐❝ P❡rs♣❡❝t✐✈❡s ✸✸✳✹✱ ♣♣✳ ✶✽✼✕✷✶✵✳

❆r❦♦❧❛❦✐s✱ ❈♦st❛s✱ ❆r♥❛✉❞ ❈♦st✐♥♦t ❛♥❞ ❆♥❞rés ❘♦❞rí❣✉❡③✲❈❧❛r❡ ✭✷✵✶✷✮✳ ✏◆❡✇ tr❛❞❡ ♠♦❞❡❧s✱ s❛♠❡ ♦❧❞

❣❛✐♥s❄✑ ■♥✿ ❆♠❡r✐❝❛♥ ❊❝♦♥♦♠✐❝ ❘❡✈✐❡✇ ✶✵✷✳✶✱ ♣♣✳ ✾✹✕✶✸✵✳

❇♦❡❤♠✱ ❈❤r✐st♦♣❤ ❊✱ ❆♥❞r❡✐ ❆ ▲❡✈❝❤❡♥❦♦ ❛♥❞ ◆✐t②❛ P❛♥❞❛❧❛✐✲◆❛②❛r ✭✷✵✷✸✮✳ ✏❚❤❡ ❧♦♥❣ ❛♥❞ s❤♦rt ✭r✉♥✮

♦❢ tr❛❞❡ ❡❧❛st✐❝✐t✐❡s✑✳ ■♥✿ ❆♠❡r✐❝❛♥ ❊❝♦♥♦♠✐❝ ❘❡✈✐❡✇ ✶✶✸✳✹✱ ♣♣✳ ✽✻✶✕✾✵✺✳

❇♦③✱ ❊♠✐♥❡✱ ●✐t❛ ●♦♣✐♥❛t❤ ❛♥❞ ▼✐❦❦❡❧ P❧❛❣❜♦r❣✲▼ø❧❧❡r ✭▼❛② ✷✵✶✾✮✳ ✏❉♦❧❧❛r ■♥✈♦✐❝✐♥❣ ❛♥❞ t❤❡ ❍❡t❡r♦✲

❣❡♥❡✐t② ♦❢ ❊①❝❤❛♥❣❡ ❘❛t❡ P❛ss✲❚❤r♦✉❣❤✑✳ ■♥✿ ❆❊❆ P❛♣❡rs ❛♥❞ Pr♦❝❡❡❞✐♥❣s ✶✵✾✱ ♣♣✳ ✺✷✼✕✸✷✳

❈❛❞♦t✱ ❖❧✐✈✐❡r ❡t ❛❧✳ ✭✷✵✵✻✮✳ ✏Pr♦❞✉❝t✲s♣❡❝✐✜❝ r✉❧❡s ♦❢ ♦r✐❣✐♥ ✐♥ ❊❯ ❛♥❞ ❯❙ ♣r❡❢❡r❡♥t✐❛❧ tr❛❞✐♥❣ ❛rr❛♥❣❡✲

♠❡♥ts✿ ❛♥ ❛ss❡ss♠❡♥t✑✳ ■♥✿ ❲♦r❧❞ ❚r❛❞❡ ❘❡✈✐❡✇ ✺✳✷✱ ♣♣✳ ✶✾✾✕✷✷✹✳

❈❛❧✐❡♥❞♦✱ ▲♦r❡♥③♦ ❛♥❞ ❋❡r♥❛♥❞♦ P❛rr♦ ✭✷✵✶✺✮✳ ✏❊st✐♠❛t❡s ♦❢ t❤❡ ❚r❛❞❡ ❛♥❞ ❲❡❧❢❛r❡ ❊✛❡❝ts ♦❢ ◆❆❋❚❆✑✳

■♥✿ ❚❤❡ ❘❡✈✐❡✇ ♦❢ ❊❝♦♥♦♠✐❝ ❙t✉❞✐❡s ✽✷✳✶✱ ♣♣✳ ✶✕✹✹✳

❈❛❧❧❛✇❛②✱ ❇r❛♥t❧②✱ ❆♥❞r❡✇ ●♦♦❞♠❛♥✲❇❛❝♦♥ ❛♥❞ P❡❞r♦ ❍❈ ❙❛♥t✬❆♥♥❛ ✭✷✵✷✹✮✳ ❉✐✛❡r❡♥❝❡✲✐♥✲❞✐✛❡r❡♥❝❡s

✇✐t❤ ❛ ❝♦♥t✐♥✉♦✉s tr❡❛t♠❡♥t✳ ❚❡❝❤✳ r❡♣✳ ◆❛t✐♦♥❛❧ ❇✉r❡❛✉ ♦❢ ❊❝♦♥♦♠✐❝ ❘❡s❡❛r❝❤✳

❈♦st✐♥♦t✱ ❆r♥❛✉❞ ❛♥❞ ❆♥❞rés ❘♦❞rí❣✉❡③✲❈❧❛r❡ ✭✷✵✶✹✮✳ ✏❚r❛❞❡ t❤❡♦r② ✇✐t❤ ♥✉♠❜❡rs✿ ◗✉❛♥t✐❢②✐♥❣ t❤❡ ❝♦♥✲

s❡q✉❡♥❝❡s ♦❢ ❣❧♦❜❛❧✐③❛t✐♦♥✑✳ ■♥✿ ❍❛♥❞❜♦♦❦ ♦❢ ■♥t❡r♥❛t✐♦♥❛❧ ❊❝♦♥♦♠✐❝s✳ ❱♦❧✳ ✹✳ ❊❧s❡✈✐❡r✱ ♣♣✳ ✶✾✼✕✷✻✶✳

❈r♦③❡t✱ ▼❛tt❤✐❡✉ ❛♥❞ P❛♠✐♥❛ ❑♦❡♥✐❣ ✭✷✵✶✵✮✳ ✏❙tr✉❝t✉r❛❧ ❣r❛✈✐t② ❡q✉❛t✐♦♥s ✇✐t❤ ✐♥t❡♥s✐✈❡ ❛♥❞ ❡①t❡♥s✐✈❡

♠❛r❣✐♥s✑✳ ■♥✿ ❈❛♥❛❞✐❛♥ ❏♦✉r♥❛❧ ♦❢ ❊❝♦♥♦♠✐❝s✴❘❡✈✉❡ ❝❛♥❛❞✐❡♥♥❡ ❞✬é❝♦♥♦♠✐q✉❡ ✹✸✳✶✱ ♣♣✳ ✹✶✕✻✷✳

❉❡♠✐❞♦✈❛✱ ❙✈❡t❧❛♥❛ ❛♥❞ ❑❛❧❛ ❑r✐s❤♥❛ ✭✷✵✵✽✮✳ ✏❋✐r♠ ❤❡t❡r♦❣❡♥❡✐t② ❛♥❞ ✜r♠ ❜❡❤❛✈✐♦r ✇✐t❤ ❝♦♥❞✐t✐♦♥❛❧

♣♦❧✐❝✐❡s✑✳ ■♥✿ ❊❝♦♥♦♠✐❝s ▲❡tt❡rs ✾✽✳✷✱ ♣♣✳ ✶✷✷✕✶✷✽✳

❉❤✐♥❣r❛✱ ❙✇❛t✐ ❡t ❛❧✳ ✭✷✵✶✼✮✳ ✏❚❤❡ ❝♦sts ❛♥❞ ❜❡♥❡✜ts ♦❢ ❧❡❛✈✐♥❣ t❤❡ ❊❯✿ tr❛❞❡ ❡✛❡❝ts✑✳ ■♥✿ ❊❝♦♥♦♠✐❝ P♦❧✐❝②

✸✷✳✾✷✱ ♣♣✳ ✻✺✶✕✼✵✺✳

❉✉❜❡✱ ❆r✐♥❞r❛❥✐t ❡t ❛❧✳ ✭✷✵✷✺✮✳ ✏❆ ▲♦❝❛❧ Pr♦❥❡❝t✐♦♥s ❆♣♣r♦❛❝❤ t♦ ❉✐✛❡r❡♥❝❡✲✐♥✲❉✐✛❡r❡♥❝❡s✑✳ ■♥✿ ❏♦✉r♥❛❧

♦❢ ❆♣♣❧✐❡❞ ❊❝♦♥♦♠❡tr✐❝s✳
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❋❛❥❣❡❧❜❛✉♠✱ P❛❜❧♦ ❉ ❡t ❛❧✳ ✭✷✵✷✵✮✳ ✏❚❤❡ r❡t✉r♥ t♦ ♣r♦t❡❝t✐♦♥✐s♠✑✳ ■♥✿ ❚❤❡ ◗✉❛rt❡r❧② ❏♦✉r♥❛❧ ♦❢ ❊❝♦♥♦♠✐❝s

✶✸✺✳✶✱ ♣♣✳ ✶✕✺✺✳

❋❡❧❜❡r♠❛②r✱ ●❛❜r✐❡❧ ❏✱ ❇❡♥❥❛♠✐♥ ❏✉♥❣ ❛♥❞ ▼❛r✐♦ ▲❛r❝❤ ✭✷✵✶✸✮✳ ✏■❝❡❜❡r❣s ✈❡rs✉s t❛r✐✛s✿ ❛ q✉❛♥t✐t❛t✐✈❡

♣❡rs♣❡❝t✐✈❡ ♦♥ t❤❡ ❣❛✐♥s ❢r♦♠ tr❛❞❡✑✳ ■♥✳

❋♦♥t❛❣♥é✱ ▲✐♦♥❡❧✱ ❍♦✉ss❡✐♥ ●✉✐♠❜❛r❞ ❛♥❞ ●✐❛♥❧✉❝❛ ❖r❡✜❝❡ ✭✷✵✷✷✮✳ ✏❚❛r✐✛✲❜❛s❡❞ ♣r♦❞✉❝t✲❧❡✈❡❧ tr❛❞❡ ❡❧❛st✲

✐❝✐t✐❡s✑✳ ■♥✿ ❏♦✉r♥❛❧ ♦❢ ■♥t❡r♥❛t✐♦♥❛❧ ❊❝♦♥♦♠✐❝s ✶✸✼✱ ♣✳ ✶✵✸✺✾✸✳

❋♦♥t❛❣♥é✱ ▲✐♦♥❡❧✱ P❤✐❧✐♣♣❡ ▼❛rt✐♥ ❛♥❞ ●✐❛♥❧✉❝❛ ❖r❡✜❝❡ ✭✷✵✶✽✮✳ ✏❚❤❡ ✐♥t❡r♥❛t✐♦♥❛❧ ❡❧❛st✐❝✐t② ♣✉③③❧❡ ✐s

✇♦rs❡ t❤❛♥ ②♦✉ t❤✐♥❦✑✳ ■♥✿ ❏♦✉r♥❛❧ ♦❢ ■♥t❡r♥❛t✐♦♥❛❧ ❊❝♦♥♦♠✐❝s ✶✶✺✱ ♣♣✳ ✶✶✺✕✶✷✾✳

●♦♣✐♥❛t❤✱ ●✐t❛✱ ❖❧❡❣ ■ts❦❤♦❦✐ ❛♥❞ ❘♦❜❡rt♦ ❘✐❣♦❜♦♥ ✭✷✵✶✵✮✳ ✏❈✉rr❡♥❝② ❝❤♦✐❝❡ ❛♥❞ ❡①❝❤❛♥❣❡ r❛t❡ ♣❛ss✲

t❤r♦✉❣❤✑✳ ■♥✿ ❆♠❡r✐❝❛♥ ❊❝♦♥♦♠✐❝ ❘❡✈✐❡✇ ✶✵✵✳✶✱ ♣♣✳ ✸✵✹✕✸✸✻✳

❍❛❦♦❜②❛♥✱ ❙❤✉s❤❛♥✐❦ ✭✷✵✶✺✮✳ ✏❆❝❝♦✉♥t✐♥❣ ❢♦r ✉♥❞❡r✉t✐❧✐③❛t✐♦♥ ♦❢ tr❛❞❡ ♣r❡❢❡r❡♥❝❡ ♣r♦❣r❛♠s✿ ❚❤❡ ❯❙ ●❡♥✲

❡r❛❧✐③❡❞ ❙②st❡♠ ♦❢ Pr❡❢❡r❡♥❝❡s✑✳ ■♥✿ ❈❛♥❛❞✐❛♥ ❏♦✉r♥❛❧ ♦❢ ❊❝♦♥♦♠✐❝s✴❘❡✈✉❡ ❝❛♥❛❞✐❡♥♥❡ ❞✬é❝♦♥♦♠✐q✉❡

✹✽✳✷✱ ♣♣✳ ✹✵✽✕✹✸✻✳

❍❛②❛❦❛✇❛✱ ❑❛③✉♥♦❜✉✱ ❍❛♥s✉♥❣ ❑✐♠ ❛♥❞ ❍②✉♥✲❍♦♦♥ ▲❡❡ ✭✷✵✶✹✮✳ ✏❉❡t❡r♠✐♥❛♥ts ♦♥ ✉t✐❧✐③❛t✐♦♥ ♦❢ t❤❡

❑♦r❡❛✕❆❙❊❆◆ ❢r❡❡ tr❛❞❡ ❛❣r❡❡♠❡♥t✿ ♠❛r❣✐♥ ❡✛❡❝t✱ s❝❛❧❡ ❡✛❡❝t✱ ❛♥❞ ❘❖❖ ❡✛❡❝t✑✳ ■♥✿ ❲♦r❧❞ ❚r❛❞❡

❘❡✈✐❡✇ ✶✸✳✸✱ ♣♣✳ ✹✾✾✕✺✶✺✳

❍❡❛❞✱ ❑❡✐t❤ ❛♥❞ ❚❤✐❡rr② ▼❛②❡r ✭✷✵✶✹✮✳ ✏●r❛✈✐t② ❡q✉❛t✐♦♥s✿ ❲♦r❦❤♦rs❡✱ t♦♦❧❦✐t✱ ❛♥❞ ❝♦♦❦❜♦♦❦✑✳ ■♥✿ ❍❛♥❞✲

❜♦♦❦ ♦❢ ■♥t❡r♥❛t✐♦♥❛❧ ❊❝♦♥♦♠✐❝s✳ ❱♦❧✳ ✹✳ ❊❧s❡✈✐❡r✱ ♣♣✳ ✶✸✶✕✶✾✺✳

❍❡❛❞✱ ❑❡✐t❤✱ ❚❤✐❡rr② ▼❛②❡r ❛♥❞ ❏♦❤♥ ❘✐❡s ✭✷✵✶✵✮✳ ✏❚❤❡ ❡r♦s✐♦♥ ♦❢ ❝♦❧♦♥✐❛❧ tr❛❞❡ ❧✐♥❦❛❣❡s ❛❢t❡r ✐♥❞❡♣❡♥❞✲

❡♥❝❡✑✳ ■♥✿ ❏♦✉r♥❛❧ ♦❢ ■♥t❡r♥❛t✐♦♥❛❧ ❊❝♦♥♦♠✐❝s ✽✶✳✶✱ ♣♣✳ ✶✕✶✹✳

❏♦r❞à✱ Òs❝❛r ❛♥❞ ❆❧❛♥ ▼ ❚❛②❧♦r ✭✷✵✷✺✮✳ ✏▲♦❝❛❧ ♣r♦❥❡❝t✐♦♥s✑✳ ■♥✿ ❏♦✉r♥❛❧ ♦❢ ❊❝♦♥♦♠✐❝ ▲✐t❡r❛t✉r❡ ✻✸✳✶✱

♣♣✳ ✺✾✕✶✶✵✳

❑❡❝❦✱ ❆❧❡①❛♥❞❡r ❛♥❞ ❆♥❞r❡❛s ▲❡♥❞❧❡ ✭✷✵✶✷✮✳ ✏◆❡✇ ❡✈✐❞❡♥❝❡ ♦♥ ♣r❡❢❡r❡♥❝❡ ✉t✐❧✐③❛t✐♦♥✑✳ ■♥✿ ❲♦r❧❞ ❚r❛❞❡
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❑r✐s❤♥❛✱ ❑❛❧❛ ❡t ❛❧✳ ✭✷✵✷✺✮✳ ✏▲❡❛r♥✐♥❣ t♦ ✉s❡ tr❛❞❡ ❛❣r❡❡♠❡♥ts✑✳ ■♥✿ ❏♦✉r♥❛❧ ♦❢ ❉❡✈❡❧♦♣♠❡♥t ❊❝♦♥♦♠✐❝s

✶✼✹✱ ♣✳ ✶✵✸✹✷✹✳

▲❡❣❣❡✱ ❙t❡❢❛♥ ❛♥❞ P✐♦tr ▲✉❦❛s③✉❦ ✭✷✵✷✹✮✳ ✏❚❤❡ ✜r♠✲❧❡✈❡❧ ❝♦sts ♦❢ ✉t✐❧✐③✐♥❣ ❢r❡❡ tr❛❞❡ ❛❣r❡❡♠❡♥ts✑✳ ■♥✿

■♥t❡r♥❛t✐♦♥❛❧ ❊❝♦♥♦♠✐❝s ✶✼✽✱ ♣✳ ✶✵✵✹✽✹✳

▲✉❝❛s ❏r✱ ❘♦❜❡rt ❊ ✭✶✾✼✻✮✳ ✏❊❝♦♥♦♠❡tr✐❝ ♣♦❧✐❝② ❡✈❛❧✉❛t✐♦♥✿ ❆ ❝r✐t✐q✉❡✑✳ ■♥✿ ❈❛r♥❡❣✐❡✲❘♦❝❤❡st❡r ❝♦♥❢❡r❡♥❝❡

s❡r✐❡s ♦♥ ♣✉❜❧✐❝ ♣♦❧✐❝②✳ ❱♦❧✳ ✶✳ ◆♦rt❤✲❍♦❧❧❛♥❞✱ ♣♣✳ ✶✾✕✹✻✳

▼❡❧✐t③✱ ▼❛r❝ ❏ ✭✷✵✵✸✮✳ ✏❚❤❡ ■♠♣❛❝t ♦❢ ❚r❛❞❡ ♦♥ ■♥tr❛✲■♥❞✉str② ❘❡❛❧❧♦❝❛t✐♦♥s ❛♥❞ ❆❣❣r❡❣❛t❡ ■♥❞✉str②

Pr♦❞✉❝t✐✈✐t②✑✳ ■♥✿ ❊❝♦♥♦♠❡tr✐❝❛ ✼✶✳✻✱ ♣♣✳ ✶✻✾✺✕✶✼✷✺✳

◆✐❧ss♦♥✱ ▲❛rs ✭✷✵✶✶✮✳ ✏Pr✐♥❝✐♣❧❡s ♦❢ ❊❯ ■♠♣♦rts✱ ❚❛r✐✛s✱ ❛♥❞ ❚❛r✐✛ ❘❡❣✐♠❡s✑✳ ■♥✿ ❏♦✉r♥❛❧ ♦❢ ❲♦r❧❞ ❚r❛❞❡

✹✺✳✹✳
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❖r♥❡❧❛s✱ ❊♠❛♥✉❡❧ ✭✷✵✶✻✮✳ ✏❙♣❡❝✐❛❧ ❛♥❞ ❞✐✛❡r❡♥t✐❛❧ tr❡❛t♠❡♥t ❢♦r ❞❡✈❡❧♦♣✐♥❣ ❝♦✉♥tr✐❡s✑✳ ■♥✿ ❍❛♥❞❜♦♦❦ ♦❢

❝♦♠♠❡r❝✐❛❧ ♣♦❧✐❝②✳ ❱♦❧✳ ✶✳ ❊❧s❡✈✐❡r✱ ♣♣✳ ✸✻✾✕✹✸✷✳

P❛rr♦✱ ❋❡r♥❛♥❞♦ ✭✷✵✶✸✮✳ ✏❈❛♣✐t❛❧✲s❦✐❧❧ ❝♦♠♣❧❡♠❡♥t❛r✐t② ❛♥❞ t❤❡ s❦✐❧❧ ♣r❡♠✐✉♠ ✐♥ ❛ q✉❛♥t✐t❛t✐✈❡ ♠♦❞❡❧ ♦❢

tr❛❞❡✑✳ ■♥✿ ❆♠❡r✐❝❛♥ ❊❝♦♥♦♠✐❝ ❏♦✉r♥❛❧✿ ▼❛❝r♦❡❝♦♥♦♠✐❝s ✺✳✷✱ ♣♣✳ ✼✷✕✶✶✼✳

❘♦♠❛❧✐s✱ ❏♦❤♥ ✭✷✵✵✼✮✳ ✏◆❆❋❚❆✬s ❛♥❞ ❈❯❙❋❚❆✬s ■♠♣❛❝t ♦♥ ■♥t❡r♥❛t✐♦♥❛❧ ❚r❛❞❡✑✳ ■♥✿ ❚❤❡ ❘❡✈✐❡✇ ♦❢

❊❝♦♥♦♠✐❝s ❛♥❞ ❙t❛t✐st✐❝s ✽✾✳✸✱ ♣♣✳ ✹✶✻✕✹✸✺✳

❙✉♥✱ ▲✐②❛♥❣ ❛♥❞ ❙❛r❛❤ ❆❜r❛❤❛♠ ✭✷✵✷✶✮✳ ✏❊st✐♠❛t✐♥❣ ❞②♥❛♠✐❝ tr❡❛t♠❡♥t ❡✛❡❝ts ✐♥ ❡✈❡♥t st✉❞✐❡s ✇✐t❤

❤❡t❡r♦❣❡♥❡♦✉s tr❡❛t♠❡♥t ❡✛❡❝ts✑✳ ■♥✿ ❏♦✉r♥❛❧ ♦❢ ❊❝♦♥♦♠❡tr✐❝s ✷✷✺✳✷✱ ♣♣✳ ✶✼✺✕✶✾✾✳

❆♣♣❡♥❞✐①

❆ ❚❤❡♦r②

❆✳✶ ❘❡♣r❡s❡♥t❛t✐♦♥ ♦❢ t❤❡ ❡❧❛st✐❝✐t② ✐♥ ❛ str✉❝t✉r❛❧ ♠♦❞❡❧ ♦❢ tr❛❞❡

■❢ ✇❡ ❝♦♥s✐❞❡r ❛ s✐t✉❛t✐♦♥ ✐♥ ✇❤✐❝❤ ♥♦t ❛❧❧ ✜r♠s ✉s❡ t❤❡ tr❛❞❡ ❛❣r❡❡♠❡♥t✱ ✇❡ ♥❡❝❡ss❛r✐❧② ❤❛✈❡ ✜r♠ ❤❡t✲

❡r♦❣❡♥❡✐t②✳ ❉❡♠✐❞♦✈❛ ❛♥❞ ❑r✐s❤♥❛ ✭✷✵✵✽✮ ♣r♦✈✐❞❡ ❛ tr❛❝t❛❜❧❡ ♠♦❞❡❧ ♦❢ tr❛❞❡ ✇✐t❤ ✜r♠✲❤❡t❡r♦❣❡♥❡✐t② ❛ ❧❛

▼❡❧✐t③ ✭✷✵✵✸✮✳ ❆s ❛❝❝❡ss✐♥❣ t❛r✐✛ ♣r❡❢❡r❡♥❝❡s ✐♥✈♦❧✈❡s ❛♥ ❛❞❞✐t✐♦♥❛❧ ✜①❡❞ ❝♦sts✱ ♦♥❧② t❤❡ ♠♦st ♣r♦❞✉❝t✐✈❡

✜r♠s ✉s❡ t❤❡ tr❛❞❡ ❛❣r❡❡♠❡♥t✳ ❆t t❤❡ s❛♠❡ t✐♠❡✱ ✇❡ ❝♦✉❧❞ t❤✐♥❦ ♦❢ ❛ ♠♦❞❡❧ ✇❤❡r❡ ✜r♠s✱ ❡✐t❤❡r ❜❡❝❛✉s❡

t❤❡② ♠❛❦❡ ❞✐✛❡r❡♥t s♦✉r❝✐♥❣ ❞❡❝✐s✐♦♥s ♦r ❜❡❝❛✉s❡ ♦❢ t❤❡② ❞✐✛❡r ✐♥ t❤❡✐r t❡❝❤♥♦❧♦❣✐❡s✱ t❤❡② ♠✐❣❤t ❜❡ ❛❜❧❡

t♦ ♠❡❡t t❤❡ r✉❧❡s ♦❢ ♦r✐❣✐♥s ❛♥❞ ❤❡♥❝❡ ❛❝❝❡ss ♣r❡❢❡r❡♥❝❡s✳

❍❡r❡ ■ ♣r♦✈✐❞❡ s♦♠❡ ✐♥s✐❣❤ts ✇✐t❤♦✉t ✐♠♣♦s✐♥❣ t♦♦ ♠❛♥② r❡str✐❝t✐♦♥s ♦♥ t❤❡ s✉♣♣❧②✲s✐❞❡ ♦❢ ♠♦❞❡❧✳ ■♥

♦r❞❡r t♦ ❞❡r✐✈❡ ❛ tr❛❝t❛❜❧❡ ♠♦❞❡❧✱ ✇❡ ❤❛✈❡ t♦ ♣r♦❝❡❡❞ ✇✐t❤ t❤❡ ❛ss✉♠♣t✐♦♥ t❤❛t t❤❡ ♣r♦❞✉❝t✐✈✐t② ❝✉t♦✛s

❢♦r ❡①♣♦rt✐♥❣ ✉♥❞❡r t❤❡ ▼❋◆ ❛♥❞ ♣r❡❢❡r❡♥t✐❛❧ r❡❣✐♠❡ ❛r❡ ♦r❞❡r❡❞✱ ❛♥❞ t❤❛t t❤❡ ♣r♦❞✉❝t✐✈✐t② ❞✐str✐❜✉t✐♦♥

✐s ✉♥❜♦✉♥❞❡❞✳ ■♥ ❛❞❞✐t✐♦♥✱ ■ ❛ss✉♠❡ ❈❊❙ ♣r❡❢❡r❡♥❝❡s ❢♦r ❝♦♥s✉♠❡rs ❛s st❛♥❞❛r❞ ✐♥ t❤❡ ❧✐t❡r❛t✉r❡✳ ❚❤❡

❛ss✉♠♣t✐♦♥s ❛r❡✿

❆✶✳ ❈❊❙ ♣r❡❢❡r❡♥❝❡s❀

❆✷✳ ❯♥❜♦✉♥❞❡❞ ✜r♠ ♣r♦❞✉❝t✐✈✐t② ❞✐str✐❜✉t✐♦♥❀

❆✸✳ ❚❤❡ ▼❋◆ ❛♥❞ ♣r❡❢❡r❡♥t✐❛❧ ♣r♦❞✉❝t✐✈✐t② ❝✉t♦✛s ❢♦r ❡①♣♦rt✐♥❣ ❛r❡ ♦r❞❡r❡❞✳

❚❤❡ ♠♦❞❡❧ ♣r❡s❡♥t❡❞ ❜❡❧♦✇ ❛❜str❛❝ts ❢r♦♠ tr❛❞❡ ❝♦sts ♦t❤❡r t❤❛♥ t❛r✐✛s✱ ❜✉t t❤❡s❡ ❝❛♥ ❜❡ ❡❛s✐❧②

✐♥tr♦❞✉❝❡❞ ❛♥❞ ❛❧s♦ ♠❛❞❡ ❞✐✛❡r❡♥t ❢♦r t❤❡ ▼❋◆ ❛♥❞ ♣r❡❢❡r❡♥t✐❛❧ r❡❣✐♠❡✳ ◆♦♥❡ ♦❢ t❤❡s❡ ❛❞❞✐t✐♦♥s ✇♦✉❧❞
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❝❤❛♥❣❡ t❤❡ ♠❛✐♥ r❡s✉❧t✳

▲❡t φ ✐♥❞❡① ✜r♠ ♣r♦❞✉❝t✐✈✐t②✱ ❛♥❞ ❞❡✜♥❡ φMFN
vij ❛s t❤❡ ❝✉t♦✛ ❛❜♦✈❡ ✇❤✐❝❤ ✜r♠s ❡①♣♦rt ✉♥❞❡r ▼❋◆

❛♥❞ φPRF
vij t❤❡ ♦♥❡ ❢♦r t❤❡ ♣r❡❢❡r❡♥t✐❛❧ r❡❣✐♠❡✳ ■ ❛ss✉♠❡ t❤❛t ❡✐t❤❡r φMFN

vij ≤ φPRF
vij ✱ s♦ t❤❛t ✜r♠s ✇✐t❤

♣r♦❞✉❝t✐✈✐t② ❜❡t✇❡❡♥ φMFN
vij ❛♥❞ φPRF

vij ❡①♣♦rt ✉♥❞❡r ▼❋◆ ❛♥❞ t❤♦s❡ ✇✐t❤ ♣r♦❞✉❝t✐✈✐t② ❛❜♦✈❡ φPRF
vij ❡①♣♦rt

✉♥❞❡r t❤❡ ♣r❡❢❡r❡♥t✐❛❧ r❡❣✐♠❡✳ ❖r✱ ✐❢ φMFN
vij ≥ φPRF

vij ✱ ✜r♠s ✇✐t❤ ♣r♦❞✉❝t✐✈✐t② ❜❡t✇❡❡♥ φPRF
vij ❛♥❞ φMFN

vij

❡①♣♦rt ✉♥❞❡r t❤❡ ♣r❡❢❡r❡♥t✐❛❧ r❡❣✐♠❡ ❛♥❞ ✜r♠s ❛❜♦✈❡ φMFN
vij ❡①♣♦rt ✉♥❞❡r ▼❋◆✳

■♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡①♣♦s✐t✐♦♥✱ G(φ) ❞❡♥♦t❡s t❤❡ ❝✉♠✉❧❛t✐✈❡ ❞❡♥s✐t② ❢✉♥❝t✐♦♥ ♦❢ ♣r♦❞✉❝t✐✈✐t② ✭✇❤✐❝❤ ✐s

✉♥❜♦✉♥❞❡❞✮ ❛♥❞ Dj t❤❡ ❈❊❙ ❛❣❣r❡❣❛t❡ ❞❡♠❛♥❞ ✭✐♥❝❧✉❞✐♥❣ ✐♥❝♦♠❡ ❛♥❞ ♣r✐❝❡ ✐♥❞❡①✮✳ ❚♦ ✜♥❞ t♦t❛❧ ✐♠♣♦rts

❢r♦♠ ❝♦✉♥tr② i t♦ j✱ ✇❡ ✐♥t❡❣r❛t❡ ♦✈❡r t❤❡ ♣r♦❞✉❝t✐✈✐t② ❞✐str✐❜✉t✐♦♥✳ ❯♥❞❡r t❤❡ ❛ss✉♠♣t✐♦♥ t❤❛t t❤❡ ▼❋◆

❛♥❞ P❘❋ ❝✉t♦✛s ❛r❡ ♦r❞❡r❡❞✱ ✇❡ ❝❛♥ ❞❡r✐✈❡ ❡①♣r❡ss✐♦♥ ✭✶✻✮ ✐♥❞❡♣❡♥❞❡♥t❧② ♦❢ ✇❤✐❝❤ ♦❢ t❤❡ t✇♦ ❝✉t♦✛s ✐s

t❤❡ ❧❛r❣❡st ♦♥❡✳

❲❤❡♥ φMFN
vij < φPRF

vij ✱ ✐♠♣♦rts ✉♥❞❡r t❤❡ ▼❋◆ r❡❣✐♠❡ ❛r❡ ✐♥t❡❣r❛t❡❞ ❜❡t✇❡❡♥ t❤❡ t✇♦ ❝✉t♦✛s✿

MMFN
vij = Dj ×Ni

[
G(φPRF

vij )−G(φMFN
vij )

]
×

[

1

G(φPRF
vij )−G(φMFN

vij )

∫ ϕPRF
vij

ϕMFN
vij

φσ−1dG(φ)

]

×
(
τMFN
vj

)−σ

✇❤✐❧❡ ♣r❡❢❡r❡♥t✐❛❧ ✐♠♣♦rts ❛r❡ t❤♦s❡ ♦❢ ✜r♠s ✇✐t❤ ♣r♦❞✉❝t✐✈✐t② ❛❜♦✈❡ φPRF
vij ✿

MPRF
vij = Dj ×Ni

[
1−G(φPRF

vij )
]
×

[

1

1−G(φPRF
vij )

∫ ∞

ϕPRF
vij

φσ−1dG(φ)

]

×
(
τPRF
vij

)−σ

❚❤❡♥ t♦t❛❧ ✐♠♣♦rts ❛r❡✿

Mvij = Dj ×Ni ×
[

φ̃MFN
vij

(
τMFN
vj

)−σ
+ φ̃PRF

vij

(
τPRF
vij

)−σ
]

=

Dj ×Ni × φ̃vij

(
τMFN
vj

)−σ

[

φ̃MFN
vij

φ̃vij
+

φ̃PRF
vij

φ̃vij

(
τMFN
vj /τPRF

vij

)σ

]

✇✐t❤ φ̃vij =
∫∞

ϕmin
vij

φσ−1dG(φ) r❡♣r❡s❡♥t✐♥❣ ❛♥❞ t❤❡ ❛✈❡r❛❣❡ ♣r♦❞✉❝t✐✈✐t② ♦✈❡r t❤❡ ❢✉❧❧ r❛♥❣❡ ♦❢ ❡①♣♦rt✐♥❣

✜r♠s ❛♥❞ φmin
vij = min[φMFN

vij , φPRF
vij ]✳ ❚❤❡ r❛t✐♦s ♦❢ φ̃ r❡♣r❡s❡♥ts t❤❡ s✐③❡✲s❤❛r❡s ♦❢ t❤❡ ✜r♠s ✐♥ ❡❛❝❤ t❛r✐✛

r❡❣✐♠❡✳

❲❤❡♥ ✐♥st❡❛❞ ✇❡ ❤❛✈❡ φMFN
vij > φPRF

vij ✱ ▼❋◆ ✐♠♣♦rts ❛r❡✿
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MMFN
vij = Dj ×Ni

[
1−G(φMFN

vij )
]
×

[

1

1−G(φMFN
vij )

∫ ∞

ϕMFN
vij

φσ−1dG(φ)

]

×
(
τMFN
vj

)−σ

❛♥❞ ♣r❡❢❡r❡♥t✐❛❧ ✐♠♣♦rts✿

MPRF
vij = Dj ×Ni

[
G(φPRF

vij )−G(φMFN
vij )

]
×

[

1

G(φPRF
vij )−G(φMFN

vij )

∫ ϕMFN
vij

ϕPRF
vij

φσ−1dG(φ)

]

×
(
τPRF
vij

)−σ

❆❣❣r❡❣❛t✐♥❣ ✇❡ ♦❜t❛✐♥ t❤❡ s❛♠❡ ❡①♣r❡ss✐♦♥ ❢♦r t♦t❛❧ ✐♠♣♦rts✿

Mvij = Dj ×Ni × φ̃vij

(
τMFN
vj

)−σ

[

φ̃MFN
vij

φ̃vij
+

φ̃PRF
vij

φ̃vij

(
τMFN
vj /τPRF

vij

)σ

]

◆♦t❡ t❤❛t ✇❤❡♥ t❤❡ ♠✐♥✐♠✉♠ ❡①♣♦rt✐♥❣ ❝✉t♦✛ ✐s t❤❡ ▼❋◆ ♦♥❡✱ ✇❤✐❝❤ ✐s ♥♦t ❛✛❡❝t❡❞ ❜② t❤❡ t❛r✐✛ ♠❛r❣✐♥✱

t❤❡♥ φ̃vij ✐s ♥♦t ❛✛❡❝t❡❞ ❡✐t❤❡r✳

▲❡t svij = φ̃PRF
vij /φ̃vij ❛♥❞ 1− svij = φ̃MFN

vij /φ̃vij ❞❡♥♦t❡ t❤❡ s✐③❡✲s❤❛r❡ ♦❢ ✜r♠s tr❛❞✐♥❣ ✉♥❞❡r t❤❡ ♣r❡❢✲

❡r❡♥t✐❛❧ ❛♥❞ ▼❋◆ r❡❣✐♠❡✱ r❡s♣❡❝t✐✈❡❧②✳ ❲❡ ❝❛♥ ❡①♣r❡ss t♦t❛❧ ✐♠♣♦rts ❛s t❤❡ s✉♠ ♦❢ ▼❋◆ ❛♥❞ ♣r❡❢❡r❡♥t✐❛❧

✐♠♣♦rts✿

Mvij = MMFN
vij +MPRF

vij = Dj ×Ni × φ̃vij

[

(1− svij)(τ
MFN
vj )

−σ

+ svij(τ
PRF
vij )

−σ
]

= ✭✶✻✮

Dj ×Ni × φ̃vij(τ
MFN
vj )

−σ [
1 +

(
T σ
vij − 1

)
svij
]

✭✶✼✮

✇❤❡r❡ Tvij = τMFN
vj /τPRF

vij r❡♣r❡s❡♥ts t❤❡ t❛r✐✛ ♠❛r❣✐♥✳ ◆♦t❡ t❤❛t t❤❡ ♣r❡❢❡r❡♥❝❡ ✉t✐❧✐③❛t✐♦♥ r❛t❡ ✐s ❣✐✈❡♥

❜②✿

PURvij =
MPRF

vij

Mvij
=

T σ
vijsvij

1 +
(

T σ
vij − 1

)

svij
✭✶✽✮

❊①♣r❡ss✐♦♥ ✭✶✻✮ t❡❧❧s ✉s t❤❛t ✐♠♣♦rts ✉♥❞❡r t❤❡ ♣r❡❢❡r❡♥t✐❛❧ r❡❣✐♠❡ ❛r❡ ❡q✉❛❧ t♦ ▼❋◆ ✐♠♣♦rts ♠✉❧t✐♣❧✐❡❞

❜② t❤❡ ❢❛❝t♦r [1 +
(

T σ
vij − 1

)

svij ] ♠❡❛s✉r✐♥❣ t❤❡ ✐♥❝r❡❛s❡ ✐♥ s❛❧❡s ❞✉❡ t♦ t❤❡ ❧♦✇❡r ❋❚❆ t❛r✐✛s ❛♥❞ t❤❡✐r

✉t✐❧✐③❛t✐♦♥✳ ▼♦r❡♦✈❡r✱ ✭✶✻✮ t❡❧❧s ✉s t❤❛t ✐♠♣♦rts ❛r❡ ♥♦t ❛ ❧♦❣✲❧✐♥❡❛r ❢✉♥❝t✐♦♥s ♦❢ t❛r✐✛s ✇❤❡♥ ❛♥ ❋❚❆ ✐s

♣r❡s❡♥t✳

✸✹



❚❤❡ ❡❧❛st✐❝✐t② ♦❢ ✐♠♣♦rts t♦ t❤❡ t❛r✐✛ ♠❛r❣✐♥✿ ❚♦ st✉❞② t❤❡ ❡❧❛st✐❝✐t② ♦❢ ✐♠♣♦rts t♦ t❤❡ t❛r✐✛

♠❛r❣✐♥✱ ■ ❢♦❝✉s ♦♥ t❤❡ ❝❛s❡ ✇❤❡r❡ svij < 1✱ s♦ t❤❛t ✐♠♣♦rts ✉♥❞❡r ❜♦t❤ t❤❡ ▼❋◆ ❛♥❞ ♣r❡❢❡r❡♥t✐❛❧ r❡❣✐♠❡s

❛r❡ ♦❜s❡r✈❡❞✳ ▼♦r❡♦✈❡r✱ ■ ♠❛❦❡ t❤❡ ❛❞❞✐t✐♦♥❛❧ ❛ss✉♠♣t✐♦♥✿

❆✹✳ ❲❤❡♥ svij < 1✱ t❤❡ ❡①♣♦rt✐♥❣ ❝✉t♦✛ ❢♦r t❤❡ ♣r❡❢❡r❡♥t✐❛❧ r❡❣✐♠❡ ✐s ❧❛r❣❡r t❤❛♥ t❤❡ ▼❋◆ ♦♥❡✳

❆ss✉♠♣t✐♦♥ ❆✹ ✐♠♣❧✐❡s t❤❛t t❤❡ ♠✐♥✐♠✉♠ ❡①♣♦rt✐♥❣ ❝✉t♦✛ ✐s t❤❡ ▼❋◆ ♦♥❡✱ ♠❛❦✐♥❣ φ̃vij ✐♥❞❡♣❡♥❞❡♥t

♦❢ t❤❡ t❛r✐✛ ♠❛r❣✐♥✳ ❚❤✐s ❜❡❤❛✈✐♦✉r ♦❝❝✉rs ✇❤❡♥ ❛❝❝❡ss✐♥❣ t❛r✐✛ ♣r❡❢❡r❡♥❝❡s ✐♥✈♦❧✈❡s s♦♠❡ ✜①❡❞ ❝♦sts ❛s

✐♥ ❉❡♠✐❞♦✈❛ ❛♥❞ ❑r✐s❤♥❛ ✭✷✵✵✽✮✳ ❚❤✐s ✇♦✉❧❞ ❜❡ ✐♥ ❧✐♥❡ ✇✐t❤ t❤❡ ❧✐t❡r❛t✉r❡ ♦♥ t❤❡ P❯❘s✱ ✇❤✐❝❤ ❛❧s♦ ✜♥❞s

s♦♠❡ ❡♠♣✐r✐❝❛❧ s✉♣♣♦rt ❢♦r t❤❡ ❤②♣♦t❤❡s✐s t❤❛t t❛r✐✛ ♣r❡❢❡r❡♥❝❡s ❛r❡ ✉s❡❞ ❜② ❧❛r❣❡r ❡①♣♦rt❡rs✳

❚♦ s❡❡ t❤❡ r❡❧❛t✐♦♥ ❜❡t✇❡❡♥ ✐♠♣♦rts ❛♥❞ t❛r✐✛s✱ t❛❦❡ t❤❡ ❧♦❣ ♦❢ ✭✶✻✮ ❛♥❞ ❞✐✛❡r❡♥t✐❛t❡ ✇✐t❤ r❡s♣❡❝t t♦

lnTvij ✿

∂ lnMvij

∂ lnTvij

= σ
T σ
vijsvij

1 +
(

T σ
vij − 1

)

svij
+

∂svij
∂Tvij

Tvij

T σ
vij − 1

1 +
(

T σ
vij − 1

)

svij
=

σ
T σ
vijsvij

1 +
(

T σ
vij − 1

)

svij
+

∂svij
∂Tvij

Tvij

svij

(

T σ
vij − 1

)

svij

1 +
(

T σ
vij − 1

)

svij
=

(

σ +
∂svij
∂Tvij

Tvij

svij

)

T σ
vijsvij

1 +
(

Tσ
vij − 1

)

svij
−

∂svij
∂Tvij

Tvij

svij

T σ
vijsvij

1 +
(

T σ
vij − 1

)

svij
T−σ
vij

=
[

σ + εs
(

1− T−σ
vij

)]

× PURvij = ε̄× PURvij ✭✶✾✮

✇❤❡r❡ ✐♥ t❤❡ s❡❝♦♥❞ ❧✐♥❡ ■ ♠✉❧t✐♣❧✐❡❞ ❛♥❞ ❞✐✈✐❞❡❞ t❤❡ s❡❝♦♥❞ t❡r♠ ❜② svij ✱ ✐♥ t❤❡ t❤✐r❞ ❧✐♥❡ ■ ❝♦❧❧❡❝t❡❞

t❤❡ ❝♦♠♠♦♥ t❡r♠s ❛♥❞ ♠✉❧t✐♣❧✐❡❞ ❛♥❞ ❞✐✈✐❞❡❞ t❤❡ ❧❛st t❡r♠ ❜② T σ
vij ✱ ❛♥❞ ✐♥ t❤❡ ✜♥❛❧ ❧✐♥❡ ■ s✉❜st✐t✉t❡❞

t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ P❯❘ ✐♥ ✭✶✽✮ ❛♥❞ ❞❡✜♥❡❞ t❤❡ ❡❧❛st✐❝✐t② ♦❢ svij ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ t❛r✐✛ ♠❛r❣✐♥ ❛s
∂svij
∂Tvij

Tvij

svij
= εs > 0✳

❲✐t❤ t❤❡ st❛♥❞❛r❞ ▼❡❧✐t③✲P❛r❡t♦ ❛ss✉♠♣t✐♦♥✱ t❤❡ ♠♦❞❡❧ ❜❡❝♦♠❡s t❤❡ ♦♥❡ ♦❢ ❉❡♠✐❞♦✈❛ ❛♥❞ ❑r✐s❤♥❛

✭✷✵✵✽✮✱ t❤❡ ❡①t❡♥s✐✈❡ ♠❛r❣✐♥ ❡❧❛st✐❝✐t② ✐s ❛ ❝♦♥st❛♥t σ θ−σ+1
σ−1 ✭✐✳❡✳✱ ✐t ❞♦❡s ♥♦t ❞❡♣❡♥❞ ♦♥ T σ✮ ❤❡♥❝❡ ε̄

❜❡❝♦♠❡s ❛ ❝♦♥st❛♥t ❡q✉❛❧ t♦ σθ
σ−1 ✳ ❚❤✐s s✐♠♣❧✐✜❡s t❤❡ ❡①♣r❡ss✐♦♥ t♦✿

∂ lnMvij

∂ lnTvij
= (σ + εs)× PURvij = ε× PURvij =

σθ

σ − 1
× PURvij ✭✷✵✮

❊①♣r❡ss✐♦♥ ✭✷✵✮ t❡❧❧s ✉s t❤❛t ✐❢ ✇❡ r❡❣r❡ss t❤❡ ❧♦❣ ♦❢ ✐♠♣♦rts ♦♥ t❤❡ ❧♦❣ ♦❢ t❤❡ t❛r✐✛✱ ✇❤❛t ✇❡ ❝❛♥ ❤♦♣❡

t♦ r❡❝♦✈❡r ❢r♦♠ t❤❡ t❛r✐✛ ❝♦❡✣❝✐❡♥t ✐s t❤❡ ❝♦♠❜✐♥❛t✐♦♥ ♦❢ t❤❡ str✉❝t✉r❛❧ ♣❛r❛♠❡t❡r ε ♠✉❧t✐♣❧✐❡❞ ❜② t❤❡

❛✈❡r❛❣❡ ♣r❡❢❡r❡♥❝❡ ✉t✐❧✐③❛t✐♦♥ r❛t❡ ♦❢ t❤❡ ❡st✐♠❛t✐♦♥ s❛♠♣❧❡✿ β❊❧✐❣ =ε×PURvij ✳ ❚❤✐s r❡s✉❧t ✐s ✐♥ ❧✐♥❡ ✇✐t❤

t❤❡ ▲❆❚❊ ❧✐t❡r❛t✉r❡✱ ❛♥❞ s❤♦✇s t❤❛t β❊❧✐❣ ❞♦❡s ♥♦t r❡♣r❡s❡♥t ❛ str✉❝t✉r❛❧ ♣❛r❛♠❡t❡r✳

■❢ ✇❡ ❝♦♥s✐❞❡r t❤❡ ♠♦r❡ ❣❡♥❡r❛❧ ❞❡r✐✈❛t✐♦♥ ✐♥ ✭✶✾✮✱ t❤❡♥ t❤❡ t❛r✐✛ ❡❧❛st✐❝✐t② s❤♦✉❧❞ ❛❧s♦ ✈❛r② ✇✐t❤ t❤❡

❧❡✈❡❧ ♦❢ t❛r✐✛ ❧✐❜❡r❛❧✐③❛t✐♦♥✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ❛ ❧❛r❣❡r ❧✐❜❡r❛❧✐③❛t✐♦♥ ✭❤✐❣❤ Tvij✮ ✇✐❧❧ ❤❛✈❡ ❧❛r❣❡r ❡①t❡♥s✐✈❡
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♠❛r❣✐♥ ❡✛❡❝ts ♠❛❣♥✐❢②✐♥❣ t❤❡ t❛r✐✛ ❡❧❛st✐❝✐t②✳ ❲❤❛t ✇❡ ❝❛♥ r❡❝♦✈❡r t❤❡♥ ✐s ❛♥ ❛✈❡r❛❣❡ ❡❧❛st✐❝✐t② ε̄✳

❇ ❊♠♣✐r✐❝❛❧ ♠♦❞❡❧

❇✳✶ ❉❡r✐✈❛t✐♦♥ ♦❢ t❤❡ ❜❛s❡❧✐♥❡ r❡❣r❡ss✐♦♥ ♠♦❞❡❧

■ r❡❧② ♦♥ ❧♦❝❛❧ ♣r♦❥❡❝t✐♦♥s t♦ ❡st✐♠❛t❡ t❤❡ t❛r✐✛ ❡❧❛st✐❝✐t② ✐♥ ❛ tr✐♣❧❡✲❞✐✛❡r❡♥❝❡ s❡tt✐♥❣ ✇✐t❤ t❤r❡❡✲✇❛② ✜①❡❞

❡✛❡❝ts✳ ❚❤❡ ❛♣♣r♦❛❝❤ ❝❛♥ ❜❡ ♠♦t✐✈❛t❡❞ ❜② ❧♦♦❦✐♥❣ ❛t t❤❡ ❝❤❛♥❣❡ ✐♥ ✐♠♣♦rts ❢♦❧❧♦✇✐♥❣ t❤❡ ❡♥tr② ✐♥t♦ ❢♦r❝❡

♦❢ ❛♥ ❋❚❆✳ ❇❛s❡❞ ♦♥ t❤❡ t❤❡♦r② ♣r❡s❡♥t❡❞ ✐♥ ❙❡❝t✐♦♥ ❆✳✶✱ ❜❡❢♦r❡ t❤❡ ❡♥tr② ✐♥t♦ ❢♦r❝❡ ♦❢ t❤❡ ❋❚❆✱ ✐♠♣♦rts

❢r♦♠ ❝♦✉♥tr② i ❝❛♥ ♦♥❧② ❡♥t❡r ✉♥❞❡r t❤❡ ▼❋◆ r❡❣✐♠❡✳ ▲❡tt✐♥❣ t− 1 ❞❡♥♦t❡ t❤❡ ♣r❡✲❋❚❆ ♣❡r✐♦❞✱ ✇❡ ❤❛✈❡✿

Mvij,t−1 = Avij ×Djt−1 × Sit−1 × Cvt−1 ×
(
τMFN
vjt−1

)−ε
× ϵvijt−1

✇❤❡r❡ t❤❡ ❝❛♣✐t❛❧ ❧❡tt❡rs ❛❜s♦r❜ ❛❣❣r❡❣❛t❡ ❞❡♠❛♥❞ ❛♥❞ s✉♣♣❧② s❤♦❝❦s✱ ❛❧s♦ ❛t t❤❡ ♣r♦❞✉❝t ❧❡✈❡❧✱ ❛♥❞ ϵvijt−1

✐s ❛♥ ❡rr♦r t❡r♠✳ ❆s t❤❡ ❋❚❆ ❡♥t❡rs ✐♥t♦ ❢♦r❝❡ ❛t t✐♠❡ t✱ ✇❡ ❝❛♥ t❛❦❡ t❤❡ r❛t✐♦ ♦❢ ✐♠♣♦rts ❛t t✐♠❡ t + h

r❡❧❛t✐✈❡ t♦ t− 1✿

Mvij,t+h

Mvij,t−1
= D̂j,t+hŜi,t+hĈv,t+h

(
τ̂MFN
vj,t+h

)−ε
×
[
1 +

(
T σ
vij,t+h − 1

)
svij,t+h

]
× ϵ̂vijt+h ✭✷✶✮

■♥ t❤❡ ❡st✐♠❛t✐♦♥✱ ■ ❢♦❝✉s ♦♥❧② ♦♥ ♣r♦❞✉❝ts ✇✐t❤ ❛ ❝♦♥st❛♥t ▼❋◆ t❛r✐✛ ♦✈❡r t❤❡ s❛♠♣❧❡ ♣❡r✐♦❞✱ s♦ t❤❛t

τ̂MFN
vj,t+h ❝❛♥ ❜❡ ❡❧✐♠✐♥❛t❡❞✳ ❊q✉❛t✐♦♥ ✭✷✶✮ ✐s ✉s❡❞ t♦ ❥✉st✐❢② t❤❡ ❡♠♣✐r✐❝❛❧ ♠♦❞❡❧ ✭✺✮ ♣r❡s❡♥t❡❞ ✐♥ t❤❡ ♠❛✐♥

t❡①t✳ ❚❛❦✐♥❣ ❧♦❣s ✇❡ ♦❜t❛✐♥ ❛ ❧♦❝❛❧ ♣r♦❥❡❝t✐♦♥s r❡♣r❡s❡♥t❛t✐♦♥✱ ✇✐t❤ t❤❡ t❡r♠ ln
[

1 +
(

T σ
vij,t+h − 1

)

svij,t+h

]

❛♣♣r♦①✐♠❛t❡❞ ✇✐t❤ ✐ts ❞❡r✐✈❛t✐✈❡ ε (PURvijt+h ×∆ ln τvijt+h)✳

❇✳✷ ❚❤❡ ✐♥t❡♥s✐✈❡ ❛♥❞ ❡①t❡♥s✐✈❡ ♠❛r❣✐♥ ❡❧❛st✐❝✐t✐❡s

❚❤✐s s❡❝t✐♦♥ ♣r♦✈✐❞❡s t❤❡ ❞❡t❛✐❧❡❞ ❞❡r✐✈❛t✐♦♥ ♦❢ ❤♦✇ t❤❡ ❡st✐♠❛t❡❞ t❛r✐✛ ❡❧❛st✐❝✐t② ❝❛♥ ❜❡ ❞❡❝♦♠♣♦s❡❞ ✐♥t♦

✐♥t❡♥s✐✈❡✲ ❛♥❞ ❡①t❡♥s✐✈❡✲♠❛r❣✐♥ ❡✛❡❝ts✱ ❛♥❞ ❤♦✇ ✇❡ r❡❝♦✈❡r t❤❡ str✉❝t✉r❛❧ ✐♥t❡♥s✐✈❡✲♠❛r❣✐♥ ❡❧❛st✐❝✐t② σ

❢r♦♠ t❤❡ ❞❛t❛✳

❋r♦♠ t❤❡ str✉❝t✉r❛❧ ♠♦❞❡❧ ♦❢ ❙❡❝t✐♦♥ ❆✳✶✱ t❤❡ ❤✲❤♦r✐③♦♥ t❛r✐✛ ❡❧❛st✐❝✐t② ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s✿

βh = σ +
∂ ln svij,h
∂ lnTvij,h

(

1− T−σ
vij,h

)

✇❤❡r❡✿

❼ σ ✐s t❤❡ ✐♥t❡♥s✐✈❡✲♠❛r❣✐♥ ❡❧❛st✐❝✐t② ♦❢ tr❛❞❡✱
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❼ svij,h ✐s t❤❡ s✐③❡ s❤❛r❡ ♦❢ ✜r♠s ✉s✐♥❣ t❤❡ ♣r❡❢❡r❡♥t✐❛❧ t❛r✐✛ ❛t ❤♦r✐③♦♥ ❤✱

❼ Tvij,h = τMFN
vj /τPRF

vij ✐s t❤❡ t❛r✐✛ ♠❛r❣✐♥

❼ t❤❡ ♦✈❡r❧✐♥❡ ❞❡♥♦t❡s t❤❡ s❛♠♣❧❡ ❛✈❡r❛❣❡ ♦✈❡r ♣r♦❞✉❝ts ❛♥❞ ❡①♣♦rt❡rs✳

❚❤❡ s❡❝♦♥❞ t❡r♠ ❝❛♣t✉r❡s t❤❡ ❝♦♥tr✐❜✉t✐♦♥ ♦❢ t❤❡ ❡①t❡♥s✐✈❡ ♠❛r❣✐♥✱ ✐✳❡✳✱ t❤❡ r❡s♣♦♥s❡ ♦❢ s❡❧❡❝t✐♦♥ ✐♥t♦ t❤❡

♣r❡❢❡r❡♥t✐❛❧ r❡❣✐♠❡✳

■♥✈❡rt✐♥❣ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ ♣r❡❢❡r❡♥❝❡ ✉t✐❧✐③❛t✐♦♥ r❛t❡ ✭✶✽✮✱ ✇❡ ❤❛✈❡✿

svij,h =
PURvij,h

PURvij,h + (1− PURvij,h)T
σ
vij,h

✭✷✷✮

❲❡ ❝❛♥ t❤❡♥ ❡①♣r❡ss t❤❡ ❡❧❛st✐❝✐t② ♦❢ svij,h ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ t❛r✐✛ ♠❛r❣✐♥ ✐♥ t❡r♠s ♦❢ t❤❡ P❯❘✿

∂ ln svij,h
∂ lnTvij,h

=
βPUR,h

PURvij,h
−

βPUR,h + σT σ
vij,h (1− PURvij,h)− βPUR,hT σ

vij,h

PURvij,h + (1− PURvij,h)T
σ
vij,h

✇❤❡r❡ βPUR,h = ∂PURvij,h/∂ lnTvij,h ✐s t❤❡ ❝♦❡✣❝✐❡♥t ❢r♦♠ ❛ ▲P r❡❣r❡ss✐♦♥ ♦❢ t❤❡ P❯❘ ♦♥ t❤❡ ❧♦❣ ♦❢ t❤❡

t❛r✐✛ ♠❛r❣✐♥✱ ❛s t❤♦s❡ ♣r❡s❡♥t❡❞ ✐♥ ❋✐❣✉r❡ ✸✳

❙✉❜st✐t✉t✐♥❣ t❤❡ ❡①♣r❡ss✐♦♥ ❢♦r t❤❡ ❡①t❡♥s✐✈❡ ♠❛r❣✐♥ ❡❧❛st✐❝✐t② ✐♥t♦ t❤❡ t♦t❛❧ ❡❧❛st✐❝✐t②✱ ✇❡ ❤❛✈❡ ❛

♥♦♥✲❧✐♥❡❛r s②st❡♠✿

βh = σ +

[

β̄PUR,h

PURvij,h

−
β̄PUR,h + σT̄ σ

vij,h

(
1− PURvij,h

)
− β̄PUR,hT̄ σ

vij,h

PURvij,h +
(
1− PURvij,h

)
T̄ σ
vij,h

]
(

1− T̄−σ
vij,h

)

✭✷✸✮

❢♦r h = 1, ..., H✱ ✇❤❡r❡ β̄PUR,h ✐s t❤❡ ❝♦❡✣❝✐❡♥t ❢r♦♠ ❛ ▲P r❡❣r❡ss✐♦♥ ♦❢ t❤❡ P❯❘ ♦♥ t❤❡ ❧♦❣ ♦❢ t❤❡ t❛r✐✛

♠❛r❣✐♥✱ ❛s t❤♦s❡ ♣r❡s❡♥t❡❞ ✐♥ ❋✐❣✉r❡ ✸✳ PURvij,h ✐s t❤❡ ❛✈❡r❛❣❡ ❤✲❤♦r✐③♦♥ P❯❘✱ ❛♥❞ T̄vij,h ✐s t❤❡ ❛✈❡r❛❣❡

❤✲❤♦r✐③♦♥ t❛r✐✛ ♠❛r❣✐♥✳

❋♦❝✉ss✐♥❣ ♦♥ t❤❡ ♣♦st✲❋❚❆ ❤♦r✐③♦♥s✱ ✇❡ ❤❛✈❡ ✷✽ ❡st✐♠❛t❡s ♦❢ βh t❤❛t ❝❛♥ ❜❡ r❡❧❛t❡❞ t♦ t❤❡ ▲❍❙ ♦❢

✭✷✸✮✳ ❚❤✐s ❣✐✈❡s ✉s ❛ s②st❡♠ ♦❢ ✷✽ ♥♦♥✲❧✐♥❡❛r ❡q✉❛t✐♦♥s ✇❤❡r❡ t❤❡ ♦♥❧② ✉♥❦♥♦✇♥ ✐s σ✳ ■ t❤❡r❡❢♦r❡ ❛♣♣❧②

❛ ♥♦♥✲❧✐♥❡❛r ❧❡❛st sq✉❛r❡ ❡st✐♠❛t♦r t♦ ✜♥❞ t❤❡ ✈❛❧✉❡ ♦❢ σ t❤❛t ♠✐♥✐♠✐③❡s t❤❡ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ t❤❡ ❘❍❙

❛♥❞ ▲❍❙ ♦❢ ✭✷✸✮✿

min
σ

[

βh − σ −

(

β̄PUR,h

PURvij,h

−
β̄PUR,h + σT̄ σ

vij,h

(
1− PURvij,h

)
− β̄PUR,hT̄ σ

vij,h

PURvij,h +
(
1− PURvij,h

)
T σ
vij,h

)
(

1− T̄−σ
vij,h

)
]2

✭✷✹✮

❚❤❡ r❡s✉❧ts ♦❢ t❤❡ ❡st✐♠❛t✐♦♥ ♦❢ ✭✷✹✮ ❛r❡ r❡♣♦rt❡❞ ✐♥ ❋✐❣✉r❡ ✽✱ ♣❧♦tt✐♥❣ t❤❡ ❛❜s♦❧✉t❡ ✈❛❧✉❡ ♦❢ t❤❡ t❛r✐✛
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❡❧❛st✐❝✐t② ❝♦❡✣❝✐❡♥ts ✭s♦❧✐❞ ❜❧❛❝❦ ❧✐♥❡✮ ❛♥❞ t❤❡ ✜tt❡❞ ✈❛❧✉❡s ❢r♦♠ t❤❡ ♥♦♥✲❧✐♥❡❛r ❡st✐♠❛t✐♦♥ ✭❞❛s❤❡❞ r❡❞

❧✐♥❡✮✳ ■ ❛❧s♦ ✜t ❛ ✈❡rs✐♦♥ ♦❢ ✭✷✹✮ ✐♥❝❧✉❞✐♥❣ ❛ ❧✐♥❡❛r tr❡♥❞ ✭❞♦tt❡❞ ❣r❡❡♥ ❧✐♥❡✮✳ ❋♦r t❤❡ t❛r✐✛ ❡❧❛st✐❝✐t②✱ ■ r❡❧②

♦♥ t❤❡ ❡st✐♠❛t❡ ❝♦♥tr♦❧❧✐♥❣ ❢♦r s❡✈❡♥ ❧❛❣s ✐♥ t❤❡ ❧♦❣✲❝❤❛♥❣❡ ♦❢ ✐♠♣♦rts✱ ❛s ✐t ❡①❤✐❜✐ts ❛ s❧✐❣❤t❧② ♠♦r❡ st❛❜❧❡

❜❡❤❛✈✐♦✉r✳

❋✐❣✉r❡ ✽✿ ❍❡t❡r♦❣❡♥❡♦✉s ❡❧❛st✐❝✐t② ❜② t❛r✐✛ ♠❛r❣✐♥
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❚❤❡ ❡st✐♠❛t✐♦♥ ✇✐t❤♦✉t ❛ tr❡♥❞ ②✐❡❧❞s ❛ ✈❛❧✉❡ ♦❢ σ = 6.6✱ ❛♥❞ ❞♦❡s ❛ ❢❛✐r❧② ❞❡❝❡♥t ❥♦❜s ✐♥ tr❛❝❦✐♥❣

t❤❡ t❛r✐✛ ❡❧❛st✐❝✐t② ❡st✐♠❛t❡s✳ ❆❞❞✐♥❣ ❛ ❧✐♥❡❛r tr❡♥❞ ✐♠♣r♦✈❡s t❤❡ ✜t ❢♦r t❤❡ ❧❛t❡st ❤♦r✐③♦♥s✱ ❛♥❞ ②✐❡❧❞s ❛♥

❡st✐♠❛t❡ ❢♦r σ ♦❢ ✺✳✸✳

❯s✐♥❣ ❞✐✛❡r❡♥t s♣❡❝✐✜❝❛t✐♦♥s ♦❢ t❤❡ t❛r✐✛ ❡❧❛st✐❝✐t② ♠♦❞❡❧ ②✐❡❧❞s s✐♠✐❧❛r r❡s✉❧ts✳ ❯s✐♥❣ t❤❡ ❜❛s❡❧✐♥❡

♠♦❞❡❧ ✇✐t❤ ♦♥❡ ❧❛❣✱ ■ ♦❜t❛✐♥ σ = 6.6 ❛♥❞ ✹✳✶ ✇❤❡♥ ❛❞❞✐♥❣ ❛ ❧✐♥❡❛r tr❡♥❞✳ ❚❤❡ s♣❡❝✐✜❝❛t✐♦♥ ✇✐t❤ t❤r❡❡

❧❛❣s ❣✐✈❡s σ = 7.2 ❛♥❞ ✺✳✸ ✇✐t❤ ❛ ❧✐♥❡❛r tr❡♥❞✳ ❚❤❡ ♠❡❞✐❛♥ ❛❝r♦ss ❛❧❧ s✐① ✈❛❧✉❡s ✐❢ ✺✳✽✺ ✭✻✳✻ ✇✐t❤♦✉t ❧✐♥❡❛r

tr❡♥❞ ❛♥❞ ✺✳✸ ✇✐t❤ t❤❡ tr❡♥❞✮✳

■❢ ✇❡ ✇❡r❡ t♦ t❛❦❡ t❤❡ ♠♦❞❡❧ ♦❢ ❉❡♠✐❞♦✈❛ ❛♥❞ ❑r✐s❤♥❛ ✭✷✵✵✽✮✱ ✇❤❡r❡ ♦♥❧② t❤❡ ♠♦st ♣r♦❞✉❝t✐✈❡ ✜r♠s

s❡❧❢✲s❡❧❡❝t ✐♥t♦ t❤❡ ♣r❡❢❡r❡♥t✐❛❧ r❡❣✐♠❡ ❛♥❞ t❤❡ ♣r♦❞✉❝t✐✈✐t② ❞✐str✐❜✉t✐♦♥ ✐s P❛r❡t♦✱ t❤❡ t❛r✐✛ ❡❧❛st✐❝✐t②

❡st✐♠❛t❡❞ ❜② ✭✺✮ ✐s ❛ ❝♦♥st❛♥t ❡q✉❛❧ t♦ θσ/ (σ − 1)✱ ✇✐t❤ θ ❜❡✐♥❣ t❤❡ s❤❛♣❡ ♣❛r❛♠❡t❡r ♦❢ t❤❡ P❛r❡t♦

❞✐str✐❜✉t✐♦♥✳ ❲✐t❤ σ = 5.85✱ ❛♥❞ ❛ ❧♦♥❣✲r✉♥ ❡❧❛st✐❝✐t② ♦❢ ✶✵ ✇❡ ✇♦✉❧❞ t❤❡♥ ❤❛✈❡ θ = 8.29✳

❈ ❉❛t❛ ❛♣♣❡♥❞✐①

❚❤✐s s❡❝t✐♦♥ ♣r♦✈✐❞❡s ❛❞❞✐t✐♦♥❛❧ s✉♠♠❛r② st❛t✐st✐❝s ♦❢ t❤❡ t❤❡ ❞❛t❛✳

❚❤❡ ♠❛✐♥ t❡①t s❤♦✇❡❞ t❤❛t t❤❡ ❛✈❡r❛❣❡ ❛♥❞ t♦t❛❧ P❯❘ ❝❛♥ ❞✐✛❡r s✉❜st❛♥t✐❛❧❧② ❛❝r♦ss ❝♦✉♥tr✐❡s✳ ❚❤✐s

❞✐✛❡r❡♥❝❡s ❝❛♥ ❞❡r✐✈❡ ❢r♦♠ ♠✉❧t✐♣❧❡ s♦✉r❝❡s✳ ❙❡❝t♦r❛❧ s♣❡❝✐❛❧✐③❛t✐♦♥ ✇✐❧❧ ❜❡ ♦♥❡ ❞r✐✈❡r✱ ❛s ✇❡❧❧ ❛s ♣r♦❞✉❝t✲
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s♣❡❝✐✜❝ r✉❧❡s ♦❢ ♦r✐❣✐♥ ❛♥❞ ♦t❤❡r ❢❛❝t♦rs✳ ✾ s❤♦✇s t❤❡ ❛✈❡r❛❣❡ P❯❘s ❛♥❞ t❛r✐✛ ♠❛r❣✐♥s ❜② ♣r♦❞✉❝t ❣r♦✉♣s✳

❆ s❝❛tt❡r ♣❧♦t ♦❢ P❯❘ ✈s t❛r✐✛ ♠❛r❣✐♥s ✐♥❞✐❝❛t❡s ❛ ♣♦s✐t✐✈❡ ❝♦rr❡❧❛t✐♦♥ ❜❡t✇❡❡♥ t❤❡ t❛r✐✛ ♠❛r❣✐♥ ❛♥❞ t❤❡

P❯❘✳ ❚❤❡ t❛r✐✛ ♠❛r❣✐♥ ❜② ✐ts❡❧❢ t❡❧❧s ♦♥❧② ♣❛rt ♦❢ t❤❡ st♦r②✱ ❛s t❤❡ ✉t✐❧✐③❛t✐♦♥ r❛t❡ ✇✐❧❧ ❛❧s♦ ❞❡♣❡♥❞ ♦♥

❤♦✇ ❡❛s✐❧② ✜r♠s ❝❛♥ ♠❡❡t r✉❧❡s ♦❢ ♦r✐❣✐♥✳ ❋♦r ✐♥st❛♥❝❡✱ t❤❡ r❡❧❛t✐✈❡❧② ❤✐❣❤ P❯❘ ❢♦r ▼✐♥❡r❛❧s ✐s ❧✐❦❡❧② t♦

r❡✢❡❝t t❤❡ ❧♦✇ ❝♦♠♣❧❡①✐t② ♦❢ t❤❡s❡ ♣r♦❞✉❝ts✱ ♠❛❦✐♥❣ ✐t ❡❛s② t♦ ♠❡❡t t❤❡ ❘♦❖s r❡q✉✐r❡♠❡♥t✳

❚♦ ✐♥s♣❡❝t t❤❡ r❡❧❛t✐♦♥ ❜❡t✇❡❡♥ P❯❘s ❛♥❞ r✉❧❡s ♦❢ ♦r✐❣✐♥✱ ❋✐❣✉r❡ ✶✵ ♣❧♦ts t❤❡ ❛✈❡r❛❣❡ P❯❘ ❢♦r ❑♦r❡❛

❛♥❞ ❈❛♥❛❞❛ ❜② t②♣❡ ♦❢ ❘♦❖s✳✹ ❚❤❡r❡ ❛r❡ q✉✐t❡ s♦♠❡ ❞✐✛❡r❡♥❝❡s ❜❡t✇❡❡♥ ❑♦r❡❛ ❛♥❞ ❈❛♥❛❞❛ ✐♥ t❡r♠s ♦❢

r❛♥❦✐♥❣✳ ❲❤♦❧❧② ♦❜t❛✐♥❡❞ r✉❧❡s✱ ✇❤✐❝❤ ❛✛❡❝ts ❆❣r✐❢♦♦❞ ♣r♦❞✉❝ts✱ ❣❡t t❤❡ ❤✐❣❤❡st P❯❘ ✐♥ ❈❛♥❛❞❛ ❜✉t ♥♦t

✐♥ ❑♦r❡❛✳ ❋♦r ❑♦r❡❛✱ t❤❡ ❤✐❣❤❡st P❯❘ ❛r❡ t❤♦s❡ ✇✐t❤ ❘♦❖s r❡❧❛t❡❞ t♦ s♣❡❝✐✜❝ ♣r♦❝❡ss❡s r❡q✉✐r❡♠❡♥ts✱

✇❤✐❧❡ r✉❧❡s ❜❛s❡❞ ♦♥ t❤❡ ♥❡t ✇❡✐❣❤t ♦❢ ✐♥♣✉ts ✐♥t♦ t❤❡ ♣r♦❞✉❝ts r❛♥❦ ❧♦✇ ✐♥ ❑♦r❡❛ ❜✉t ❤✐❣❤ ✐♥ ❈❛♥❛❞❛✳

❚❤❡s❡ ❞✐✛❡r❡♥❝❡s ❝❛♥ ❜❡ r❡❧❛t❡❞ t♦ t❤❡ ♣r♦❞✉❝t s♣❡❝✐❛❧✐③❛t✐♦♥ ♦❢ ❡❛❝❤ ❝♦✉♥tr② ❛s ✇❡❧❧ ❛s t❤❡ t②♣❡

♦❢ t❡❝❤♥♦❧♦❣② ❛♥❞ ✐♥♣✉t s♦✉r❝✐♥❣ ✉s❡❞ ❜② ❡❛❝❤ ❝♦✉♥tr②✳ ❋♦r ✐♥st❛♥❝❡✱ ♠❛♣❧❡ s②r✉♣ ✐s ✈❡r② ❧✐❦❡❧② t♦ ❜❡

♦r✐❣✐♥❛t✐♥❣ ✐♥ ❈❛♥❛❞❛✱ ❧❡ss s♦ ✐♥ ❑♦r❡❛✳ ❚r②✐♥❣ t♦ ❛❝❝♦✉♥t ❢♦r ❛❧❧ t❤❡s❡ ❢❛❝t♦rs ❝❛♥ ❜❡ ❞✐✣❝✉❧t ❛s ✇❡ ✇♦✉❧❞

♥❡❡❞ s♦♠❡ ♠✉❧t✐✲❞✐♠❡♥s✐♦♥❛❧ ✐♥❞❡①✳ ▲✉❝❦✐❧② t❤♦✉❣❤✱ ❛❧❧ t❤✐s ✐♥❢♦r♠❛t✐♦♥ ✐s ❝♦♥❞❡♥s❡❞ ✐♥ ♦♥❡ ✐♥❞✐❝❛t♦r✿

t❤❡ Pr❡❢❡r❡♥❝❡ ❯t✐❧✐③❛t✐♦♥ ❘❛t❡✳

❋✐❣✉r❡ ✾✿ P❯❘ ❛♥❞ t❛r✐✛ ♠❛r❣✐♥s ❜② ♣r♦❞✉❝t ❣r♦✉♣s

✭❛✮ P❯❘ ❜② ♣r♦❞✉❝t ❣r♦✉♣
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❙♦✉r❝❡✿ ❛✉t❤♦r✬s ❡❧❛❜♦r❛t✐♦♥ ♦❢ ❊✉r♦st❛t ❛♥❞ ❚❆❘■❈ ❞❛t❛✳ ❆❧❧ ❞❛t❛ r❡♣♦rt❡❞ ✐♥ t❤❡ ✜❣✉r❡s r❡❢❡r t♦ ✷✵✷✹✳
❚❤❡ ❜❛r ♣❧♦ts r❡♣♦rt t❤❡ ❛✈❡r❛❣❡ ❛♥❞ ✾✺✪ ❝♦♥✜❞❡♥❝❡ ✐♥t❡r✈❛❧ ♦❢ t❤❡ ♣r❡❢❡r❡♥❝❡ ✉t✐❧✐③❛t✐♦♥ r❛t❡ ❛♥❞ t❛r✐✛
♠❛r❣✐♥ ✭❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ ▼❋◆ ❛♥❞ ♣r❡❢❡r❡♥t✐❛❧ t❛r✐✛✮✳ ❚❤❡ s❝❛tt❡r ♣❧♦t s❤♦✇s t❤❡ ❛✈❡r❛❣❡ P❯❘ ❜②
❝♦✉♥tr② ❛♥❞ ♣r♦❞✉❝t ❣r♦✉♣ ♣❧♦tt❡❞ ❛❣❛✐♥st t❤❡ ❛✈❡r❛❣❡ t❛r✐✛ ♠❛r❣✐♥✳

✹■ ❛♠ ❣r❛t❡❢✉❧ t♦ ▼❛♥✉❡❧ ❚♦♥❣ ❢♦r s❤❛r✐♥❣ t❤❡ ❞❛t❛ ♦♥ r✉❧❡s ♦❢ ♦r✐❣✐♥✳

✸✾
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✭❛✮ ❑♦r❡❛
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❙♦✉r❝❡✿ ❛✉t❤♦r✬s ❡❧❛❜♦r❛t✐♦♥ ♦❢ ❊✉r♦st❛t ❛♥❞ ❯❑❚P❖ ❞❛t❛✳ ❚❤❡ ✜❣✉r❡ s❤♦✇s t❤❡ ❛✈❡r❛❣❡ ♣r❡❢❡r❡♥❝❡
✉t✐❧✐③❛t✐♦♥ r❛t❡ ❜② t②♣❡ ♦❢ ❘✉❧❡s ♦❢ ❖r✐❣✐♥✱ t♦❣❡t❤❡r ✇✐t❤ t❤❡ ✾✺✪ ❝♦♥✜❞❡♥❝❡ ✐♥t❡r✈❛❧✳

❋♦r t❤❡ ♣r♦❞✉❝t ❝♦♥❝♦r❞❛♥❝❡ ♦✈❡r t✐♠❡✱ ■ ❢♦❧❧♦✇ t❤❡ ❛♣♣r♦❛❝❤ ♦❢ ❇♦❡❤♠ ❡t ❛❧✳ ✭✷✵✷✸✮✳ ❯s✐♥❣ t❤❡

❝♦rr❡❧❛t✐♦♥ t❛❜❧❡s ♦❢ t❤❡ ❈♦♠❜✐♥❡❞ ◆♦♠❡♥❝❧❛t✉r❡ ✭❈◆✮ ❛❝r♦ss ②❡❛rs✱ ■ ♠❛♣ ♣r♦❞✉❝ts ✇✐t❤ ❛ ✶✿✶ ♠❛t❝❤

❛❝r♦ss ❞✐✛❡r❡♥t ✈✐♥t❛❣❡s ♦❢ t❤❡ ❈◆ ❝❧❛ss✐✜❝❛t✐♦♥✳ Pr♦❞✉❝ts t❤❛t s♣❧✐t ♦r ♠❡r❣❡ ❛r❡ ❝♦♥s✐❞❡r❡❞ ❛s ✐♥❞✐✈✐❞✉❛❧

♣r♦❞✉❝ts✳ ❋♦r ✐♥st❛♥❝❡✱ ✐❢ ♣r♦❞✉❝t ① ✐♥ t❤❡ ❈◆ ✷✵✶✶ ❝❧❛ss✐✜❝❛t✐♦♥ s♣❧✐ts ✐♥t♦ ①✶ ❛♥❞ ①✷ ✐♥ ✷✵✶✷✱ t❤❡s❡ ❛r❡

tr❡❛t❡❞ ❛s ❞✐✛❡r❡♥t ♣r♦❞✉❝ts✳ ❚❤✐s ♠❡❛♥s t❤❛t ① ❡♥❞s ✐♥ ✷✵✶✶✱ ❛♥❞ ①✶ ❛♥❞ ①✷ st❛rt ✐♥ ✷✵✷✶✳

❚❤✐s ❛♣♣r♦❛❝❤ ❝❛♥ ❜❡ ❝♦♥s❡r✈❛t✐✈❡✱ ❜✉t ❡♥s✉r❡s t❤❛t t❛r✐✛ ❝❤❛♥❣❡s ♦✈❡r t✐♠❡ ❞♦ ♥♦t ❛r✐s❡ ❜❡❝❛✉s❡ ♦❢

♣r♦❞✉❝t ❝♦❞❡s ♠❡r❣✐♥❣✴s♣❧✐tt✐♥❣✳ ❚❤❡ ♣r♦❝❡❞✉r❡ ✇✐❧❧ r❡❞✉❝❡ t❤❡ ♥✉♠❜❡r ♦❢ ♣r♦❞✉❝ts ♦❜s❡r✈❡❞ ♦✈❡r ❧♦♥❣

t✐♠❡ ♣❡r✐♦❞s✱ ❤❡♥❝❡ r❡❞✉❝✐♥❣ t❤❡ ♣r❡❝✐s✐♦♥ ♦❢ t❤❡ ❧♦♥❣ ❤♦r✐③♦♥ ❡❧❛st✐❝✐t✐❡s✳ ❍♦✇❡✈❡r✱ ❛ q✉✐t❡ ❧❛r❣❡ ❢r❛❝t✐♦♥

♦❢ t❤❡ ♣r♦❞✉❝ts ❤❛✈❡ ✶✿✶ ♠❛t❝❤ t❤r♦✉❣❤♦✉t t❤❡ ✇❤♦❧❡ s❛♠♣❧❡ ♣❡r✐♦❞✳ ❋✐❣✉r❡ ✶✶ s❤♦✇s t❤❡ ❢r❛❝t✐♦♥ ♦❢

♣r♦❞✉❝t ❝♦❞❡s ❞❡❝❧❛r❛❜❧❡ ✐♥ ❛♥② ❣✐✈❡♥ ②❡❛r ♦✈❡r t✐♠❡ ✕ ✐✳❡✳✱ t❤❡ s❤❛r❡ ♦❢ ✶✿✶ ♠❛t❝❤❡s✳ ❋♦r ✐♥st❛♥❝❡✱ t❤❡

❧✐♥❡ st❛rt✐♥❣ ✐♥ ✷✵✶✵ ✐♥❞✐❝❛t❡s t❤❡ ♣r♦❞✉❝ts ♦❢ t❤❡ ✷✵✵✾ ❈◆ ✈✐♥t❛❣❡✳ ❚❤❡ ❜✐❣ ❥✉♠♣s ♦❝❝✉rs ✇✐t❤ t❤❡ ♠❛❥♦r

r❡✈✐s✐♦♥s ♦❢ t❤❡ ❍❛r♠♦♥✐s❡❞ ❙②st❡♠ ❝❧❛ss✐✜❝❛t✐♦♥✱ ✇❤✐❝❤ ♦❝❝✉rr❡❞ ✐♥ ✷✵✶✷✱ ✷✵✶✼ ❛♥❞ ✷✵✷✷✳

✹✵



❋✐❣✉r❡ ✶✶✿ Pr♦❞✉❝t ❝♦♥❝♦r❞❛♥❝❡ ♦✈❡r t✐♠❡

��
��

��
��

��
��

��
��

��
��

��
��

��
��

��
�	

��
�


��
��

��
��

��
��

��
��

��
��

��
��

����

��
�

��
�

����

����

����


�
��
��
��
��
��
��

��
��

��
��
��
��

��
�

❉ ❆❞❞✐t✐♦♥❛❧ r❡s✉❧ts

❋✐❣✉r❡ ✶✷✿ ❋✐rst✲st❛❣❡ r❡❣r❡ss✐♦♥ ❝♦❡✣❝✐❡♥ts

✭❛✮ ▼♦❞❡❧ ✇✐t❤♦✉t P❯❘ ✐♥t❡r❛❝t✐♦♥
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✭❜✮ ▼♦❞❡❧ ✇✐t❤ P❯❘ ✐♥t❡r❛❝t✐♦♥
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❋✐❣✉r❡ ✶✸✿ ❘♦❜✉st♥❡ss✿ ■❱ ❛♥❞ ❧❛❣ s♣❡❝✐✜❝❛t✐♦♥s

✭❛✮ ❆❧t❡r♥❛t✐✈❡ s♣❡❝✐✜❝❛t✐♦♥s
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✭❜✮ ❈♦♠♣❛r✐s♦♥ ♦❢ ♠♦❞❡❧s✱ ❝♦♥tr♦❧❧✐♥❣
❢♦r ✸ ❧❛❣s

✭❝✮ ❈♦♠♣❛r✐s♦♥ ♦❢ ♠♦❞❡❧s✱ ❝♦♥tr♦❧❧✐♥❣
❢♦r ✼ ❧❛❣s

❉✳✶ P❛rt✐❛❧ ❡q✉✐❧✐❜r✐✉♠ ❡✛❡❝ts

❚❤✐s s❡❝t✐♦♥ ♣r♦✈✐❞❡s t❤❡ ❞❡t❛✐❧s ♦❢ t❤❡ ❝❛❧❝✉❧❛t✐♦♥ ♦❢ ♣❛rt✐❛❧ ❡✛❡❝ts ♦❢ t❤❡ ❡❧✐❣✐❜✐❧✐t② ❛♥❞ ❡✛❡❝t✐✈❡✲t❛r✐✛

♠♦❞❡❧s✳ ❆s ❛ ❞✐r❡❝t ❛♥❛❧②t✐❝❛❧ ❝♦♠♣❛r✐s♦♥ ♦❢ ✭✶✶✮ ❛♥❞ ✭✶✷✮ ✐s ♥♦t ♣♦ss✐❜❧❡✱ ■ ♣r♦❝❡❡❞ ✇✐t❤ t✇♦ ♥✉♠❡r✐❝❛❧

❝♦♠♣❛r✐s♦♥s✳

■♥ t❤❡ ✜rst ❝♦♠♣❛r✐s♦♥ ■ ❤♦❧❞ ✜①❡❞ t❤❡ t❛r✐✛ ♠❛r❣✐♥ T = 1.05 ❛♥❞ t❤❡ P❯❘❂✵✳✸✱ ✇❤✐❝❤ ❛r❡ ❝❧♦s❡ t♦ t❤❡

s❛♠♣❧❡ ❛✈❡r❛❣❡s✱ ❛♥❞ ❧♦♦❦ ❛t ❞✐✛❡r❡♥t ✈❛❧✉❡s ♦❢ σ✳ ❋♦r t❤❡ str✉❝t✉r❛❧ ♣❛r❛♠❡t❡r ε✱ ■ t❛r❣❡t t❤❡ ❤♦r✐③♦♥s

✷✵✲✷✽ ❡❧❛st✐❝✐t✐❡s ❢r♦♠ t❤❡ r❡❣r❡ss✐♦♥ ✇✐t❤ s❡✈❡♥ ❧❛❣s✱ s❡tt✐♥❣ ε = 10✱ ❣✐✈✐♥❣ ε❊❧✐❣✐❜❧❡ = 10 × 0.3 = 3✳ ❚❤❡

t❡r♠ svij ✐s ❝♦♠♣✉t❡❞ ❛s ✐♥ ✭✷✷✮✱ ❤❡♥❝❡ ✐t ✈❛r✐❡s ✇✐t❤ σ✳

■♥ t❤❡ s❡❝♦♥❞ t②♣❡ ♦❢ ❝♦♠♣❛r✐s♦♥ ■ ❤♦❧❞ σ ✜①❡❞✱ ❜✉t ❧❡t T ✈❛r②✳ ■♥ t❤✐s ❝❛s❡✱ ✇❡ s❤♦✉❧❞ r❡❝♦❣♥✐s❡ t❤❛t

t❤❡ P❯❘ ✐s ♥♦t ✐♥✈❛r✐❛♥t t♦ t❤❡ t❛r✐✛ ♠❛r❣✐♥✱ ❜✉t ✐♥❝r❡❛s❡s ✇✐t❤ T ✳ ❚❛r❣❡t✐♥❣ t❤❡ ❧♦♥❣✲r✉♥ ❡st✐♠❛t❡s ♦❢

t❤❡ r❡❣r❡ss✐♦♥ ♦❢ P❯❘ ♦♥ lnT r❡♣♦rt❡❞ ✐♥ ❋✐❣✉r❡ ✭✸✮✱ ■ ❝♦♠♣✉t❡ PUR = 4× lnT ✳

❋♦r t❤✐s s❡❝♦♥❞ ❝♦♠♣❛r✐s♦♥✱ ■ ❧❡t t❤❡ ❡❧❛st✐❝✐t② ✈❛r② ✇✐t❤ t❤❡ P❯❘✳ ❚❤❡ t❤♦✉❣❤t ❡①♣❡r✐♠❡♥t ✐s ❛s ❢♦❧❧♦✇s✳

■♠❛❣✐♥❡ t❤❛t ✇❡ ✇❡r❡ t♦ ❡st✐♠❛t❡ t❤❡ t❛r✐✛ ❡❧❛st✐❝✐t② ❢r♦♠ ❞✐✛❡r❡♥t s❛♠♣❧❡s✱ ❡❛❝❤ ❤❛✈✐♥❣ ❛ ❞✐✛❡r❡♥t ❛✈❡r❛❣❡

t❛r✐✛ ♠❛r❣✐♥ ❛♥❞ P❯❘✱ ✇✐t❤ t❤❡ t✇♦ ❜❡✐♥❣ r❡❧❛t❡❞✳ ❚❤❡♥ ■ ❛s❦ ✇❤❛t ✇♦✉❧❞ ❜❡ t❤❡ ♣r❡❞✐❝t❡❞ ♣❛rt✐❛❧ ❡✛❡❝ts

♦❢ t❤❡ ❛✈❡r❛❣❡ t❛r✐✛ ❧✐❜❡r❛❧✐③❛t✐♦♥ ✐♥ t❤❡ s❛♠♣❧❡✳ ❚♦ ❞♦ s♦✱ ■ ✜① t❤❡ str✉❝t✉r❛❧ ❡❧❛st✐❝✐t② ε = 10✱ ❛♥❞

❝♦♠♣✉t❡ t❤❡ ❡❧❛st✐❝✐t② ❢♦r t❤❡ ❡❧✐❣✐❜✐❧✐t② ♠♦❞❡❧ ❛s ε❊❧✐❣✐❜❧❡ = ε× PUR✳

❚❤❡ r❡s✉❧ts ♦❢ t❤❡ ♣❛rt✐❛❧✲❡✛❡❝t ❝♦♠♣❛r✐s♦♥ ❛r❡ r❡♣♦rt❡❞ ✐♥ ❚❛❜❧❡ ✸✳ ■♥ ❚❛❜❧❡ ✸❛ ■ ❧❡t σ ✈❛r②✳ ❚❤✐s ❞♦❡s

♥♦t ❛✛❡❝t ♦♥ t❤❡ ♣❛rt✐❛❧ ❡✛❡❝t ♦❢ t❤❡ ❡❧✐❣✐❜✐❧✐t② ♠♦❞❡❧✱ ✇❤✐❝❤ ♣r❡❞✐❝ts ❛♥ ✐♥❝r❡❛s❡ ✐♥ ✐♠♣♦rts ❜② ✶✺✳✽✪✳

❚❤❡ ❡✛❡❝ts ♣r❡❞✐❝t❡❞ ❜② t❤❡ ❡✛❡❝t✐✈❡✲t❛r✐✛ ♠♦❞❡❧ ❛r❡ s✉❜st❛♥t✐❛❧❧② s♠❛❧❧❡r✱ r❛♥❣✐♥❣ ❢r♦♠ ✷✳✾✪ ✇✐t❤ σ = 2

❛♥❞ r❡❛❝❤✐♥❣ ✽✳✷✪ ✇✐t❤ σ = 6✳

✹✷



■♥ ❚❛❜❧❡ ✸❜ ■ ❧♦♦❦ ❛t ❞✐✛❡r❡♥t t❛r✐✛ ♠❛r❣✐♥s✱ ❧❡tt✐♥❣ t❤❡ P❯❘ ❛❞❥✉st t♦ t❤❡ t❛r✐✛ ♠❛r❣✐♥ ❛♥❞ t❤❡r❡❢♦r❡

t❤❡ ❡❧❛st✐❝✐t② ❢♦r t❤❡ ❡❧✐❣✐❜✐❧✐t② ♠♦❞❡❧ ε❊❧✐❣✐❜❧❡✱ ✇❤✐❝❤ ✐♥❝r❡❛s❡s ✇✐t❤ t❤❡ P❯❘✳ ❚❤❡ ❡❧✐❣✐❜❧❡✲t❛r✐✛ ♠♦❞❡❧

♣r❡❞✐❝ts ❧❛r❣❡r ♣❛rt✐❛❧ ❡✛❡❝ts t❤❛♥ t❤❡ ❡✛❡❝t✐✈❡✲t❛r✐✛ ♠♦❞❡❧ ❢♦r ❡✈❡r② ✈❛❧✉❡s ♦❢ t❤❡ t❛r✐✛ ♠❛r❣✐♥✳ ▼♦r❡♦✈❡r✱

t❤❡ ❞✐✛❡r❡♥❝❡s ❜❡❝♦♠❡ ❧❛r❣❡r ❛s t❤❡ t❛r✐✛ ♠❛r❣✐♥ ✐♥❝r❡❛s❡s✳ ❋♦r ❛ t❛r✐✛ ♠❛r❣✐♥ ♦❢ ✶✳✵✷✱ t❤❡ ❡❧✐❣✐❜✐❧✐t② ♠♦❞❡❧

♣r❡❞✐❝ts ❛♥ ❡✛❡❝t ✶✳✾ ❧❛r❣❡r t❤❛♥ t❤❡ ❡✛❡❝t✐✈❡✲t❛r✐✛ ♠♦❞❡❧✳ ❲❤❡♥ t❤❡ t❛r✐✛ ♠❛r❣✐♥ ✐s ✶✳✷✺✱ t❤❡ ❡❧✐❣✐❜✐❧✐t②

♠♦❞❡❧ ❡✛❡❝ts ❛r❡ ✸✳✸ t✐♠❡s ❧❛r❣❡r t❤❛♥ t❤❡ ❡✛❡❝t✐✈❡✲t❛r✐✛ ♦♥❡s✳ ■❢ ✐♥st❡❛❞ ✇❡ ✇❡r❡ t♦ ❝♦♥s✐❞❡r ❛ ❝♦♥st❛♥t

❡❧❛st✐❝✐t② ❢♦r t❤❡ ❡❧✐❣✐❜✐❧✐t② ♠♦❞❡❧✱ s❡tt✐♥❣ ε❊❧✐❣✐❜❧❡ = 3.5 t♦ ♠❛t❝❤ t❤❡ r❡s✉❧ts r❡♣♦rt❡❞ ✐♥ ❋✐❣✉r❡ ✺❛✱ ✇❡

✇♦✉❧❞ ♦❜t❛✐♥ ❧❛r❣❡r ♣❛rt✐❛❧ ❡✛❡❝ts ❢♦r s♠❛❧❧ t❛r✐✛ ♠❛r❣✐♥s ✭✰✼✳✷✪ ✇❤❡♥ t❤❡ t❛r✐✛ ♠❛r❣✐♥ ✐s ✶✳✵✷✮ ❛♥❞

s♠❛❧❧❡r ♦♥❡s ✇❤❡♥ t❤❡ t❛r✐✛ ♠❛r❣✐♥ ❣❡ts ❧❛r❣❡ ✭✰✶✶✽✪ ✇❤❡♥ t❤❡ t❛r✐✛ ♠❛r❣✐♥ ✐s ✶✳✷✺✮✳

❚❛❜❧❡ ✸✿ ❈♦♠♣❛r✐s♦♥ ♦❢ ♣❛rt✐❛❧ ❡✛❡❝ts

✭❛✮ ❈❤❛♥❣✐♥❣ σ

σ P❛rt✐❛❧ ❡✛❡❝t ♦♥ ✐♠♣♦rts✱ ✪
▼♦❞❡❧

❊❧✐❣✐❜❧❡✲t❛r✐✛ ❊✛❡❝t✐✈❡✲t❛r✐✛
✷ ✶✺✳✽ ✷✳✾
✸ ✶✺✳✽ ✹✳✸
✹ ✶✺✳✽ ✺✳✻
✺ ✶✺✳✽ ✻✳✾
✻ ✶✺✳✽ ✽✳✷

✭❜✮ ❈❤❛♥❣✐♥❣ t❤❡ t❛r✐✛ ♠❛r❣✐♥

❚❛r✐✛ ♠❛r❣✐♥ P❯❘ P❛rt✐❛❧ ❡✛❡❝t ♦♥ ✐♠♣♦rts✱ ✪

▼♦❞❡❧

❊❧✐❣✐❜❧❡✲t❛r✐✛ ❊✛❡❝t✐✈❡✲t❛r✐✛

✶✳✵✷ ✵✳✵✽ ✶✳✻ ✵✳✾

✶✳✵✺ ✵✳✷✵ ✶✵✳✵ ✺✳✶

✶✳✶ ✵✳✸✽ ✹✸✳✽ ✶✾✳✺

✶✳✷ ✵✳✼✸ ✷✼✽✳✵ ✾✶✳✼

✶✳✷✺ ✵✳✽✾ ✻✸✷✳✽ ✶✽✻✳✷

❊ ●❡♥❡r❛❧ ❡q✉✐❧✐❜r✐✉♠ ♠♦❞❡❧❧✐♥❣

❚❤✐s s❡❝t✐♦♥ ❡①♣❧❛✐♥s t❤❡ ❣❡♥❡r❛❧ ❡q✉✐❧✐❜r✐✉♠ ♠♦❞❡❧❧✐♥❣ ❜❡❤✐♥❞ t❤❡ r❡s✉❧ts ♣r❡s❡♥t❡❞ ✐♥ ❙❡❝t✐♦♥ ✻✳

❚❤❡ ♠♦❞❡❧ ❢❡❛t✉r❡s ✜r♠ ❤❡t❡r♦❣❡♥❡✐t② ✐♥ ♣r♦❞✉❝t✐✈✐t② φ✳ ❚❤❡r❡ ❛r❡ N ❝♦✉♥tr✐❡s✱ ✇✐t❤ t❤❡ s✉❜s❝r✐♣ts i

✐♥❞✐❝❛t✐♥❣ t❤❡ ❡①♣♦rt❡r ❛♥❞ j t❤❡ ✐♠♣♦rt❡r✱ ❛♥❞ ♠✉❧t✐♣❧❡ s❡❝t♦rs ✐♥❞❡①❡❞ ❜② k = 1, ...,K✳ ❚❤❡ ♣r❡s❡♥t❛t✐♦♥

❢♦❧❧♦✇s ❝❧♦s❡❧② ❈♦st✐♥♦t ❛♥❞ ❘♦❞rí❣✉❡③✲❈❧❛r❡ ✭✷✵✶✹✮✳ ■ st❛rt ✐♥tr♦❞✉❝✐♥❣ t❤❡ ✭st❛♥❞❛r❞✮ ❡❧✐❣✐❜✐❧✐t② ♠♦❞❡❧✱

✇❤✐❝❤ ❛❧s♦ s❡r✈❡s ❛s t❤❡ ❜❛s❡ ❢♦r ▼❋◆ tr❛❞❡✱ ❛♥❞ t❤❡♥ ✐♥tr♦❞✉❝❡ t❤❡ ♠♦❞❡❧❧✐♥❣ ♦❢ ❋❚❆s ❛❝❝♦✉♥t✐♥❣ ❢♦r

♣r❡❢❡r❡♥❝❡ ✉t✐❧✐③❛t✐♦♥ r❛t❡s✳ ❆s s♦♠❡ ♦❢ t❤❡ r❡s✉❧ts ♣r❡s❡♥t❡❞ ❛r❡ st❛♥❞❛r❞ ✐♥ t❤❡ ❧✐t❡r❛t✉r❡✱ ■ ❞♦ ♥♦t s❤♦✇

❛❧❧ ❞❡r✐✈❛t✐♦♥s st❡♣✲❜②✲st❡♣✳

❚❤❡ ❡❧✐❣✐❜❧❡✲t❛r✐✛ ♠♦❞❡❧✿ ❊❛❝❤ ❝♦♥s✉♠❡r ✐♥ ❝♦✉♥tr② j ♠❛①✐♠✐s❡s ❝♦♥s✉♠♣t✐♦♥ Cj ✿

Cj = ΠK
k=1C

βj,k

j,k ✭✷✺✮
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✇❤❡r❡ βj,k ≥ 0 ❛r❡ ❝♦♥s✉♠♣t✐♦♥ s❤❛r❡s ❛♥❞
∑

k βjk = 1✳ ❚❤❡ s❡❝t♦r✲s♣❡❝✐✜❝ ❝♦♥s✉♠♣t✐♦♥ ✐s ❣✐✈❡♥ ❜②✿

Cjk =

[∫

ω∈Ω
cj,k(ω)

σ−1
σ dω

] σ
σ−1

✭✷✻✮

✇❤❡r❡ σ > 1 ✐s t❤❡ ❡❧❛st✐❝✐t② ♦❢ s✉❜st✐t✉t✐♦♥ ❛❝r♦ss ✈❛r✐❡t✐❡s✳ ❊❛❝❤ ✈❛r✐❡t② ✐s s♦✉r❝❡❞ ❢r♦♠ ♦♥❡ ❝♦✉♥tr②

♦♥❧② ❤❡♥❝❡ Cjk =
(
∑

iC
(σ−1)/σ
ij,k

) σ
σ−1

✱ ✇✐t❤ Cijk =
(∫

ω∈Ωijk
cj,k(ω)

σ−1
σ dω

) σ
σ−1

✳ ❚❤❡ ❛ss♦❝✐❛t❡❞ ❝♦♥s✉♠❡r

♣r✐❝❡ ✐♥❞❡① ✐s Pj = ΠK
k=1P

βjk

jk ❛♥❞ t❤❡ s❡❝t♦r ♣r✐❝❡ ✐♥❞❡①❡s ❛r❡ ❣✐✈❡♥ ❜② Pjk =
(
∑

i P
1−σ
ij,k

) 1
1−σ

❛♥❞ Pijk =
(∫

ω∈Ωijk
pj,k(ω)

1−σdω
) 1

1−σ
✳ ◆♦t❡ t❤❛t t❤❡ ♣r✐❝❡ ✐♥❞❡① ✐s t❛r✐✛✲✐♥❝❧✉s✐✈❡✱ ❛s ✐t r❡♣r❡s❡♥t t❤❡ ♣r✐❝❡ ❢❛❝❡❞ ❜②

❝♦♥s✉♠❡rs ✐♥ t❤❡ ✐♠♣♦rt✐♥❣ ❝♦✉♥tr②✳

❖♥ t❤❡ ♣r♦❞✉❝t✐♦♥ s✐❞❡✱ ✜r♠s ❛r❡ ❤❡t❡r♦❣❡♥❡♦✉s ✐♥ t❤❡✐r ♣r♦❞✉❝t✐✈✐t② φ ❛♥❞ ♦♣❡r❛t❡ ✐♥ ♠♦♥♦♣♦❧✐st✐❝

❝♦♠♣❡t✐t✐♦♥✳ ❚❤❡ ♣r♦✜t✲♠❛①✐♠✐s✐♥❣ ❜❡❤❛✈✐♦✉r ❣✐✈❡s t❤❡ ♦♣t✐♠❛❧ ♣r✐❝❡ ❛s pik = σ
σ−1

wi

ϕ ✳ ❆❞❞✐♥❣ ❜✐❧❛t❡r❛❧

tr❛❞❡ ❝♦sts δijk ≥ 1 ✇❡ ❤❛✈❡ t❤❡ ♣r❡✲t❛r✐✛ ❜✐❧❛t❡r❛❧ ♣r✐❝❡ ❣✐✈❡♥ ❜② pijk = pikδijk✳ ❲❤❡♥ s❡❧❧✐♥❣ t♦ ♠❛r❦❡t

j✱ ❛ ✜r♠ ❢❛❝❡s ❛ ❞❡♠❛♥❞ cijk = p−σ
ijkβjkEjP

σ−1
jk ✳ ❍❡r❡ Ej ✐s t♦t❛❧ ❡①♣❡♥❞✐t✉r❡ ✐♥ ❝♦✉♥tr② j ❛♥❞ βjkEj ✐s

❡①♣❡♥❞✐t✉r❡ ✐♥ s❡❝t♦r k✳

❚❤❡ ✜r♠ ❛❧s♦ ❢❛❝❡s t❛r✐✛s ❞❡♥♦t❡❞ ❜② τijk = 1 + t❛r✐✛ijk✳ ❍♦✇❡✈❡r✱ ✇❤✐❧❡ t❛r✐✛ r❡❞✉❝❡ ❞❡♠❛♥❞ ❜②

✐♥❝r❡❛s✐♥❣ t❤❡ ♣r✐❝❡ ❝♦♥s✉♠❡rs ❢❛❝❡✱ t❤❡ ✜r♠ ❞♦❡s ♥♦t ❛❝❝r✉❡ t❤❡ t❛r✐✛ r❡✈❡♥✉❡✱ ✇❤✐❝❤ ✐s ❝♦❧❧❡❝t❡❞ ❛t t❤❡

❜♦r❞❡r✳ ❍❡♥❝❡ ✜r♠ r❡✈❡♥✉❡s ❢r♦♠ s❡❧❧✐♥❣ t♦ j ❛r❡✿

rijk(φ) =

(
pijk
Pjk

)1−σ

τ−σ
ijk βjkEj =

(
σ

σ − 1

wiδijk
φPjk

)1−σ

τ−σ
ijk βjkEj ✭✷✼✮

✇✐t❤ ♣r♦✜ts ❣✐✈❡♥ ❜② πijk(φ) = rijk(φ)/σ − wifijk✱ ✇❤❡r❡ wifijk ❛r❡ t❤❡ ✜①❡❞ ❡①♣♦rt✐♥❣ ❝♦sts ♣❛✐❞ ✐♥

t❡r♠s ♦❢ ❞♦♠❡st✐❝ ❧❛❜♦✉r✳ ❚❤❡♥ t❤❡ ♣r♦❞✉❝t✐✈✐t② ❝✉t✲♦✛ ❢♦r ❡①♣♦rt✐♥❣ ✐s✿

φ∗
ijk =

(
σ

σ − 1

wiδijk
Pjk

)(

wifijkσ

τ−σ
ijk βjkEj

) 1
σ−1

✭✷✽✮

❚♦ ❣❡t t♦t❛❧ s❡❝t♦r✲❧❡✈❡❧ ❡①♣♦rts ♦❢ i t♦ j ✇❡ ✐♥t❡❣r❛t❡ ✜r♠ s❛❧❡s ♦✈❡r ♣r♦❞✉❝t✐✈✐t②✳ Pr♦❞✉❝t✐✈✐t② ✐s

❞✐str✐❜✉t❡❞ P❛r❡t♦ ✇✐t❤ ❛ ❝✉♠✉❧❛t✐✈❡ ❞❡♥s✐t② ❢✉♥❝t✐♦♥ G(φ) = 1− φ−θ✳ ❚♦t❛❧ t❛r✐✛ ✐♥❝❧✉s✐✈❡ ❡①♣♦rts ❝❛♥

t❤❡♥ ❜❡ ❡①♣r❡ss❡❞ ✇✐t❤ t❤❡ s❡❝t♦r✲❧❡✈❡❧ ❣r❛✈✐t② ❡q✉❛t✐♦♥✿

Xijk =
τ
1− σθ

σ−1

ijk Mi (wiδijk)
−θ (wifijk)

−θ+σ−1
σ−1

∑n
i′=1 τ

1− σθ
σ−1

i′jk Mi′
(
wi′δi′jk

)−θ (
wi′fi′jk

)−θ+σ−1
σ−1

βjkEj ✭✷✾✮

❚❤❡ t❛r✐✛ ❡❧❛st✐❝✐t② ♦❢ t❛r✐✛✲✐♥❝❧✉s✐✈❡ tr❛❞❡ ✐s 1− σθ
σ−1 ✱ ✇❤❡r❡ −

σθ
σ−1 ✐s t❤❡ ❡❧❛st✐❝✐t② t❤❛t ❝❛♥ ❜❡ r❡❝♦✈❡r❡❞

✹✹



❢r♦♠ t❤❡ r❡❣r❡ss✐♦♥ ♦❢ ✐♠♣♦rts ♦♥ t❛r✐✛s✳ ❆s ♥♦t❡❞ ✐♥ ❋❡❧❜❡r♠❛②r ❡t ❛❧✳ ✭✷✵✶✸✮✱ t❤❡ ♠❛ss ♦❢ ❡♥tr❛♥ts Mi ✐s

♣r♦♣♦rt✐♦♥❛❧ t♦ t❤❡ ✜①❡❞ ❧❛❜♦✉r ❡♥❞♦✇♠❡♥t Li✱ ❤❡♥❝❡ ✐t ❞♦❡s ♥♦t ❝❤❛♥❣❡ ✐♥ ❝♦♠♣❛r❛t✐✈❡ st❛t✐❝s✳ ▼♦r❡♦✈❡r✱

❛s ❧❛❜♦✉r ✐s t❤❡ ♦♥❧② ❢❛❝t♦r ♦❢ ♣r♦❞✉❝t✐♦♥✱ t♦t❛❧ r❡✈❡♥✉❡s ❛r❡ ❣✐✈❡♥ ❜② t♦t❛❧ ✐♥❝♦♠❡ Ri = Yi✳

❚♦t❛❧ ❡①♣❡♥❞✐t✉r❡ ✐♥ ❝♦✉♥tr② j ✐s t❤❡ s✉♠ ♦❢ ✐♥❝♦♠❡ Yj =
∑

i

∑

k Xjik/τjik✱ ✇❤❡r❡ ■ ❞✐✈✐❞❡ ❜② t❛r✐✛s

❛s ■ ❞❡✜♥❡❞ Xijk ❛s t❛r✐✛✲✐♥❝❧✉s✐✈❡ ❡①♣♦rts✱ ❛♥❞ t❛r✐✛ r❡✈❡♥✉❡s trj =
∑

i

∑

k
τijk−1
τijk

Xijk✳ ❲❤❡♥ tr❛❞❡ ❞❛t❛

❛r❡ ✉♥❜❛❧❛♥❝❡❞✱ ✇❡ ♠✉st ❛❧s♦ ❛❝❝♦✉♥t ❢♦r t❤❡ ❛❣❣r❡❣❛t❡ tr❛❞❡ ❞❡✜❝✐t Dj ✳ ❍❡♥❝❡ ❡①♣❡♥❞✐t✉r❡ ❛r❡✿

Ej = Yj +Dj + trj ✭✸✵✮

◆♦t✐♥❣ t❤❛t t❛r✐✛ r❡✈❡♥✉❡s ❤❛✈❡ ❛ r❡❝✉rs✐✈❡ str✉❝t✉r❡✱ ✇❡ ❝❛♥ r❡✲✇r✐t❡ s❡❝t♦r❛❧ ❡①♣❡♥❞✐t✉r❡ ❛s✿

Ej =
Yj +Dj

1− πj
✭✸✶✮

✇❤❡r❡ πj =
∑

k βjkπj,k r❡♣r❡s❡♥ts t❤❡ t❛r✐✛ r❡✈❡♥✉❡s s❤❛r❡✱ ❛❣❣r❡❣❛t✐♥❣ t❤❡ s❡❝t♦r❛❧ s❤❛r❡s πj,k =
∑

i
τij,k−1
τij,k

λij,k✳

❚❤❡ ♥❡①t s✉❜s❡❝t✐♦♥ ❧❛②s ❞♦✇♥ t❤❡ ♠♦❞❡❧ ✇✐t❤ tr❛❞❡ r❡❣✐♠❡ ❤❡t❡r♦❣❡♥❡✐t②✱ ✇❤❡r❡ ✜r♠s s❡❧❢✲s❡❧❡❝t ✐♥t♦

✉s✐♥❣ ❛♥ ❋❚❆✳

❚❤❡ ❡✛❡❝t✐✈❡✲t❛r✐✛ ♠♦❞❡❧✿ ❲❤❡♥ ❛♥ ❋❚❆ ❣r❛♥ts ❝♦♥❞✐t✐♦♥❛❧ t❛r✐✛ ♣r❡❢❡r❡♥❝❡s✱ ♥♦t ❛❧❧ ✜r♠s ✉s❡

t❤❡♠✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ ♠♦❞❡❧ ❢♦❧❧♦✇s t❤❡ ❛♣♣r♦❛❝❤ ♦❢ ❉❡♠✐❞♦✈❛ ❛♥❞ ❑r✐s❤♥❛ ✭✷✵✵✽✮✱ ✇❤✐❝❤✱ t♦ t❤❡ ❜❡st ♦❢

♠② ❦♥♦✇❧❡❞❣❡✱ ✐s t❤❡ ♦♥❧② ♠♦❞❡❧ ✇❤✐❝❤ ❛❝❝♦✉♥ts ❢♦r t❤❡ ❡♥❞♦❣❡♥❡✐t② ♦❢ P❯❘s✳

❲❤❡♥ ❛♥ ❋❚❆ ✐s ♣r❡s❡♥t✱ ✜r♠s ❢r♦♠ ❝♦✉♥tr② i ❝❛♥ ❡①♣♦rt t♦ j ✉♥❞❡r t❤❡ ▼❋◆ ♦❢ ♣r❡❢❡r❡♥t✐❛❧ t❛r✐✛

r❡❣✐♠❡✳ ■❢ t❤❡② ❡①♣♦rt ✉♥❞❡r t❤❡ ▼❋◆ r❡❣✐♠❡✱ t❤❡ ✜r♠ ❢❛❝❡s ❛♥ ❡①♣♦rt✐♥❣ ✜①❡❞ ❝♦st fijk ✭❛s ✐♥ t❤❡ ♣r❡✈✐♦✉s

s❡❝t✐♦♥✮ ❛♥❞ ❢❛❝❡s t❤❡ ▼❋◆ t❛r✐✛ τMFN
ijk ✳ ■ ♠❛✐♥t❛✐♥ t❤❡ ✐♥❞❡① i t♦ ✐♥❞✐❝❛t❡ t❤❛t ❢♦r ❞♦♠❡st✐❝ s❛❧❡s ✭i = j✮

t❤❡ t❛r✐✛ ✐s ③❡r♦ ❛♥❞ τMFN
iik = 1✳ ❆❧t❡r♥❛t✐✈❡❧②✱ t❤❡ ✜r♠ ❝❛♥ ♣❛② ❛♥ ❛❞❞✐t✐♦♥❛❧ ✜①❡❞ ❝♦st fPRF

ijk t♦ ❛❝❝❡ss

t❤❡ ♣r❡❢❡r❡♥t✐❛❧ t❛r✐✛ r❡❣✐♠❡✳ ■❢ ✐t ❝❤♦♦s❡s t♦ ❞♦ s♦✱ ✐t ❢❛❝❡s t❤❡ ❧♦✇❡r ♣r❡❢❡r❡♥t✐❛❧ t❛r✐✛ τPRF
ijk < τMFN

ijk ✳

❚❤✐s s❡tt✐♥❣ ❣❡♥❡r❛t❡s ❛ tr❛❞❡✲♦✛ ❜❡t✇❡❡♥ ✈❛r✐❛❜❧❡ ❛♥❞ ✜①❡❞ ❝♦sts✱ ❛♥❞ t✇♦ ♣♦ss✐❜❧❡ ❡q✉✐❧✐❜r✐❛ ❛r✐s❡✳

■❢ t❤❡ ✜①❡❞ ❝♦sts ♦❢ t❤❡ ♣r❡❢❡r❡♥t✐❛❧ r❡❣✐♠❡ ❛r❡ ❧♦✇ ♦r t❤❡ ♣r❡❢❡r❡♥t✐❛❧ t❛r✐✛ ✐s s✉❜st❛♥t✐❛❧❧② s♠❛❧❧❡r t❤❛♥

t❤❡ ▼❋◆ ♦♥❡✱ t❤❡♥ ❛❧❧ ✜r♠s ❡①♣♦rt ✉♥❞❡r t❤❡ ♣r❡❢❡r❡♥t✐❛❧ r❡❣✐♠❡✳ ❚❤✐s ✐s ❛ r❛t❤❡r ✉♥✐♥t❡r❡st✐♥❣ ❝❛s❡ ❛s

t❤❡ st❛♥❞❛r❞ ♠♦❞❡❧❧✐♥❣ ♦❢ t❛r✐✛s ❝❛♥ ❝❛♣t✉r❡ ❛❧❧ t❤❡ ❡✛❡❝ts✳ ◆♦♥❡t❤❡❧❡ss✱ t❤❡ ❝♦✉♥t❡r❢❛❝t✉❛❧ ❛♥❛❧②s✐s ✇✐❧❧

t❛❦❡ ✐♥t♦ ❛❝❝♦✉♥t t❤❡ ♣♦ss✐❜✐❧✐t② ♦❢ ❛❧❧ ✜r♠s tr❛❞✐♥❣ ✉♥❞❡r t❤❡ ♣r❡❢❡r❡♥t✐❛❧ r❡❣✐♠❡✱ ✇❤✐❝❤ ❤❛♣♣❡♥s ✇❤❡♥

t❤❡ P❯❘ ✐s ✶✵✵✪✳

❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ✐❢ t❤❡ ✜①❡❞ ❝♦sts ♦❢ t❤❡ ♣r❡❢❡r❡♥t✐❛❧ r❡❣✐♠❡ ❛r❡ ❤✐❣❤ ♦r t❤❡ ♣r❡❢❡r❡♥t✐❛❧ t❛r✐✛ ♠❛r❣✐♥

✐s ❧♦✇✱ ♦♥❧② t❤❡ ♠♦st ♣r♦❞✉❝t✐✈❡ ✜r♠s s❡❧❢✲s❡❧❡❝t ✐♥t♦ ✉s✐♥❣ t❤❡ ❋❚❆✳ ■♥ t❤✐s ❝❛s❡✱ t❤❡ ❡①♣♦rt✐♥❣ ❝✉t✲♦✛ ❢♦r

❡①♣♦rt✐♥❣ ✉♥❞❡r ▼❋◆ ✐s ❣✐✈❡♥ ❜② ✭✷✽✮ ✇✐t❤ t❤❡ t❛r✐✛ ❜❡✐♥❣ t❤❡ ▼❋◆ r❛t❡✿

✹✺



φMFN
ijk =

(
σ

σ − 1

wiδijk
Pjk

)






fijkwiσ

βjkEj

(

τMFN
ijk

)−σ






1
σ−1

✭✸✷✮

❆ ✜r♠ ❝❤♦♦s✐♥❣ t❤❡ ▼❋◆ r❡❣✐♠❡ ✇✐❧❧ r❡❝❡✐✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡✈❡♥✉❡s✿

rMFN
ijk (φ) =

(
σ

σ − 1

wiδijk
φPjk

)1−σ
(
τMFN
ijk

)−σ
βjkEj ✭✸✸✮

✇❤✐❧❡ t❤❡ ✜r♠ ❝❤♦♦s✐♥❣ t❤❡ ♣r❡❢❡r❡♥t✐❛❧ r❡❣✐♠❡ r❡❝❡✐✈❡s✿

rPRF
ijk (φ) =

(
σ

σ − 1

wiδijk
φPjk

)1−σ
(
τPRF
jk

)−σ
βjkEj ✭✸✹✮

■t ✐s ❡❛s② t♦ ❛❞❞ ❞✐✛❡r❡♥t ✈❛r✐❛❜❧❡ tr❛❞❡ ❝♦sts δijk ❢♦r t❤❡ ♣r❡❢❡r❡♥t✐❛❧ r❡❣✐♠❡✱ ❜✉t ✐♥ t❤✐s ♣r❡s❡♥t❛t✐♦♥ ■

❦❡❡♣ t❤❡ ❢♦❝✉s ♦♥ t❛r✐✛s ♦♥❧②✳ ❚❤❡ t✇♦ r❡❣✐♠❡s ❛❧s♦ ❞✐✛❡r ✐♥ ✜①❡❞ ❝♦sts✿ ❢♦r t❤❡ ▼❋◆ r❡❣✐♠❡✱ t❤❡ ✜r♠ ♣❛②s

fijkwi✱ ✇❤✐❧❡ ❢♦r t❤❡ ♣r❡❢❡r❡♥t✐❛❧ r❡❣✐♠❡ ✐t ♣❛②s (fijk + fPRF
ijk )wi✳ ❚❤❡s❡ ❛❞❞✐t✐♦♥❛❧ ❝♦sts ❝❛♥ ❜❡ ♠♦❞❡❧❧❡❞

❛s ❛❞❞✐t✐✈❡ ♦r ♠✉❧t✐♣❧✐❝❛t✐✈❡ ✇✐t❤♦✉t ❧♦ss ♦❢ ❣❡♥❡r❛❧✐t②✳

●✐✈❡♥ t❤❡ ❛✈❛✐❧❛❜✐❧✐t② ♦❢ t❤❡ ▼❋◆ t❛r✐✛ r❡❣✐♠❡ ❛♥❞ t❤❡ ❤✐❣❤❡r ✜①❡❞ ❝♦sts ♦❢ t❤❡ ♣r❡❢❡r❡♥t✐❛❧ t❛r✐✛

r❡❣✐♠❡✱ ❛ ✜r♠ ✉s❡s t❤❡ ❋❚❆ ♦♥❧② ✐❢✿

rPRF
ijk (φ)/σ − (fijk + fPRF

ijk )wi ≥ rMFN
ijk (φ)/σ − fijkwi ✭✸✺✮

✇✐t❤ ❡q✉❛❧✐t② ✐♥❞✐❝❛t✐♥❣ ✐♥❞✐✛❡r❡♥❝❡✳ ❚♦ ✜♥❞ t❤❡ ❝✉t✲♦✛ ❢♦r t❤❡ ♣r❡❢❡r❡♥t✐❛❧ r❡❣✐♠❡✱ r❡♣❧❛❝❡ t❤❡ ✐♥❡q✉❛❧✐t②

✇✐t❤ ❛♥ ❡q✉❛❧✐t② ✐♥ ✭✸✺✮ ❛♥❞ s♦❧✈❡ ❢♦r ♣r♦❞✉❝t✐✈✐t②✳ ❚❤✐s ❣✐✈❡s✿

φPRF
ijk =

(
σ

σ − 1

wiδijk
Pjk

)






fijkwiσ

βjkEj

(

τMFN
ijk

)−σ






1
σ−1

︸ ︷︷ ︸

▼❋◆ ❝✉t✲♦✛




fPRF
ijk /fijk

(

τMFN
ijk /τPRF

jk

)σ
− 1





1
σ−1

✭✸✻✮

❊q✉❛t✐♦♥ ✭✸✻✮ s❤♦✇s t❤❛t t❤❡ ❝✉t✲♦✛ ❢♦r t❤❡ ♣r❡❢❡r❡♥t✐❛❧ t❛r✐✛ r❡❣✐♠❡ ✐s t❤❡ ▼❋◆ ♦♥❡ s❤✐❢t❡❞ t♦ t❤❡ ❧❡❢t

❜② t❤❡ t❡r♠

[
fPRF
ijk

/fijk

(τMFN
ijk

/τPRF
jk )

σ
−1

] 1
σ−1

✇❤✐❝❤ r❡♣r❡s❡♥ts t❤❡ tr❛❞❡✲♦✛ ❜❡t✇❡❡♥ ✜①❡❞ ❛♥❞ ✈❛r✐❛❜❧❡ ❝♦sts ❜❡t✇❡❡♥

t❤❡ t✇♦ r❡❣✐♠❡s✳ ❚❤✐s ✐♠♣❧✐❡s t❤❛t✱ ✐❢ t❤❡ ✜①❡❞ ❝♦sts ♦❢ t❤❡ ♣r❡❢❡r❡♥t✐❛❧ r❡❣✐♠❡ fPRF
ijk ❛r❡ s✉✣❝✐❡♥t❧② ❤✐❣❤

♦r ✐❢ t❤❡ ♣r❡❢❡r❡♥t✐❛❧ t❛r✐✛ ♠❛r❣✐♥ ✐s s✉✣❝✐❡♥t❧② ❧♦✇✱ t❤❡♥ ♦♥❧② t❤❡ ♠♦st ♣r♦❞✉❝t✐✈❡ ✜r♠s ❝❤♦♦s❡ t❤❡ ▼❋◆

r❡❣✐♠❡✳

❚♦ ❞❡r✐✈❡ t♦t❛❧ ✐♠♣♦rts ✇✐t❤ ❛♥ ❋❚❆ ❛♥❞ ❤❡t❡r♦❣❡♥❡♦✉s tr❛❞❡ r❡❣✐♠❡s✱ ✇❡ ❤❛✈❡ t♦ ✐♥t❡❣r❛t❡ ✜r♠ ▼❋◆

✹✻



✜r♠s✬ s❛❧❡s ❢r♦♠ φMFN
ijk t♦ φPRF

ijk ✱ ❛♥❞ ♣r❡❢❡r❡♥t✐❛❧ ✜r♠s✬ s❛❧❡s ❢r♦♠ φPRF
ijk t♦ ✐♥✜♥✐t②✿

Xijk =

∫ ϕPRF
ijk

ϕMFN
ijk

rMFN
ijk (φ)dG(φ)

︸ ︷︷ ︸

▼❋◆ ❡①♣♦rts

+

∫ ∞

ϕPRF
ijk

rPRF
ijk (φ)dG(φ)

︸ ︷︷ ︸

Pr❡❢❡r❡♥t✐❛❧ ❡①♣♦rts

❙✐♠✐❧❛r❧②✱ t❤❡ t❛r✐✛✲✐♥❝❧✉s✐✈❡ ❝♦♥s✉♠❡r ♣r✐❝❡ ✐♥❞❡① ❢♦r t❤❡ s❡❝t♦r ✐s✿

Pjk =
N∑

i=1

[
∫ ϕPRF

ijk

ϕMFN
ijk

pMFN
ijk (φ, τMFN )1−σdG(φ) +

∫ ∞

ϕPRF
ijk

pPRF
ijk (φ, τPRF )1−σdG(φ)

]

▼❛✐♥t❛✐♥✐♥❣ t❤❡ ❛ss✉♠♣t✐♦♥ ♦❢ P❛r❡t♦ ❞✐str✐❜✉t✐♦♥ ❢♦r ♣r♦❞✉❝t✐✈✐t② ✇❡ ♦❜t❛✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡①♣r❡ss✐♦♥

❢♦r t❛r✐✛✲✐♥❝❧✉s✐✈❡ ▼❋◆ ❡①♣♦rts✿

XMFN
ijk =

(

σ

σ − 1

wiδijk
Pjk

)1−σ

βjkEjMi

θ

θ − σ + 1

(

τMFN
ijk

)1−σ (

ϕMFN
ijk

)

−θ+σ−1






1−





fPRF
ijk /fijk

(

τMFN
ijk /τPRF

jk

)σ

− 1





−θ+σ−1

σ−1







✭✸✼✮

✇❤✐❧❡ t❛r✐✛✲✐♥❝❧✉s✐✈❡ ♣r❡❢❡r❡♥t✐❛❧ ❡①♣♦rts ❛r❡✿

XPRF
ijk =

(

σ

σ − 1

wiδijk
Pjk

)1−σ

βjkEjMi

θ

θ − σ + 1

(

τPRF
ijk

)1−σ (

ϕMFN
ijk

)

−θ+σ−1





fPRF
ijk /fijk

(

τMFN
ijk /τPRF

jk

)σ

− 1





−θ+σ−1

σ−1

❉❡✜♥✐♥❣ sijk =

[
fPRF
ijk

/fijk

(τMFN
ijk

/τPRF
jk )

σ
−1

]−θ+σ−1
σ−1

✱ t♦t❛❧ ❡①♣♦rts✱ ❣✐✈❡♥ ❜② t❤❡ s✉♠ ♦❢ ▼❋◆ ❛♥❞ ♣r❡❢❡r❡♥t✐❛❧ ❡①♣♦rts✱

❝❛♥ ❜❡ ❡①♣r❡ss❡❞ ❛s✿

Xijk =

(

σ

σ − 1

wiδijk
Pjk

)1−σ

βjkEjMi

θ

θ − σ + 1

(

τMFN
ijk

)1−σ (

ϕMFN
ijk

)

−θ+σ−1
[

1− sijk +

(

τMFN
ijk

τPRF
ijk

)σ−1

sijk

]

✭✸✽✮

◆♦✇ s✉❜st✐t✉t❡ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ ♣r✐❝❡ ✐♥❞❡① Pjk ❛♥❞ t❤❡ ▼❋◆ ❝✉t✲♦✛✱ ❛♥❞ r❡✲❛rr❛♥❣❡ t❤❡ ❧❛st t❡r♠ ♦❢

✭✸✽✮ t♦ ❣❡t t❤❡ ❣r❛✈✐t② ❡q✉❛t✐♦♥✿

Xijk =
(wiδijk)

−θ Mi

(

τMFN
ijk

)1− σθ
σ−1 (fijkwi)

−θ+σ−1

σ−1

[

1 +
(

T σ−1
ijk − 1

)

sijk
]

∑

i′
(wi′δi′jk)

−θ Mi′

(

τMFN
i′jk

)1− σθ
σ−1

(fi′jkwi′)
−θ+σ−1

σ−1

[

1 +
(

T σ−1
i′jk

− 1
)

si′jk

]

βjkEj ✭✸✾✮

❊①♣❡♥❞✐t✉r❡ ✐s ❞❡✜♥❡❞ ❛s ✐♥ ✭✸✵✮✱ ❜✉t ♥♦✇ t❛r✐✛ r❡✈❡♥✉❡s ❛❝❝♦✉♥t ❢♦r t❤❡ s❤❛r❡ ♦❢ ✐♠♣♦rts ❝♦♠✐♥❣

✉♥❞❡r ❡❛❝❤ r❡❣✐♠❡✿

✹✼



trj =
∑

i

∑

k

(

τMFN
ijk − 1

τMFN
ijk

(1− PURijk) +
τPRF
ijk − 1

τPRF
ijk

PURijk

)

Xijk ✭✹✵✮

✇✐t❤ PURijk = XPRF
ijk /Xijk✳

❋✐♥❛❧❧②✱ ✐♥ ❜♦t❤ t❤❡ ❡❧✐❣✐❜✐❧✐t② ❛♥❞ t❤❡ ❡✛❡❝t✐✈❡✲t❛r✐✛ ♠♦❞❡❧s✱ ❛ ❝♦✉♥tr②✬s ✐♥❝♦♠❡ ✐s ❣✐✈❡♥ ❜② ✐ts s❛❧❡s

r❡✈❡♥✉❡s✿

Yi =
∑

j

∑

k

Xijk ✭✹✶✮

❊✳✶ ❈♦✉♥t❡r❢❛❝t✉❛❧s

❈♦♥s✐❞❡r ♥♦✇ t❤❡ ❝♦✉♥t❡r❢❛❝t✉❛❧ ❡①❡r❝✐s❡ ♦❢ t✇♦ ❝♦✉♥tr✐❡s s✐❣♥✐♥❣ ❛♥ ❋❚❆✳ ❚❤❡ t❛r✐✛ ❛♣♣❧✐❡❞ t♦ t❤❡ ♣❛rt♥❡r

❝♦✉♥tr② ♣❛ss❡s ❢r♦♠ t❤❡ ▼❋◆ r❛t❡ t♦ ❛ ♣r❡❢❡r❡♥t✐❛❧ r❛t❡ τPRF
ijk ✳ ❋♦r t❤❡ ❡❧✐❣✐❜❧❡✲t❛r✐✛ ♠♦❞❡❧✱ ■ ♠❛✐♥t❛✐♥

t❤❡ st❛♥❞❛r❞ ♥♦t❛t✐♦♥ ♦❢ ✐♥❞✐❝❛t✐♥❣ t❤❡ ❜❛s❡ t❛r✐✛s ✇✐t❤ τijk ❛♥❞ t❤❡ ♥❡✇ t❛r✐✛s ✇✐t❤ τ ′ijk✳

❯s✐♥❣ t❤❡ ❡①❛❝t ❤❛t ❛❧❣❡❜r❛✱ ✇❤❡r❡ x̂ = x′/x✱ t❤❡ ♥❡✇ ✐♥❝♦♠❡ Y ′
i = ŶiYi ✐s ❡q✉❛❧ t♦ t❤❡ s✉♠ ♦❢ t❤❡ ♥❡✇

s❛❧❡s Y ′
i =

∑

k

∑

j X
′
ijk✳ ❋♦r t❤❡ ❡❧✐❣✐❜❧❡✲t❛r✐✛ ♠♦❞❡❧✱ t❤✐s ❣✐✈❡s✿

ŶiYi =
∑

k

∑

j

λijk

τ̂
1− σθ

σ−1

ijk

(

ŵiδ̂ijk

)−θ
(ŵi)

−θ+σ−1
σ−1

∑n
i′=1 λi′jkτ̂

1− σθ
σ−1

i′jk

(

ŵi′ δ̂i′jk

)−θ
(ŵi′)

−θ+σ−1
σ−1

βjk
Yj Ŷj +D′

j

1− π′
j

✭✹✷✮

✇❤❡r❡ λijk ✐♥❞✐❝❛t❡s t❤❡ ❡①♣❡♥❞✐t✉r❡ s❤❛r❡ Xijk/Ejk✳ ■♥ t❤❡ st❛♥❞❛r❞ ❡❧✐❣✐❜❧❡✲t❛r✐✛ ♠♦❞❡❧✱ t❤❡ ♥❡✇ t❛r✐✛

r❡✈❡♥✉❡ s❤❛r❡ ❝❛♥ ❜❡ ❝♦♠♣✉t❡❞ ❛s✿

π′
j =

∑

k

βjk
∑

i

τ ′ij,k − 1

τ ′ij,k
λ̂ij,kλij,k ✭✹✸✮

✇❤✐❧❡ t❤❡ ✐♥ t❤❡ ❡✛❡❝t✐✈❡✲t❛r✐✛ ♠♦❞❡❧ t❤❡② ❛r❡ ❣✐✈❡♥ ❜②✿

π′
j =

∑

k

βjk
∑

i

[

PUR′
ijk

τ ′PRF
ij,k − 1

τ ′PRF
ij,k

+
(
1− PUR′

ijk

) τ ′MFN
ij,k − 1

τ ′MFN
ij,k

]

λ̂ij,kλij,k

❋♦r t❤❡ ❡✛❡❝t✐✈❡✲t❛r✐✛ ♠♦❞❡❧✱ t❤❡ ❝❤❛♥❣❡ ✐♥ ✐♥❝♦♠❡ ✐s ❣✐✈❡♥ ❜②✿

✹✽



ŶiYi =
∑

k

∑

j

λijk

(

ŵiδ̂ijk

)

−θ (

τ̂MFN
ijk

)1− σθ
σ−1

(ŵi)
−θ+σ−1

σ−1





̂

1 +

(

T
σ
(

ιijk
θ

σ−1
+(1−ιijk)

)

−1

ijk
− 1

)

sijk





∑

i′ λi′jk

(

ŵi′ δ̂i′jk

)

−θ (

τ̂MFN
i′jk

)1− σθ
σ−1

(ŵi′ )
−θ+σ−1

σ−1





̂

1 +

(

T
σ
(

ιi′jk
θ

σ−1
+(1−ιi′jk)

)

−1

i′jk
− 1

)

si′jk





βjk

Yj Ŷj +D′

j

1− π′

j

✭✹✹✮

✇❤❡r❡

̂

1 +

(

T
σ(ιijk θ

σ−1
+(1−ιijk))−1

ijk − 1

)

sijk =

1 +

((

T ′
ijk

)σ(ιijk θ
σ−1

+(1−ιijk))−1
− 1

)

s′ijk

1 +

(

T
σ(ιijk θ

σ−1
+(1−ιijk))−1

ijk − 1

)

sijk

✐s t❤❡ ❝❤❛♥❣❡ ✐♥ t❛r✐✛s ❞✉❡ t♦ t❤❡ ❋❚❆✱ ❛♥❞ ❛❝❝♦✉♥t✐♥❣ ❢♦r t❤❡ ✐♠♣❡r❢❡❝t ✉s❡ ♦❢ t❛r✐✛ ♣r❡❢❡r❡♥❝❡s✳ ◆♦t❡

t❤❛t ✐❢ ❛ ❝♦✉♥tr② ♣❛ss❡s ❢r♦♠ ▼❋◆ t♦ ❛♥ ❋❚❆✱ Tijk = 1 ❛s t❤❡r❡ ❛r❡ ♥♦ ♣r❡❢❡r❡♥❝❡ ✐♥ t❤❡ ❜❛s❡ st❛t❡✳ ❚❤❡

♣❛r❛♠❡t❡r ιijk ✐s ❛ ❞✉♠♠② ✈❛r✐❛❜❧❡ t❤❛t t❛❦❡s t❤❡ ✈❛❧✉❡ ♦❢ ♦♥❡ ✐❢ t❤❡ P❯❘ ✐s ✶✵✵✪✳ ■♥ t❤✐s ❝❛s❡✱ sijk = 1

❛♥❞ t❤❡ ♠♦❞❡❧ r❡✈❡rts t♦ t❤❡ ❡❧✐❣✐❜❧❡✲t❛r✐✛ ♦♥❡✱ ✇❤❡r❡ ❛ ❝❤❛♥❣❡ ✐♥ t❤❡ t❛r✐✛ ❛♣♣❧✐❡s t♦ ❛❧❧ tr❛❞✐♥❣ ✜r♠s

❛♥❞ t❤❡ ❡❧❛st✐❝✐t② ♦❢ t❛r✐✛✲✐♥❝❧✉s✐✈❡ tr❛❞❡ ✐s σθ/(σ − 1)− 1✳

❋♦r ❜♦t❤ ♠♦❞❡❧s✱ ❡q✉❛t✐♦♥s ✭✹✷✮ ❛♥❞ ✭✹✹✮ r❡♣r❡s❡♥t ❛ s②st❡♠ ♦❢ ◆ ❡q✉❛t✐♦♥s ✐♥ ◆ ✉♥❦♥♦✇♥s ✭t❤❡

♥❛t✐♦♥❛❧ ✐♥❝♦♠❡✮✳ ❇② ❲❛❧r❛s✬ ▲❛✇ ♦♥❡ ❡q✉❛t✐♦♥ ✐s r❡❞✉♥❞❛♥t✱ ❤❡♥❝❡ ✇❡ ✜① ❛ ♥✉♠❡r❛✐r❡ ❝♦✉♥tr② ✇✐t❤

Ŷi = 1✳ ❆❧t❡r♥❛t✐✈❡❧②✱ ✇❡ ❝❛♥ ✜① ✇♦r❧❞ ✐♥❝♦♠❡ ❛s t❤❡ ♥✉♠❡r❛✐r❡✳

✹✾
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